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Abstract

In this paper we present the distinguished (d-) curvatures for a Lagrangian
inspired by relativistic optics in non-uniform media.
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1 Introduction

In geometrical optics [5], a special role is played by the Synge-Beil metric (see
(1], [2], [4], [7]-[11]) ,
908(%,Y) = Pap(@) + 1 Yays, (1)

where y(z) > 0 is a positive smooth function on the space-time M*, and p,s(z) is
a pseudo-Riemannian metric on M*. One assumes that the manifold M* (which
is connected, simply connected and has dim M* = 4) is endowed with the local
coordinates (2%),_17 = (ml =t, 22, 23, x4) ; for simplicity we use the system of
units where the light velocity is ¢ = 1. Obviously, the following rule holds: y, =
Papy*. Since the components of p,5(x) are dimensionless, the same are yyq; so
we have [po5(z)] =1, [yya] = 1.

In such a context, let us restrict our geometric-physical study to the Minkowski
manifold M* = (R*,7;;) which has the local coordinates (z) := (xi)i:ﬂ. It
follows that the dimension of the corresponding tangent bundle TR* is equal to
eight, and its local coordinates are®

. i1 _ 1,2 .3 .4 1,2 3,4
(%31) '_(x7y)i:174_( .%',.’L',x,x 7y7y7y7y )
space-time coordinates tangent vector
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Emerging from formula (1), we introduce the following metric on TR*, which is
inspired by the J.L. Synge optics framework for the non-uniform medium:

gi;(z,y) = nij + 7 (@)yiy;, (2)

where n = (n;;) = diag (—1,1,1,1) is the Minkowski metric, and y; = 7;y".
Usually, we have 72(x) = n?(x) — 1, where n = n(z) is the refractive index of the
non-uniform medium (see [2], [7]-[10]). Using the metric (2), in what follows we
will examine the special case of a possible anisotropic relativistic dynamical model
(suggested in private discussions by physicist V.M. Red’kov), which is governed
by the Lagrangian (in this model one considers that the particle has the mass
m = 1) (see also [9])

1 L.
L(z,y) = §9z‘j(w7y)yly3
1 2 i,
= 5(771']' + Y2y y'y (3)
1 o ’yQ
= Sy + 5!\y|\47

where [[y]|? = —(y")* + (¥*)* + (¥°)* + (y")* = mizy'y’ -

Remark 1. Suppose that the refractive index n(z) is invariant with respect to
Lorentz transformations. Since the Minkowski metric n;; is invariant with respect
to the linear transformations of coordinates induced by the Lorentz group O(3,1),

it immediately follows that the Lagrangian (8) has a global geometrical character
with respect to these Lorentz transformations.

Remark 2. A similar 3-dimensional anisotropic non-relativistic Lagrangian in
which the Minkowski metric <mj)i,j:ﬂ 18 replaced with Euclidian metric wij)i,j:ﬁ
is studied by Neagu, Oana and Red’kov in paper [10]. That Lagrangian is invari-
ant with respect to the orthogonal group O(3) and governs the mon-relativistic

extended dynamics.

Following the geometrical ideas from Lagrangian geometry of tangent bundles
[6] or jet bundles [3], we further construct the pseudo-Riemann-Lagrange geomet-
rical objects, such as the canonical nonlinear connection, the Cartan canonical
linear connection, together with its d-torsions and d-curvatures, naturally associ-
ated with the Lagrangian (3).

2 Geometrical objects in relativistic extended
dynamics

The Lagrangian (3) produces the fundamental metrical distinguished tensor

1 0%L

9i5 (%, y) = 2000y o (z,y)nij + 27 (2)yiy;,
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where o(z,y) = (1/2) + v*(2)||y||*>. Working on the domains of TR* in which
o(x,y) # 0 and 7(z,y) = (1/2) +372(2)||y||* # 0, then the inverse matrix [g71] =
(g7%) j k=71 has the components

1 ik 2v%(x) ik

3 () =
S i Uy B LA

where n/k = Nik-
Following the Miron and Anastasiei geometrical ideas from the book [6], we
deduce that, for the anisotropic Lagrangian (3), the associated canonical nonli-

near connection N = (N ]’) on the tangent bundle TR* has the local components

(these are computed in [9])

27 Wyll? (s : L2 6v*
Nj= —y'yino + sl 0570 + Y = 'Y — —=Y'Y% — —Y"Yivo
g (2 g T
(4)
2

+ Yy — Sy — 2ot +
20 oM 7

p

3 4 1 . 3 )
P T 30}

T

where vy, = 07/02°, s = 0%7/02"9z° and v = 0"y, 70 = Wy’

Remark 3. In a uniform medium with the constant refractive index n(x) =n €
[1,00), we have vs = 0. Consequently, in this case we have N;- = 0.

The nonlinear connection (4) produces the dual adapted bases of d-vector fields

) 0 0 0
— =— - N'—: — X(TR?
{51’1 ox’ L oyr Gyl} <X ) (5)
and of d-covector fields
{da'; 8y' = dy' + N}dx"} C X*(TR?). (6)

The description of all geometrical objects on the tangent space TR* (e.g., the
Cartan canonical linear connection and its torsion and curvature) will be made in
local adapted components, with respect to the adapted bases (5) and (6).

For instance, by using the derivative operators (5) and the notations N;; :=
NZ’I%J', Né = Nf:yT,NZ’O = Niryr, N(]j = Nrjyr, NOO = Nijyiyj, by direct local
computations, we find the adapted local components of the Cartan canonical
connection CT'(N) = (L;k, C’j’k) associated with the Lagrangian (3), which are
computed in [9]:

K= = [v (62Nko + 6. Njo — 0" nieNeo) + lyl1? (njey’ — Sy — 04;) +

+7 {(Nji + Nig) v' + (N}, — 0" Now) w5 + (N,Z — 0" Npj) yi } +
3
Y (v (¥ Nko + yxNjo — 15 Noo) +

A . . 2
+2 (Y'yiye — v'yive — v'ueys)] +

Iyl (679" — yive — ki) + 2 (wiverey” — vivellyI® — vevsllvll?) +
+7 {(Njk + Nij) [lyl1* + (Nko — Now) y; + (Njo — Noj) vk }] » (7)
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4

2
Cip = - (' njk + S5k + Ohy;) — g (vl P55 + 2y59%) ¥"- (8)

Moreover, the local components of the torsion tensor of the Cartan canonical

N-linear connection produced by the anisotropic optical Lagrangian (3) are given
by R}y, Pjj., Cy, where (these are also computed in [9])

e = Y (Yi0e — yk0s) @ + (8ivok — 03005)e + 17 (YekYs — VsiUk)w
i s\[Te 6 2 2 2
" (i — vR) ()5 — 72 = 180e + o7 [[y]” 4 20w — 2o |ly[|]

. . 2
+(@ = 615) (57°) (22 = L — 92 — e |y

(g — ) [+ 2 2oy ol 2

—(S%yk — hyy) (17 2 (@ Iyl + w + &) — (Shyr — Shyy) (17" we,

. . 3 3 . .
Py = Yymn0[1207°7 (5 = 0%) = 232 = ]+ (S + 0pyi) 00

. 6 3 2 . 2 3 2
+y (e + i)l — 2+ S 4 g o — 200l

. . 3 3 4 . 3 4 . 4 271
(O + ) (= gt g T A s

+(89 Neo + 54 Nj0 — ' Nio) - — ' (Nij + Nje) (2 — )
T — 17 Nij i + (N, — 0 N )wy) |
—(y" Njoyr + yiyijo)% + (y'n;1Noo + y'y; Nok + yiNijk:)%,
where
o = 120777 Iyl ? (1 — 0?) — 2R 12 — 2

_ Ayl er+1) p = 2020°—60+1)

3 dor P = 40272 ’
_ 7P(120-3) 1202420 . Allyl*(20+1)
¢ = o832 T oW E T

In the sequel, note that the local components of the curvature tensor of a
general Cartan canonical N-linear connection, are given by the general formulas
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(see Miron-Anastasiei’s book [6])

7 5L;k 5Ll r r 7 r
gkl = sl 533 + L Ly — L Ly + Cj,

7 _ 8 ;k Cz C PT

kT Tt ik T el

| oci, oci,

T = 8y]l - Tyljf + C5.Cr — CCyy,

where sC
. def0CY .
gk = 56 T G e = CuLly, — Cj, Liy.
Consequently, as a novelty of this paper, using the formulas (4), (7), (8) and
the derivative operators (5), after very laborious and complicated calculations, we
get that the Cartan canonical N-linear connection produced by the anisotropic

optical Lagrangian (3) is characterized by three effective local curvature d-tensors,

namely R;-kl, Pékla S;"kl» where
R 2 71| + Nop 22U
Sk = Y'Y (e — vy) § (0)” [(wte+e lyll*) T2 — eT1 | + Noo

+y'y; (%yz—ymz)%[ (so—672)l+(w—25)73+7—(4—”+<p> (w—3e) —
—A =160 = 2 — 2 (Al + B +2€) + R D 4 T

oT?

+ (Rl + R + 933) %]
'y (o — k) [T 4 2 (14 w) - 2

o272

, 8
+y'yj (NroNor — NoxNio) 87

52,2

. 6 T 4
+y'y; (Nokyi — yeNor) Yo K@ lyll? +w + 5) Q) _ o0

o272 oT
4P (om—|lyl* +292 7
L )

o272

- 3 4 6 5
+y'y; (Nown — 7Nt [&o L —8i+€6i—€|| P 22650 o 2]

T o2 o272 o272
+y'y; (Nrovi — v Nio) {

3(1— 7?|(4o—1)7—2724+16+°||y || ; 16
—re) il e ]} —y'y; (Nkoyt — yxNio) NOOGTZQ

. 88 (2741 4
+y'y; (Nkoyi — y&Nio) Y0 { (CP Iyll? +w + 5) 7%(2:; ) 90%
+75[(4+27’72)||y||2+80] Cap }

87 127 +e 80 [lyll* (27+1)

TEor TEeT om0

+y'y; (NekY v — yeNey") woe = 4y (Niwy" v — yeNippy™) wis
. 44 —27—1
+y2yj (Nrkyl - yker) |:'7 % + 7]TT T0¢72'r:|

- 273 (27 4(9~2 -
+9'y; (Nirt — YN ) 2P Yj (NviNir — NigeNit) )

0'7' ag°T

iy [(Noo + Nig) N7 — (Nyq + Nyp) N7) 222277)
+yy][( rk + kr) l (rl“‘ lr) k]

0'27'
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+y'y; (Njy — yeN)) ( ro — + Nyo 2% )
+y'y; (N — Nig) (47 oo ’yoaﬁc;)
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+' Uk — i) [C‘f (W) 187 g2 2 22l

2
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oT
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Remark 4. In our opinion, the very complicated form of the d-curvatures, pro-
duced by the Lagrangian (3), suggests that the Miron-Anastasiei geometrical theory
applied for our anisotropic optical Lagrangian does not offer interesting geomet-
rical aspects for the physical properties of the anisotropic medium. Consequently,
the physical interpretations of the geometrical results of this paper still remain an
open problem. It follows that another geometrical approach for the anisotropic
optical Lagrangian (3) is required.

Acknowledgements. We have benefitted from the criticisms of referees of
Analele Stiintifice ale Universitatii Ovidius Constanta upon previous variants of
our paper.

References

[1] M. Anastasiei, H. Shimada, The Beil metrics associated to a Finsler space,
Balkan J. Geom. Appl., 3, no. 2, (1998), 1-16.

[2] V. Balan, Synge-Beil and Riemann-Jacobi jet structures with applications to
physics, Int. J. Math. Math. Sci., 2003, No. 27, (2003), 1693-1702.

[3] V. Balan, M. Neagu, Jet Single-Time Lagrange Geometry and Its Applica-
tions, John Wiley & Sons, Inc., Hoboken, New Jersey, 2011.

[4] R.G. Beil, Comparison of unified field theories, Tensor N.S., 56 (1995), 175-
183.



Distinguished curvatures in extended relativistic dynamics 39

[5]

[6]

L.D. Landau, E.M. Lifshitz, Physique Théoretique. 1. Mécanique. 2. Théorie
des Champs (in French), Editions Mir, Moscou, 1982, 1989.

R. Miron, M. Anastasiei, The Geometry of Lagrange Spaces: Theory and
Applications, Kluwer Academic Publishers, Dordrecht, 1994.

R. Miron, T. Kawaguchi, Relativistic geometrical optics, Int. J. Theor. Phys.,
30, no. 11 (1991), 1521-1543.

M. Neagu, Riemann-Lagrange geometry for relativistic multi-time optics,
Seminarul de Mecanica., Univ. de Vest Timisoara, Romania 87 (2004), 1-
16.

M. Neagu, A. Oana, An anisotropic geometrical approach for extended rela-
tivistic dynamics, Bulletin of the Transilvania University of Bragov, 9(58),
no. 1, (2016), Series III: Mathematics, Informatics, Physics, 91-96.

M. Neagu, A. Oana, V.M. Red’kov, An anisotropic geometrical approach for
non-relativistic extended dynamics, Ricerche Mat., 62, no. 2, (2013), 323-340,
DOIT 10.1007/s11587-013-0154-8.

A. Szasz, Beil metrics in complex Finsler geometry, Balkan J. of Geom. Appl.,
20, no. 2, (2015), 72-83.



40

Mircea Neagu and Alexandru Oana



