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AN ANISOTROPIC GEOMETRICAL APPROACH FOR
EXTENDED RELATIVISTIC DYNAMICS
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Abstract

In this paper we present the distinguished (d-) pseudo-Riemannian geom-
etry (in the sense of nonlinear connection, Cartan canonical linear connection,
together with its d-torsions) for a Lagrangian inspired by relativistic optics
in non-uniform media.
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1 Introduction

In the geometrical optics [3], a central role is played by the Synge-Beil metric
[1], [6] and [7]

gαβ(x, y) = ϕαβ(x) + γ2yαyβ, (1)

where γ(x) ≥ 0 is a positive smooth function on the space-time M4, and ϕαβ(x)
is a pseudo-Riemannian metric on M4. One assumes that the four-dimensional
manifold M4 (which is connected and simply connected) is endowed with the local
coordinates (xα)α=1,4 =

(
x1 = t, x2, x3, x4

)
; for simplicity we use the system of

units where the light velocity is c = 1. Obviously, the following rule holds good:
yα = ϕαµy

µ. Because the components of ϕαβ(x) are dimensionless, the same are
γyα: [ϕαβ(x)] = 1, [γyα] = 1.

In such a context, let us restrict our geometric-physical study to the Minkowski
manifold M4 =

(
R4, ηij

)
which has the local coordinates (x) :=

(
xi
)
i=1,4

. It

follows that the corresponding tangent bundle TR4 has the dimension equal to
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eight, and its local coordinates are3

(x, y) :=
(
xi, yi

)
i=1,4

=

 x1, x2, x3, x4︸ ︷︷ ︸
space-time coordinates

, y1, y2, y3, y4︸ ︷︷ ︸
tangent vector

 .

Let us introduce a metric on TR4 inspired by optics in a non-uniform medium
(see formula (1)):

gij(x, y) = ηij + γ2(x)yiyj , (2)

where η = (ηij) = diag (−1, 1, 1, 1) is the Minkowski metric, and yi = ηiry
r.

Usually, we have γ2(x) = n2(x)− 1, where n = n(x) is the refractive index of the
non-uniform medium (see [1], [6] and [7]). Using the metric (2), below we will
examine the special case of a possible anisotropic relativistic dynamical model,
which is governed by the Lagrangian (in this model one considers that the particle
has the mass m = 1)

L(x, y) =
1

2
gij(x, y)yiyj =

=
1

2

[
ηij + γ2yiyj

]
yiyj =

=
1

2
ηijy

iyj +
γ2

2
||y||4,

(3)

where ||y||2 = −(y1)2 + (y2)2 + (y3)2 + (y4)2 = ηijy
iyj .

Remark 1. Because the Minkowski metric ηij is invariant with respect to the
linear transformations of coordinates induced by the Lorentz group O(3, 1), it im-
mediately follows that the Lagrangian (3) has a global geometrical character with
respect to these Lorentz transformations.

Following as a pattern the geometrical ideas from Lagrangian geometry of
tangent bundles [5] or jet bundles [2], in what follows we construct the pseudo-
Riemann-Lagrange geometrical objects (the canonical nonlinear connection, the
Cartan canonical linear connection, together with its d-torsions) produced by the
Lagrangian (3).

2 Geometrical objects in the relativistic extended dy-
namics

The fundamental metrical distinguished tensor induced by the Lagrangian (3)
is given by

gij(x, y) =
1

2

∂2L

∂yi∂yj
= σ(x, y)ηij + 2γ2(x)yiyj ,

where σ(x, y) = (1/2) + γ2(x)||y||2 > 0.

3In this paper the Latin letters i, j, k, ... run from 1 to 4. The Einstein convention of
summation is adopted all over this work.
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Remark 2. Because the quadratic form q(ξ) = (yiyj) ξ
iξj is degenerate and

has the signature (3, 1, 0), while the Minkovski metric η(ξ) = ηijξ
iξj is non-

degenerate and has the signature (0, 3, 1), we easily deduce that the quadratic
form g(ξ) = gij(x, y)ξiξj has the constant signature (0, 3, 1). It follows that it
is invariant under Lorentz linear transformation of coordinates. Consequently,
all the subsequent geometrical objects constructed in this paper will have the same
form in any chart of coordinates induced by a linear transformation of coordinates
produced by the Lorentz group O(3, 1).

The inverse matrix g−1 = (gjk) has the entries

gjk(x, y) =
1

σ(x, y)
ηjk − 2γ2(x)

σ(x, y) · τ(x, y)
yjyk,

where ηjk = ηjk and τ(x, y) = (1/2) + 3γ2(x)||y||2 = σ(x, y) + 2γ2(x)||y||2.

Proposition 1. For the anisotropic Lagrangian (3), the action

E(x(t)) =

∫ b

a
L(x(t), y(t))dt,

where y = dx/dt, produces on the tangent bundle TR4 the canonical nonlinear

connection N =
(
N i
j

)
, whose components are

N i
j =

2γ

σ
yiyj(γsy

s) +
γ||y||2

σ

[
δij(γsy

s) + yiγj − γiyj −
2γ2

σ
yiyj(γsy

s)−

−6γ2

τ
yiyj(γsy

s)

]
+ (4)

+
γ3||y||4

2σ

[
1

σ
γiyj −

3

τM
yiγj −

3

τ
δij(γsy

s) +
6γ2

στ2
(τ + 3σ)yiyj(γsy

s)

]
,

where γs = ∂γ/∂xs and γi = ηirγr.

Proof. For the energy action functional E, the associated Euler-Lagrange equa-
tions can be written in the equivalent form (see [5] and [2])

d2xi

dt2
+ 2Gi

(
xk(t), yk(t)

)
= 0, ∀ i = 1, 4, (5)

where the local components

Gi
def
=

gir

4

[
∂2L

∂yr∂xs
ys − ∂L

∂xr

]
=

=
γ

σ
||y||2yi(γsys)−

γ

4σ
||y||4γi − 3γ3

2στ
||y||4yi(γsys)

represent, from a geometrical point of view, a semispray on the tangent vector
bundle TR4. The canonical nonlinear connection associated to this semispray has

the components (see [5]) N i
j
def
=

∂Gi

∂yj
.

In conclusion, by direct computations, we find the expression (4).
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Remark 3. In a uniform medium with the constant refractive index n(x) = n ∈
[1,∞), we have γs = 0. Consequently, in this case we obtain Gi = 0 and N i

j = 0.

The nonlinear connection (4) produces the dual adapted bases of d-vector fields{
δ

δxi
=

∂

∂xi
−N r

i

∂

∂yr
;

∂

∂yi

}
⊂ X(TR4) (6)

and d-covector fields{
dxi ; δyi = dyi +N i

rdx
r
}
⊂ X∗(TR4). (7)

The naturalness of the geometrical adapted bases (6) and (7) is coming from the
fact that, via a transformation of coordinates, their elements transform as tensors
on R4. Therefore, the description of all subsequent geometrical objects on the
tangent space TR4 (e.g., the Cartan canonical linear connection and its torsion )
will be done in local adapted components.

For instance, using the notations Nij := N r
i ηrj , Ni0 := Niry

r, N0j := Nrjy
r,

N00 := Nijy
iyj , by direct local computations, we obtain the following geometrical

result:

Proposition 2. The Cartan canonical N -linear connection produced by the an-

isotropic Lagrangian (3) has the adapted local components CΓ(N) =
(
Lijk, C

i
jk

)
,

where

Lijk = −γ
σ

[
γ
(
δijNk0 + δikNj0 − ηirηjkNr0

)
+ ||y||2

(
ηjkγ

i − δijγk − δikγj
)

+

+γ
{

(Njk +Nkj) y
i +
(
N i
k − ηirNrk

)
yj +

(
N i
j − ηirNrj

)
yk

}
+

+2
(
γiyjyk − yiyjγk − yiykγj

)]
+

2γ3yi

στ
[γ (yjNk0 + ykNj0 − ηjkN00) +

+||y||2 (δjkγry
r − yjγk − ykγj) + 2

(
yjykγry

r − yjγk||y||2 − ykγj ||y||2
)

+

+γ
{

(Njk +Nkj) ||y||2 + (Nk0 −N0k) yj + (Nj0 −N0j) yk
}]
,

(8)

Cijk =
γ2

σ

(
yiηjk + δijyk + δikyj

)
− 2γ4

στ

(
||y||2ηjk + 2yjyk

)
yi. (9)

Proof. The adapted components of the Cartan canonical connection are given by
the general formulas (see [5])

Lijk
def
=

gir

2

(
δgjr
δxk

+
δgkr
δxj
−
δgjk
δxr

)
,

Cijk
def
=

gir

2

(
∂gjr
∂yk

+
∂gkr
∂yj

−
∂gjk
∂yr

)
=
gir

2

∂gjr
∂yk

.

Using the derivative operators (6), direct calculations lead us to the claimed re-
sults.
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Proposition 3. The Cartan canonical N -linear connection produced by the an-
isotropic optical Lagrangian (3) is characterized by three effective local torsion
d-tensors, namely Rijk, P ijk, Cijk, where

Rijk = yi (yjγ0k − ykγ0j)ϕ+ (δijγ0k − δikγ0j)ε+ ηis(γskyj − γsjyk)ω

+yi(yjγk − γjyk)(γsγs)[7ϕγ −
6
τ2
− 18ϕε+ ϕ2 ‖y‖2 + 2ϕω − εφ ‖y‖2]

+(δijγk − δikγj)(γsγs)[
2ε
γ −

‖y‖2
στ − 9ε2 − ϕε ‖y‖2]

+γi(yjγk − γjyk)[ωγ + 2‖y‖2
σ2 + 2ω

στ + εγ‖y‖2
2σ3 + ω2]

−(δijyk − δikyj)(γsγs)2ϕ(ϕ ‖y‖2 + ω + ε)− (δijyk − δikyj)(γsγs)ωε,

P ijk = yiyjykγ0[12ϕγ2τ( 1
σ − σ

2)− 9γ3

σ2τ
− 4γ3

στ ] + (δijyk + δikyj)γ0ϕ

+yi(yjγk + γjyk)[ϕ− 2γ
σ + 6γ3‖y‖2

στ ] + yiηjkγ0[ϕ− 2γ3‖y‖2
στ ]

+(δijγk + δikγj)(−
3γ3‖y‖4

2στ ) + γiηjk
γ3‖y‖4
2σ2 + γiyjyk

γ(4σ2−1)
2σ3

+(δijNk0 + δikNj0 − ηiiηjkNi0)
γ2

σ − y
i(Nkj +Njk)(

2γ4

στ −
γ2

σ )

+[(N i
j − ηiiNij)yk + ((N i

k − ηiiNik)yj)]
γ2

σ

−(yiNj0yk + yiyjNk0)
4γ4

στ + (yiηjkN00 + yiyjN0k + yiN0jyk)
2γ4

στ ,

where

ϕ =
γ(12σ2 − 6σ + 1)

4σ2τ2

ε =
γ ‖y‖2 (2τ + 1)

4στ

φ =
γ3(12σ − 3)

σ3τ2
− 12σ2γ2ϕ

τ

ω = −γ ‖y‖
2 (2σ + 1)

4σ2
.

Proof. The local components of the torsion tensor are given by the general for-
mulas (see [5])

Rijk =
δN i

j

δxk
−
δN i

k

δxj
, P ijk=

∂N i
j

∂yk
− Likj .

Using formula (4) and derivative operators (6), after laborious calculations we get
the claimed results.



96 Mircea Neagu and Alexandru Oană
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