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UNIVALENCE CRITERIA RELATED WITH SALAGEAN
AND RUSCHEWEYH OPERATORS
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Abstract

In this paper, by means of Saldgean and Ruscheweyh operators, we ob-
tain new sufficient conditions for univalence using the method of Loewner
chains. In particular, we obtain some well-known univalence conditions due
to Lewandowski, Becker, Kanas and Lecko.
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1 Introduction

Let A be the class of all analytic functions f in the open unit disk U =
{z € C:|z| < 1}, of the form:

fe)=z2+) apz” (1)
k=2

Denote by P the class of analytic functions of the form p(z) = 1+p12z+p22? +
.., z €U, such that ®p(z) >0in U.

In this paper we will study some new criteria of univalence related to Ruscheweyh
and Salagean derivatives. Our considerations are based upon the theory of Loewner
chains.

Before proving our main results we briefly recall the method of Loewner chains:

A function L(z,t) : U x [0,00) — C is said to be a Loewner chain if it satisfies
the following conditions:

i) L(z,t) is analytic and univalent in U for all ¢ € [0, 00),

ii) L(z,t) < L(z,s) for all 0 <t < s < o0,
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where the symbol ’ <" stands for subordination.
Lemma 1. [5] Let r € (0,1] and let

L(z,t) = a1(t)z + as(t)2® + -+, a1(t) #0 (2)
be an analytic function in U, for all t > 0. Suppose that:

i) L(z,t) is a locally absolutely continuous function in [0,00) and locally uni-
formly with respect to U,.

it) a1(t) is a complex valued continuous function on [0, 00) such that tlim la1(t)| =
— 00

Vot

is a normal family of functions in U,.

oo and

iti) There exists an analytic function p : U, X [0,00) — C satisfying Rp(z,t) > 0
for all (z,t) € U x [0,00) and
OL(z,t)
o

:p(z,t)ang’t), 2 e U, telo,o0). (3)

Then, for each t € [0,00), the function L(z,t) has an analytic and univalent
extension to the whole disk U, i.e L(z,t) is a Loewner chain.

2 Main results

2.1 Univalence criteria connected with Salagean operator

For a function f € A Salagean (see [7]) introduced the operator D" : A — A
defined by

DOf(z) = f(2),
D'f(z) = Df(2) = 2f'(2),

| (1)
D"f(z) = D(D""1f(z2)), z € U.

In this section, making use of Lemma 1, we obtain some new univalence criteria
related to Salagean differential operator.

Theorem 1. Let f € A and p an analytic function with p(0) = 1. If the inequal-

ities
> f()
’p<z> 1D 1’ =1 ©)
and
2 ) zf'(z) _ 512 (]2 D" f(2) _ zp/(2)
(p<z>+1 D (z) 1)‘ P+ ||)<D”+1f<Z) ”p<z>+1>‘<1

holds true for z € U, then the function f is univalent in U.
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Proof. Let f € A and p an analytic function with p(0) = 1. We will prove that
there exists a real number r € (0, 1] such that the function

pletz) +1

L(z,t) == f(e7'2) + (e'z — e '2) 5

(D"f) (e"2) (7)

is analytic in U, for all ¢ € [0,00), where D" f is Salagean differential operator
defined in [7].
From (7) we observe that L(z,t) = ay(t)z + - -, where

ai(t) =€, ai(t) #0, for t € [0,00) and 1tli)m la1(t)| = 0.

From the form of the chain L(z,t) it follows that L(-,¢) is regular in U for all
t € [0,00) and L(z,-) is locally absolutely continuous on [0, c0) for all z € U.

The limit function g(z) = z belongs to the family {L(z,t)/a1(t)} then, in every
closed disk U, there exists a constant K > 0 such that

L(z,t)
ax(t)
uniformly in this disk, provided that ¢ is sufficiently large. Then, by Montel’s
Theorem, {L(z, 2 } is a normal family in U,.

a(t)
Let p(z,t) be the function defined by

‘<K, Vz e U, t€|0,00)

p(ot) = Z@Lé,z, t)/OLéi,t)‘

In order to prove that p € P, we will show that the function

p(z,t) —1

w(z ) = p(z,t) +1

is analytic in U and |w(z,t)] < 1 for all z € U and t € [0,00). After a simple
computation we obtain

w(z,t) = e 2 A(z,t) + (1 — e ) B(2,1), (8)
where
Aty = —— 2 2t (9)
D= ey 1 Do (et
and
nt2 £t 2 (e—ts
B(z,t)=e " (W—1+M)7 zeU, te[0,00). (10)

From (5) and (6) we deduce that w(z,t) is analytic in U.
In view of (5), (9)and (10), we have

|lw(z,0)| = |A(2,0)| < 1 and |w(0,t)| < 1.
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Since |e7"2] <e”' < 1fort >0 fixed and z € U, 2 # 0, then w(2, ) is analytic in
U = {z¢€C:|z| <1}. Making use of the maximum modulus principle we know
that there exists 6 = 6(t) € R such that

(=, )] = maxjw(c, 8)] = (e, )], vz € U.

t 10

Let us denote u = e fe??. Then |u| = e~ and, because u € U, we get that
w(e?,#)] < 1.

From the above relations we conclude that |w(z,t)| < 1 for all z € U and
t € [0,00) which means that p(z,t) is regular in U and Rp(z,t) > 0 for all
t €[0,00) and z € U.

Therefore, in view of Lemma 1, L(z,t) is a Loewner chain and hence the

function L(z,0) = f(z) is univalent in U. O

By setting n = 0 in Theorem 1 we obtain the following corollary due to
Lewandowski [4].

Corollary 1. [4] Let f € A and p € P. If

1—p(2), 2 2 <Zf”(2) zp' () )‘
—+ (1 -z + <1, zeU,
) O ey T o+

then the function f is univalent in U ..

For p = 1 the following criterion reduces to a well-known criterion found by
Becker [1] and Duren et al. [2].

Corollary 2. [1] Let f € A. If

2f"(2)
f'(2)

then the function f is univalent in U ..

(1= =)

<1, zeU,

For n =1, Theorem 1 yields
Corollary 3. Let f € A and p an analytic function with p(0) = 1. If the inequal-
ities

2 f'(z)
p(z)+1 f'(2) +2f"(2)

e

and

‘(p(2)2+ 1 f’(z)f_;_(?f//(z) - 1> |2|2

sz//(z)+22f///(z) zp’(z)
w01 (et e <

holds true for z € U then the function f is univalent in U..
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For the Loewner chain

ple’*z) +1 D"Hlf(e™'2)

L(z,t) := f(e7"2) + ("2 — e '2) - 5 D (e2)

, z€U,tel0,00),

following the same steps as in the proof of Theorem 1, we obtain:
Theorem 2. Let f € A and p an analytic function with p(0) = 1. If the inequal-

ities
> D)
‘p<z> 71 Oy T 1‘ =t

and

'(p(z)2+ 1 'f/(z)zm N 1) Elk

Dn+2f(z) D”Hf(z) zp’(z)
+(1—12%) <Dn+1f(z) ~ Dnf(z) * p(z) + 1)’ =1

holds true for z € U, then the function f is univalent in U.

Setting n = 0 in previous theorem we obtain the following result:
Corollary 4. Let f € A and p an analytic function with p(0) = 1. If the inequal-

ities
2
p(z)+1 =z

‘(p(2)2+ 1 f(ZZ) - 1> =

. ) ) )
1= (” ) e *mm)‘“

holds true for z € U, then the function f is univalent in U.

—1’§1

and

For p = 1 in previous corollary we obtain Corollary 3.5 due to Kanas and
Lecko [3].
f(z)

Setting p(z) = = we obtain:
f(z)
z

(2 a3 (52 0) - 75 <

holds true for z € U, then the function f is univalent in U.

_2f'(?)

Now, setting p(z) = in Corollary 4, we obtain the following result:

f(z)

Corollary 5. Let f € A with R > 0 . If the inequality

f(2)

z

-1-1’
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Corollary 6. Let f € A. If the inequalities

f2) ()
‘2 TS

2f'(2)
f(z)

—1‘§’1+

and

[EEREGENIE

= f(2)
- (iF55) (1 R« 3

holds true for z € U, then the function f is univalent in U.

2.2 Univalence criteria connected with Ruscheweyh operator

For a function f € A Ruscheweyh (see [6]) introduced the operator R : A — A
defined by

1
R)\f(z):m*f(?:), A>—1, zeU.
In particular, for A = n, we have
T z d" n—1
R (Z):ﬁ@{z f(2)}, nex, zeU.

Following the same steps as in the proof of Theorem 1 for the Loewner chain:

plet2) +1

L(z,t) :== f(e7'2)+(e'z—e'2) 5

(R"f)(e7'2), z € U, t € [0,00), (11)
and using the well known condition:

2R f(2)) = (n+ )R f(2) — nR"f(2),
we obtain the following theorem:

Theorem 3. Let f € A and p € P. If the inequalities

2 2(2)
A1 ik DRI — R ()

e

and

‘ (p(2)2+ L (n+ 1)R”+§§/((5))— nRf(z) 1) |

<1

(n+ DR™2(z) — (n + DR (2) /(2)
HU= L [(” 1 ( (0t DR - nRE) 1) Tt J ‘

holds true for z € U, then the function f is univalent in U.
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For n = 0 in Theorem 3 we obtain the result in Corollary 1 and for n = 0 and
p =1 we obtain the result in Corollary 2.
By setting n = 1 in Theorem 3, we have

Corollary 7. Let f € A and let p be an analytic function with p(0) = 1. If the
inequalities
2 2f'(z)
p(z) +1 zf'(z) +22f"(2)

—1‘<1

and

’(p(z)2—|— 1 zf’(z;i(;gf//(z) - 1> 2|2

2p/(2) | 22f'(2) +422f"(2) + 51" (2)
+(1 - |2?) [p(z) i F(2) + 22f7(2) B 2” =

holds true for z € U, then the function f is univalent in U.

For the Loewner chain

ple’*z) +1 R f(e"z)

L(z,t) :== f(e7"2) + ("2 — e '2) - 5 Rif(e2)

, z€U,tel0,00),

we obtain:

Theorem 4. Let f € A and let p be an analytic function with p(0) = 1. If the
inequalities

L2 B
‘p<z>+1 P& gty 1‘ =1

and
'(IJ(Z)QH ' f/(z)m - 1) 122

n+2 £, n+l g, zp' (2
+(1 - |2)?) <(n+ Q)M —(n+ 1)RRnf{£)) -1+ p(f)(+)1>’ =1

holds true for z € U, then the function f is univalent in U.

For n = 0 we obtain the result in Corollary 4.
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