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A STUDY OF NONHOLONOMIC FINSLER FRAME ON
GAUGE TRANSFORMATIONS
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Abstract

The notion of nonholonomic Finsler frame on space time was introduced
by P. R. Holland in 1982, when he studied electromagnetism. Then R. G.
Beil studied on gauge transformation viewed as a nonholonomic frame on
the tangent bundle of a four dimensional manifold. In this paper we are
determined the nonholonomic Finsler frame for Finsler space with special

(α, β)-metric L = (α+β+ β2

α + β3

α2 )2 and we discussed that Finsler nonholo-
nomic frames acts as a gauge transformation of Finsler metric tensors.
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1 Introduction

In 1982, P.R.Holland [9], studied that when the classical theory of a charged
particles moving in an external electromagnetic field is geometrically reformed as
the existence of nonholonomic frames in a Finsler space time. In 2000, P.L.Antonelli
and I.Bucataru [1, 2] motivated by quantum mechanics and developed nonholo-
nomic geometry of Randers space using Holland frame and determine two Finsler
connections, one of which is Crystallographic connection. In fact R.S.Ingardan
[10], was first to point out that the Lorentz force law, in this case, could be writ-
ten as geodesic equation on a Finsler space called Randers space. Next, R.G.Beil
viewed a gauge transformation as a nonholonomic frame on the tangent bundle
of a four dimensional base manifold [6].
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The geometry that follows from these considerations gives a more unified ap-
proach to gravitation and gauge symmetries. In the above mentioned papers, the
common Finsler idea used by physicists R.G.Beil and P.R.Holland is the existence
of the nonholonomic frame on the vertical subbundle V TM of the tangent bundle
on an n-dimensional manifold M . In [1, 2], P.L.Antonelli and I.Bucataru found
such a nonholonomic Finsler frame for two important classes of Finsler spaces that
are Randers space and Kropina space. In this paper we evaluated nonholonomic
Finsler frame for special Finsler (α, β)-metric and we discussed that nonholonomic
Finsler frames are the gauge transformations of Finsler metric tensors.

2 Preliminaries

A Finsler manifold is a manifold M , where each tangent space is equipped
with a Minkowski norm, i.e., a norm not necessarily induced by an inner product,
such a norm is called Finsler metric. However in sharp contrast to the Riemannian
case, these Finsler metrics are not parameterized by points of M , but by directions
in TM . The formal definition of Finsler space as follows;

Definition 1. [3] A Finsler space is the ordered pair Fn = (M,F ), where M
is an n-dimensional manifold and F is a Finsler metric defined as a function
F : TM → [0,∞) with the following properties:
i. Regular: F is C∞ on the entire tangent bundle TM\{0}.
ii. Positive homogeneous: F (x, λy) = λF (x, y), ∀λ ≥ 0.
iii. Strong convexity: The n× n Hessian matrix

gij =
1

2
[F 2]yiyj

is positive definite at every point on TM\{0}, where TM\{0} denotes the tangent
vector y is non zero in the tangent bundle TM .

An important class of Finsler metrics is (α, β)-metrics [11]. The first Finsler
space with (α, β)-metric were introduced by the Physicist G.Randers in 1940 are
called Randers space.

Definition 2. A Finsler space Fn = (M,F (x, y)) is called with (α, β)-metric if
there exists a 2-homogeneous function L of two variables such that the Finsler
metric F : TM → R is given by,

F 2(x, y) = L(α(x, y), β(x, y)), (1)

where α(x, y) =
√
aij(x)yiyj is a Riemannian metric on M , and β(x, y) = bi(x)yi

is a 1-form on M .

Randers metric L = α + β, Kropina metric L = α2

β , Matsumoto metric L =

α+β+ β
α , etc are the examples of Finsler (α, β)-metrics. If we neglect the function

L to be homogeneous of order two with respect to the (α, β) variables, then we
have a Lagrange space with (α, β)-metric.
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Definition 3. [8] Let M be the n-dimensional Finsler manifold and U be a open
set of tangent bundle TM . Then the mapping

Vi : u ∈ U → Vi(u) ∈ VuTM, i ∈ 1, 2, ..., n (2)

be a vertical frame over U . If Vi(u) = V j
i (u) ∂

∂yj
|u, then V j

i (u) are the entries of

a invertible matrix of all u ∈ U and its inverse is denoted by Ṽ k
j (u) and so that

V j
i Ṽ

k
j = δki , Ṽ i

j V
j
k = δik. (3)

Then V j
i is called as nonholonomic Finsler frame.

Naturally, every geometric object filed on TM can be expressed in nonholo-
nomic Finsler frames V i

j . For example, if T ij are the components of a (1, 1) Finsler
field, then the nonholonomic components are given by:

Tαβ = V α
i T

i
jV

j
β . (4)

In [7], Ioan Bucataru consider a generalized Lagrange space with Beil metric
defined as

gij(x, y) = a(x, y)aij(x) + b(x, y)Bi(x, y)Bj(x, y) (5)

and denote B2(x, y) = aij(x)Bi(x, y)Bj(x, y), then

V i
j =
√
aδij −

1

B2
(
√
a±

√
a+ bB2)BiBj (6)

is a nonholonomic Finsler frame. Then the Beil metric defined in the equation (5)
and the Riemannian metric aij(x) are related by

gij(x, y) = V k
i (x, y)V l

j (x, y)akl(x). (7)

For a four dimensional manifold M4 with a Minkowski metric ηij , consider the
Lagrangian per unit mass of a charged particle moving in M4 in an external field
Ai:

L(x, y) = (ηijy
iyj)1/2 + kAiy

i.

Then the metrical coefficients of a Finsler space are defined by

gij(x, y) =
1

2

∂2L2

∂yi∂yj
. (8)

The Minkowski metric ηij and the Finsler metric gij are related by the formula

gij = V k
i V

l
j ηkl, (9)

where V k
i (x, y) is a nonholonomic frame on TM .
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3 Nonholonomic Finsler frame for Finsler space with
special (α, β)-metric L = (α + β + β2

α + β3

α2 )
2 = F 2:

Let us consider a Finsler space Fn = (M,F ) on an n−dimensional manifold
M . For a Lagrange space with (α, β)-metric F 2(x, y) = L(α(x, y), β(x, y)), the
metric tensor gij is given by,

gij(x, y) = ρaij(x) + ρ0bi(x)bj(x) + ρ−1(bi(x)yj + bj(x)yi) + ρ−2yiyj , (10)

where ρ1, ρ0, ρ−1 and ρ−2 are some Finsler invariants defined by:

ρ1 =
1

2α

∂L

∂α
; ρ0 =

1

2

∂2L

∂β2
; ρ−1 =

1

2α

∂2L

∂α∂β
; ρ−2 =

1

2α2
(
∂2L

∂α2
− 1

α

∂L

∂α
)(11)

where, subscripts -2,-1, 0, 1 gives us the degree of homogeneity of these invariants.
For a Finsler space with (α, β)-metric, that L is homogeneous of degree two

with respect to α and β we have,

ρ−1β + ρ−2α
2 = 0 (12)

Consider gij = 1
2
∂2F 2

∂yi∂yj
the fundamental tensor of the Finsler space (M,F ). Taking

into account the homogeneity of α and F we have the following formula:

pi =
1

α
yi = aij

∂α

∂yj
; pi = aijp

j =
∂α

∂yi

li =
1

L
yi = gij

∂L

∂yj
; li = gij

∂L

∂yj
= pi + bi; (13)

li =
1

L
pi; lili = pipi = 1; lipi =

α

L
;

pili =
L

α
; bip

i =
β

α
; bil

i =
β

L
.

With respect to these notations, the metric tensors (aij) and (gij) are related by
[12],

gij =
L

α
aij + bipj + pibj + bibj −

β

α
pipj =

L

α
(aij − pipj) + lilj . (14)

The metric tensor gij of a Lagrange space with (α, β)− metric can be arranged
into the form:

gij = ρaij +
1

ρ−2
(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj) +

1

ρ−2
(ρ0ρ−2 − ρ2−1)bibj . (15)

From the above expression (15), we can see that gij is the result of two Finsler
deformations:

aij → hij = ρaij +
1

ρ−2
(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj) (16)

hij → gij = hij +
1

ρ−2
(ρ0ρ−2 − ρ2−1)bibj . (17)
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The nonholonomic Finsler frame that corresponds to the first deformation (16)
according to the equation (6) and reference [7], given by,

Xi
j =
√
ρδij −

1

A2

(
√
ρ±

√
ρ+

A2

ρ−2

)
(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj), (18)

where A2 = aij(ρ−1bi + ρ−2yi)(ρ−1bj + ρ−2yj) = ρ2−1b
2 + βρ−1ρ−2. The metric

tensors aij and hij are related by:

hij = Xk
i X

l
jakl. (19)

Similarly, by the equation (6) and reference [7], the nonholonomic Finsler
frame that corresponds to the second deformation (17) is given by

Y i
j = δij −

1

B2
(1±

√
1 +

ρ−2B2

ρ0ρ−2 − ρ2−1
)bibj , (20)

where B2 = hijb
ibj = ρb2 + 1

ρ−2
(ρ−1b

2 + ρ−2β)2. The metric tensor hij and gij
are related by the formula:

gmn = Y i
mY

j
nhij . (21)

From (19) and (21) we have that V k
m = Xk

i Y
i
m, with Xk

i given by (18) and Y i
m given

by (20), is a nonholonomic Finsler frame of the Finsler space with (α, β)−metric.

In this section we consider Finsler space with special (α, β)-metrics with the

fundamental function L = (α+β+ β2

α + β3

α2 )2 = F 2, then we determined nonholo-
nomic Finsler frame.

For the above (α, β)-metric, Finsler invariants becomes:

ρ =
(α5 − 3αβ4)(α+ β)− 2β3(α3 + β3)

α6

ρ0 =
3α4 + 6α2β(2α+ 3β) + 5β3(4α+ 3β)

α4

ρ−1 =
α5 − 6α2β2(α+ 2β)− 3β4(5α+ 4β)

α6

ρ−2 =
−α5β + 3αβ3(2α2 + 5β2) + 12β4(α2 + β2)

α8

A2 = (b2 − β2

α2
)[
α5 − 12β3(α3 + β3)− 3αβ2(2α2 + 5β2)

α6
]2. (22)

These invariants satisfies the relation ρ−1β+ρ−2α
2 = 0. Then by (18) and (20) the

expression for horizontal and vertical nonholonomic Finsler frames with respect
to two deformations (16) and (17) we get:
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Xi
j =

√
(α+ β)(α5 − 3αβ4)− 2β3(α3 + β3)

α6
δij

− α2

(α2b2 − β2)

{√
(α+ β)(α5 − 3αβ4)− 2β3(α3 + β3)

α6
δij

}

± α2

(α2b2 − β2)
(bi − βyi

α2
)(bj −

βyj
α2

)

√
T (α, β)

α6
, (23)

where

T (α, β) = (α+ β)(α5 − 3αβ4)− 2β3(α3 + β3)

−(α2b2 − β3)(α5 − 12β3(α3 + β3)− 3αβ2(2α2 + 5β2))

and

Y i
j = δij −

1

B2

[
1±

√
1 +

α4βB2

U(α, β)

]
bibj , (24)

where

B2 =
(α+ β)(α5 − 3αβ4)− 2β3(α3 + β3)

α6
b2

−α
2

β
(b2 − β2

α2
)[α5 − 12β3(α2 + β2)− 3αβ2(2α2 + 5β2)].

U(α, β) = α5 + 3α4β + 3α2β2(4α+ 6β)− 3αβ2(2α2 + 5β2) + 5β3(4α+ 3β)

Then we obtained the nonholonomic Finsler frame as follows,

V i
j = Xi

kY
k
j

= Cδij −
C

B2
(1± E)bibj − Cα2

α2b2 − β2

{
δij +

1± E
B2

bibj
}

(25)

± α2D

α2b2 − β2

{
(bi − βyi

α2
)(bj −

βyj
α2

) + (1± E)(bi − βyi

α2
)(b2bj −

βbjb
kyk

α2
)

}
,

where

C =

√
(α+ β)(α5 − 3αβ4)− 2β3(α3 + β3)

α6

D =

√
C − (α2b2 − β3)[α5 − 12β3(α3 + β3)− 3αβ2(2α2 + 5β2)]

α6

E =

√
1 +

α4βB2

α5 + 3α4β + 3α2β2(4α+ 6β)− 3αβ2(2α2 + 5β2) + 5β3(4α+ 3β)
.

Theorem 1. Consider a Finsler space with (α, β)−metric given by

L = α+ β +
β2

α
+
β3

α2
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for which the condition (12) is true. Then V i
j = Xi

kY
k
j is a nonholonomic Finsler

frame given in equation (25), with Xi
k and Y k

j are given by (23) and (24) respec-

tively. Then if inverse of V i
j is denoted by Ṽ i

j , then we get V i
k Ṽ

k
j = δij.

4 Gauge transformation of Finsler metrics

Suppose a particle is moving in an non geodesic path then it should be under
the influence of some external force. In this case, to explain the path of motion
an external force term is added to the equation of motions. Alternative point of
view is that motion can be explained by a new metric, which would result from
a gauge transformation. In this way, physical force fields can be geometrized,
and general relativistic idea of space time curvature determining the path of the
particle will also include fields other than gravitation. For this purpose a class of
gauge transformations which act on tangent space is considered [6].

Under these kind of transformations, the tangent vector yi transforms as

yj = Y j
i ỹ

i. (26)

where i, j = 0, 1, 2, 3 are indices corresponding the space components, and

Y i
j =

∂yi

∂ỹj
. (27)

Then the inverse of Y i
j given by Ỹ i

j = ∂ỹi

∂yj
. Hence

Y i
k Ỹ

k
j = δij . (28)

and these transformations Y i
j are called Y transformations.

Even though the transformation does not act on the base space coordinates, it
will seen to produce changes in the base space. Therefore, these transformations
also depend on the base coordinates, such as

Ỹ i
j = Ỹ i

j (x, y). (29)

The Y transformation of the metric tensor is given as

g̃ij(x, y) = Y α
i (x, y)Y β

j (x, y)gαβ(x, y). (30)

Under this transformation, Finsler metric function is invariant, such as

F̃ 2(x, ỹ) = g̃ij ỹ
iỹj

= gαβ(x, y)Y α
i Y

β
j ỹ

iỹj

= gαβy
αyβ

= F 2(x, y). (31)
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Here yj is the contravariant vector and the covariant vector associated with it is
yi, where yi = gijy

j . Covariant vector yi transforms as

ỹi = Y α
i yα. (32)

Since

∂ỹi

∂ỹj
= g̃ij + Y β

j

∂Y α
i

∂yβ
yα (33)

= Y α
i Y

β
j gαβ + Y β

j

∂Y α
i

∂yβ
yα. (34)

The Y transformation of the Finslerian metric tensor does not yield a tensor unless

∂Y α
i

∂yβ
yα = 0. (35)

The condition (35) is called as the metric condition [5].
Now we have to study how many of the Finsler metrics can be obtained by

this sort of gauge transformation. At this point one can only list those for which
a specific Y matrix is known: Randers, Kropina, Beil, Weyl, and metrics where Y
gives a conformal transformation. Obviously, nonlinear metrics are not included.
What does this gauge transformation mean physically? It can be interpreted as
what happens when a non-gravitational field is turned on in a region of space. For
example, electromagnetic field. A metric has also been given for the electroweak
field SU(2)U(1)[9]. The gauge transformation could also be interpreted as a
distortion or deformation of the original Lorentz space. In other words, the gauge
field twists or distorts the space. The relative effect is, by the way, a torsion rather
than a curvature. Although, remarkably, the final outcome is a curved space.
The torsion interpretation has been advocated by Holland in [9], who relates the
transformation to nonholonomic frames. The nonholonomic frame viewpoint is
explained in a very useful new paper by Bucataru [7].

It is obvious that Y transformations, when Y i
j is a function of x only, that is

Y i
j = Y i

j (x)

satisfy the metric condition. These type of transformations are called K-group
or linear transformations. Y transformations can be interpreted as the transfor-
mations from an original space where there exists no external field, to a space
that also contains external fields which are turned on by some physical potentials
contained in Y i

j [6].
It is now time to get to some specific physics using the above developments.

There are several gauge transformations which might give useful results. The
Gauge transformation from Minkowski metric ηij to the Finsler metric gij given
by the in the equation (9) as

gij = V k
i V

l
j ηkl. (36)
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Here V i
j is the nonholonomic frame.

R.G.Beil[3] had studied Y transformations for general Finsler (α, β)-metrics.

Y i
j =
√
aδij −

1

B2
{
√
a−

√
a+ bB2}BiBj (37)

where Bj is a vector which can be associated to a physical potential, and B2 =
gijB

iBj . Here B is a constant depending on the physical space that will be
geometrized. The inverse transformation is given by the inverse of the matrix
(37), such as

Ỹ i
j =

1√
a
δji −

1

B2
{ 1√

a
− 1√

a+ bB2
}BjBi. (38)

Similarly, gauge transformation of metric tensors aij and hij of the Finsler
spaces with (α, β)-metrics is given in equation (19) by,

hij = Xk
i X

l
jakl, (39)

and gauge transformation of metric tensors hij and gij given by (21) as,

gmn = Y i
mY

j
nhij , (40)

where Xi
j and Y i

j are nonholonomic Finsler frames acts as gauge transformations
with respect to two deformations (16) and (17). Then metric tensors aij and gij
related by nonholonomic Finsler frames V i

j is given by,

gmn = V i
mV

j
naij . (41)

Hence nonholonomic Finsler frames V i
j are the gauge transformations between

Finsler metric tensors.

5 Conclusion

Holland studies a unified formalism which uses a nonholonomic frame (non
integrable 1-form) on space-time, a sort of plastic deformation, arising from con-
sideration of a charged particle moving in an external electromagnetic field in
the background space-time viewed as a strained medium [9]. Ioan Bucataru con-
structed nonholonomic Finsler frame for a class of generalized Lagrange spaces,
for a class of Lagrange spaces with (α, β)-metric and for Finsler spaces with (α, β)-
metric. For a Finsler space with (α, β)-metric, the fundamental tensor field might
be taught as the result of two Finsler deformation. Then we can determine a
corresponding frame for each of these two Finsler deformations. Consequently,
a nonholonomic frame for a Finsler space with (α, β)-metric will appear as a
product of two Finsler frames formerly determined. In this paper we are deter-
mined the nonholonomic Finsler frame for Finsler space with special (α, β)-metric

L = (α+ β+ β2

α + β3

α2 )2. And also we discussed that Finsler nonholonomic frames
acts as a gauge transformation of Finsler metric tensors.
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