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A CHOICE OF THE KNOTS IN SCHOENBERG SPLINE
OPERATOR WITH AN IMPROVEMENT OF THE ORDER
OF APPROXIMATION

Camelia Liliana MOLDOVAN!

Abstract

In our paper, we show that a small modification of the equidistant knots,
in the quadratic Schoenberg operator, namely considering the knots zy =
0, z; = % +(- 1)11("71__12)7 (1<j<n-1), z, =1, ensures a better order
of approximation in Voronovskaya theorem.
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1 Introduction

Schoenberg [7] has built an operator that attaches to a function a k-th degree
spline with n intermediate knots.

A k spline on [0,1] attached to a finite sequence of knots is a function which is
polynomial of degree k on each interval between two consecutive knots, and which
has a continue derivative of order k-1 on the whole interval [0,1].

An algebraic base of k-th degree spline functions is represented by the B-splines
introduced by Schoenberg. To build these B-splines k extra-nodes equal to the
left end of the interval and k-extra-knots equal to the right end of the interval are
necessary.

More specifically, we consider a function f : [0,1] — R and the knots which
form the division A,, 1, with k£ > 0,n > 0 natural numbers:

O0=2 =0T j41=.. =200 <21 <T2< ... < T =Tpp1 = ... =Ty =1 (1)
B-splines are defined [1] by:

Njw(@) = (Tjh1 — ) (%5, Tjs1, oo Tjrhsr (0 — )5, —k<j<n—-1 (2)
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where

and

[T, Tty T ] f

means the divided difference of function f on nodes xj, 41, ..., T yr41[1].
Njp(x) is null for x < 2; and © > T4 py1;
Nj () is positive for z; <z < xjipq1.

We further take the nodes (Greville abscissas)[1] :

Tl T T Tk
B k

With the help of these data, Schoenberg operator [7],[5],[4] is defined:

n—1
Sannf@) =" f&r)Njk(x),0 <2z <1 (4)

j=—k

In the case when A, ; is formed with equidistant knots, we denote S, 1, f(z)
instead of Sa,, , f().

In the case n = 1 and k£ > 2, Schoenberg operator coincides with k-th Bernstein
operator.

Because operators are linear and positive, for the study of convergence to f, it
is useful to know the second moment.

The following formula established by DeVore [2], gives an estimate of the sec-
ond moment in the case of arbitrary knots.

Theorem A For n > 1, k > 1 and arbitrary knots we have:

n—1 1

0<(Sa,ler —2)") (@) = ) 2h—1) > (@ — 2516 Njg(@).  (5)

j=—k 1<r<s<k

In the literature,[1], in case when A, ;, is formed by equidistant knots and k=2,
the following result:

(Sualer — @) _ & -% _ 1
x(1—x) l—x ~ 2n

(6)

hold.

The purpose of the paper is to obtain a better constant than % in (6) for the
second moment Schoenberg operators, working with a different choice of knots.
This leads to a better order of approximation using Voronovskaya theorem.
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2 A different way to choose the knots. The second
moment of the quadratic Schoenberg operator

In the sequel we consider k = 2. Take a number A\ € (0,1) and n > 1. We
consider the knots and extra-knots of interval [0, 1]:

O=x90=x_1=20< 21 <x2< .. < Tp = Tpy1 = Tpy2 = 1, (7)
where
zg = 0
A
ry = —,
n
AL G- a<i<n—2
T, = = or n—
/ n v n(n —2)’ =7 = ’
A
Ip—-1 = 1_77
n
T, = 1. (8)

For simplicity we denote simply Nj(z) := N;2(x), i.e.
Nj(x) = [z, 211, 2542, 4] (0 — )3, for € [0, 1].

Lemma 1. Let n > 7, X\ € (0,1) and the knots and extra-nodes given in (7),

(11).
r_g=2-1=0, Tnt1 = Tpy2 = 1.

The following relationships take place:
Case 1. x € [zg,x1] :

2n annA—i—n—GA 9

Nal) = o=t
n?(n —2) 2
No@) = Soxsa—m®
Nj(z) = 0 for 1<j<n-—1
Case 2. x € [x1,x9]:
n%(n — 2)? 5 2n(n—2)  nA+n-—4)
N_ = —
1) (n)\+n—4/\)(n—2)\)x n—ox T Ty
No(z) = _(n)\+3n—8)\)n2(n—2)2 9 (MA+2n—6 \)n(n—2)
0\® 2(nA + 1 — 4N (n— 202 (n—2))2
~A(MA+2n —6M)(n —2)
2(n —2X)? ’
n?(n—2)2 5 ni(n—2)? M\ (n —2)?
M@ = 500 T oyt am o

Nj(z) = 0 for 2<j<n—-1or j=-2.
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Case 3. z € [r2,x3]
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N  yn*(n—2)? n(n—2)(nA+2n—6))  (nA+2n —6))2

ol@) = T TaNE T (n — 2))2 2(n— 202

B n?(n—2)%2  n(n—2)(2nA +3n — 10))
Miz) = —a’ (n—2X)2 (n — 2X)?
20%(n —2)2 +6A(n — 2)(n — 2A) + 3(n — 2))?
B 2(n —2X1)2 '

No(z) = on3(n —2)2 ~on(n=2)(n+nA—4)\)  (n+nA- 40)?

2 2(n — 2X)2 (n — 2X)2 2(n — 202
Nj(z) = 0 for 3<j<n—1or je{-2-1}.

Case 4. x € [xq,xq41] with 3<q¢<n-—4

Nj(z) =

for q—2 < j <gq, where

n%(n —2)? 3 L
Mzgdi<(z+]l)

M+Lx)2
nn—2) n

dy=—1,d1 =3, dy=—3, d3 = 1. (9)

Nij(z) =0 for2<j<q—3orq+1<j<n-1

Case 5. x € [xp—3,Tp_2]

n?(n — 2)?
Nn75($) = (1 — x)QM —
(n 4+ nX — 41)?
2(n —2))2 7
n2(n — 2)2
Npa(z) = —(1- 90)2(71(_2/\2))2

(1—=)

+(1

n(n —2)(n+n\ —4X)

—l‘)

(n —2X)2

n(n —2)(2nA + 3n — 10))
(n—2X)2

C20%(n = 2)* + 6A(n — 2)(n — 2)\) + 3(n — 2)\)°

2(n —2X)? ’

2?n?(n — 2)? ~n(n— 2)(n? — 4n — nX + 6)

2(n —2X)2

(n —2X)2

(n? —4n — nX +6))?

+

2(n — 2)0)?

)

Nj(z) = 0 for —2<j<n—6,o0rj>n—2.
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Case 6. x € [xyp_2,Tn_1]

n?(n — 2)2 nA(n —2)? A2(n —2)2
No—a() 2(7(L - 2)\;2(1 o)’ - (n( 2>\))2 (1—a2)+ 2(15 - 2/\;2’
~ (nA+3n -8 \)n?(n—2)?
Nns(z) = _2mA+n—4mm—zm2“_wV
(nA+2n — 6A\)n(n — 2) A(nA +2n — 6X)(n —2)
+ (n—2))? (1—2)— 2(n —20)?
B n?(n — 2)? 2n(n —2)
Noa() = (n)\+n—4/\)(n—2)\)(1_$)2_ n—2\ (1-2)
nA+n— 4\
n—2x '
Nj(x) = 0 for —2<j<n—-5o0orj=n—1.

Case 7. x € [xp_1,T]

(1—2)?n%(n —2)

Ny — = )
3(2) A(nA + 71— 4))
2n n?2n\ +n — 6
Noalw) = F=2) = 5 =)
Nj(x) = 0 for —2<j<n-—4

Proof. Since n > 7, all the cases are possible.

81

Y

The following formulas are well known for the divided difference, (see for

instance [8], [6]) of function f on nodes y1,y2, ..., Ym:

1,52, s Yl f =D ( (yk — yz-)”)f(yk)

k=1 1<i<m,i#k

[Y1,Y2, ..., Ym]p = 0, if p is a polinomial of degree at most m — 2, m > 2.

[yla Y2, ,ym](. - ‘II"){T— = 07 for z > ma‘x{y17 Y2, .-, ym}
Case 1. x € [z9, 1], which means x € [O, %}
Consider first, that © € (zg, x1]. We have

[0,0,21, 22](e — z)2 = lim[0,n, 71, x2)(e — z)2
n™\0

_ hm[_(o—ﬂﬁ)i (n—xz)3
7\0 nNr1T2 n(z1 —n)(z2 —n)
B (21 — )% (22 — )% ]
zi(v1 —n)(w2 — 1) @2(x2 —Nn)(T2 — 21)
_ lim [_ (z1 —2)3 (z2 — )% }
oL zi(xr —n)(ze —x1)  m2(22 — N)(T2 — 71)
(z - r)? (2 —2)? 2mzow — (21 + 22)2?

x%(xQ — 1) x%(xz — 1) N x%x%

(10)

(11)

(12)
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2x110x — (11 + T9) T2
N_y(z) = (22 —2-1)[0,0,21,22)(0 —x)2 = =12 (z1 + 22)

HEE)
2n  n*2nA+n—6) ,

AT R At n—an

Using the continuity, this relation can be extended from interval (xg,x1] to the
interval [zg, z1]. Also we have:

No(z) = (x3—20)[0, 21,22, 23](0 — m)i
(z1 —2)%
= (3= 0) [(acl —x9)(z2 — x1) (23 — 1)
B (z2 —2)3 (z3 —2)3 ]
(2 — wo) (w2 — 1) (23 — 22) (23 — 20)(T3 — 71) (23 — 72)
z? 2?n%(n — 2)
T omam A(RA+n —4X)
Nj(z) = 0, for 1<j<n—1 from relation (11).
Case 2. z € [z, x2], which means z € %, % + n’"(br_ﬁé)
Noi(z) = (x2—2-1)[0,0,21,z0)(e — 2)2 = (z2—2)i
e T wa(wy — 1)
— 1 S22 L ™
ra(z2 — 71) Ty —T1 T —T1
n?(n — 2)? 5 2n(n-—2) n\+mn— 4\
- (n)\+n—4)\)(n—2/\)x T " n—2\
No(x) = (x3—20)[0,21, 22, 23](0 — x)i
_ (w2 — @)} (z3 — )% ]
— Plag(re —x) (w2 —x3) | wa(as — a1) (x5 — 22)
To + x3 — T 9 2x3 T1T3

xo(x2 — 1) (21 — ws)x * (wo — x1) (23 — Jfl)x * (r2 —x1)(21 — 23)
(MA+3n—8\)n%(n—2)%2 ,  (nA+2n—6\)n(n—2)

T T2 tn—N)m 222" (n— 2))2
A(nA 4 2n — 6X)(n — 2)
B 2(n —2X0)2
Ni(z) = (x4 —z1)[z1, 22,23, 24](0 — x)i
_ [ (z2 —2)3 (z3 — )%
(2 —x1)(22 — 23) (22 —24) (23 — 71) (23 — 22) (T3 — T4)
(l’4—l‘)3_ ](.%' —.fL')
(24— 21) (g — w2)(zg —23) )1
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(21 — 2)?
(w2 — @1) (3 — 21)
n?(n—2)2 , ni(n—2)32 A2(n —2)?
2 — 2027 T (m—202 " 2(n—2)0)?
Nj(x) = 0 for 2<j<n-—1 from relation (11).

Case 3. x € [z, x3], which means = € % + TLTE;EQ), % + 2;2;33)]

No(z) = (w3 — x0)[x0, 71,22, 73](0 — )%
_ (@32l - (@ - (-2 - (@ -2
(x5 — z1)(23 — 22) (z3 — z1)(22 — 21)
()i — (@] | (@ —2)] —(w—2)]
(z2 — 2o)(z2 — 21) (z2 — o) (21 — 20)
(3 — x)?

(23 — 1) (3 — 72)
on%(n — 2)? nn —2)(nA+2n —6X)  (nA+2n —6))32
T om—anz " (n— 2)\)2 2(n — 2))2

Ni(z) = (x4 —21)[71, 22, 23, 74](® — T)?

= ($4—$1)[

(z3 — )
(x5 — 21) (23 — 22) (23 — 24)
(24 — 2)° }
(v4 — 1) (24 — 22) (T4 — 23)
B _nQ(n—2)2< n—2\ é_x)2

2(n —2))2\ n(n —2)
n(n—2)2%/_ n—-2\x A 2
2(n — 2X)?2 ( n(n—2)  n 37)
o on*(n—2)2  n(n—2)(2nA+ 3n — 10))
B CET R (n—2\)2
202 (n —2)2 4+ 6A(n —2)(n — 2A) + 3(n — 21)?
2(n —2X)? '
No(z) = (x5 — xo)[20, 23, 24, 5] (. — )2
~ (s — 1) (3 — )2
(x3 — x2)(v3 — 24) (73 — @5)
(x4 — x)? n (25 — x)? }
(4 — m2) (4 — 23) (T4 — 75) (5 — 22)(T5 — 73) (75 — 74)

n2(n - 2)2 2

T 2 222"
3n°(n—2)°1 _ n—2A N n—2\ 4 n-2) —i}x
(n —2X)? nn—2) nn-2) 3n(n-2) 3n
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3n2(n—2)2[<2 n— 2\ )\)2_( n— 2\ /\>2

2(n — 2X)? nin—2) " n nin—2)  n
17 n—2X\ A\ 2
+§(4n(n -2) * E) ]
on?(n —2)2 _n(n—=2)(nA+n—4)) N (n 4+ n\ —4))?
T ooz " (n — 2))2 2(n — 2))?2
Nj(x) = 0for 3<j<n—1 or je{-2,—1} from relations (11) and (12).

Case 4.z € [xg,2441] with 3<¢g<n-—4.
Let j such that ¢ —2 < j < ¢. Using the recurrence formula of divided differences,
we obtain:

Nj(x) = (243 —aj)[z), @j41, Tj02, wj43)(0 — 2)7
(zj4s —2)F = (wjr2 —2)7  (zj42 — @)} — (211 — )%
(i3 — wjp1) (@3 — wjt2) (@548 — 211) (Tj42 — Tj41)
(zjr2 —2)% — (i1 — )% (g1 —2) — (5 —2)%
(@jr2 — @) (Tja2 — xjt1) (T2 — ) (@11 — 3))
n?(n — 2)? n—2\ A 2 3n?(n-2)%/,.
= 2(n—2))2 (U o=y T x)+ T 2(n—2))2 <(
n—2\ A 2 3n?(n—-2)%/. n—2X\ A 2
), S )

N2 2
* )n(n—2)+n v ++ 2(n —2X)?

n?(n—2)2%/ n—2\ A 2
—72<( - )7+f—m) .
2(n—2X) nn—2) n +
Hence, we obtain the desired relation, for ¢ — 2 < j < gq.
Nj(z) =0 for —2<j<qg—3o0rq+1<j<n-—1from from relations (11)
and (12).
Case 5. x € [z,—3, Tp—2]
By symmetry, using Case 3, we obtain N,,_5(z), Np_4(z).

nn—2) n +

ang(l‘) = (xn - xnf?))[xnf& Tn—2,Tn—1, xn](. - 33)3_
= [Tn-2,Tn—-1,Tn|\® — L)L — |[Tn-3,Tn-2,Ln-1/{® — L)
[ J(o —a)F — | J(o — )3
(20 — @)% — (zn—1 — x)a_ (Tn—1 — )% — (Tp—2 — 5'3)3-

(Tn — Tn—2)(@n — Tn-1) (Tn — Tn—2)(Tn-1 — Tn-2)
_ (Tn—1 — x)i — (Tn—2 — 33)?# (Tn—2 — x)i — (Tp—3 — x)i
(Tn-1 — Tp—3)(Tn-1 — Tn—2)  (Tn—2 — Tn—3)(Tn—1 — Tn—3)
_ x2 2TT,_3
B (Tn—2 — Tn-3)(Tn—1 — Tn-3)  (Tn—2 — Tp—3)(Tn—1 — Tn—3)
N 7y _ 9y
(Xn—2 — Tp—3)(Tp—1 — Tp_3) 2(n —2X)?
n(n —2)(n? —4n —nA+6))  (n? —4n —n) + 6))?
- (n—2))7? T )

Nj(x) = 0for —2<j<n—6 from relations (11) and (12).
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Case 6. z € [r,_2,7p—1]. Using the symmetry, Case 2, demonstrates this

case.
Case 7. = € [rp—1,%,). Using the symmetry, Case 1, demonstrates this

case. OJ

Theorem 1. The second moment of second degree Schoenberg spline operator for
knots (8) is:  (Sa,.(e1 — x)?)(x)

n2—nA(n+2)—2X2(n—1)(n—4 A [ A
z’ 4)\((n72))(n)\+(n74))\§ ! + Lons z e |0, H:|
2 n(A—1) + x(lf/\)(n)\+nf4/\) )
4(n—2X) 2(n—2)(n—2X\)

A3 (n2—6n-+4)+nA2(n+2)—n2\ BNP) —2X
+ 4n?(n—2)(n—2X) ) T e _ﬁ’ n Tt n?n—2)
_ 1 (n=2))° A —2) A —2)
- 4n? (n—2)2 S _ﬁ + n?n—Q) 1 n n?n—Q)]

(1—z)2n(A—1) + (1—z)(1=X)(nA+n—4)\)
43(n—22)\) a2 ( 2(n)—2)(2n)\—2)\)
A% (n®—6n+4)+nA*(n+2)—n oA A
T ot Tl T e n}
1—x)%[n°—nA(n+2)—2X(n—1)(n—4 1—x2)\ by
IN(n—2)(nAtn—4N) oo, re L4 1}

Proof. Formula (5) becomes in our case

n—1

1
(Sanzler=a))@) = 7 D @1 = 2552)"Ny(@). (13)
j==2
From Lemma 1 we obtain the following cases:

Case 1.z € [O, %} Since 9 = 1 = 0, using Case 1 of Lemma 1 we get:

(Sanaler = 0@ = (oo~ 21PN 1(@) + (o1 — 22)No(a)
2 n — 2
= Zf\ﬂN_1(a:)+4;2(n2_>\;)2No(m)

_ )\2<2nx_ n22n)\+n—6)\x2>
4n? \ A A2 nA+n—4)
(n—2))?%  22n%(n—2)

dn?(n —2)2 X(nA 4+ n — 4X)

on? —nA(n+2) —2X2(n — 1)(n — 4) N a:i
AA(n —2)(nA+n —4\) 2n’
Case 2. For z € %, % + n’(bﬁg)}, using Case 2 of Lemma 1 we get:
1 n—1
(Sanaler=2)*)(@) = 7 > (w51 = 2542) Nja ()
j=—2

- i(ﬂfo - 551)2N_1($) + %(%1 — $2)2N0(:E) + %(xg — x3)2N172($)
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A2 1 (n—2))? 1 (n—2)\)?
= N )+ e
_a? A(n —2)? n\ + 3n — 8\ 1
B Z((n)\+n—4)\)(n—2)\)_Q(n)\+n—4)\) ’)

T 2)%(n — 2 nA+2n -6\ A 1 /A2(nA\+n—4)
+4<_n(n(—2)\)) n(n —2) _ﬁ> W( ( n—2\ )
A(nA+2n —6)) A2
 2(n—2) +?)
9o n(A—1) x(l—)\)(nA—f—n—ll)\)
4(n —2X) 2(n—2)(n—2X)
N(n? —6n+4) +nr%(n+2) — n?\
4n?(n —2)(n — 2X)

Case 3. For = € [A + =2 A 2%}, using Case 3 of Lemma 1 we get:

n n(n—2)’n

n—1

(Sanaler = o) @) = 1 O (o1 — 2512 Ny(2)

j=—2

= Lo - Vo) + (2~ 29 Ni(2) + 1 a — 2a)2Noe)

= M[NO( ) + Ni(z) + Na(2)]

(n—2X)?2 1 4yn?(n—2)? n(n —2)(nA+2n—6)\)  (nA+2n —6))2
an2n—22 " 2n—2x2 " (n — 2))2 2(n — 2))?2
2 n?(n — 2)? n xn(n —2)(2nA + 3n — 10))

(n—2X)? (n—2X)2

20%(n —2)2 4+ 6A(n —2)(n —2X\) +3(n —2\)2  ,n?(n —2)?

N 2(n — 2))?2 T o)
nn—2)(n+n\—4\)  (n+n\—4))?
o (n— 2))2 2(n — 2))2 }

1 (n—2))?2

an? (n—2)2°

A —2) 2)
Case 4. 7 € [5%—2%,1— 2n7%n 2)}
Then there is 3 < ¢ < n —4, such that x € [z4,2411]. For —2 < j < ¢ —3 and
qg+1<j<n-—3wehave Nj(z) = 0. Therefore, using Case 4 of Lemma 1 we

get:

n—1
1
(Sansler —2)*)(z) = 1 (T2 — Tj41)°Nj2(2)
j=—2

2

q
n
- 4n2n—2)\2 Z Nj(z
Jj=q—2
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n—2))2 K nn-22%<
- 4£?(71——202 EE: 2(1/__A)Lj£:‘h(1%+j —z)%
' i=0

J=q—2
143
= ] 2{: j{:(h(1h+ﬂ _'$)+
j=q—2 i=0
1
= é((xq—l-l —z)° - 2(xq+2 —z)° + (xq+3 —x)7)
1
= 1($q+1 )
 (n—2))?
T 4n2(n —2)2
Case 5. For x € [1 — % — 2;};3’2\), 1-— % — n’é;ﬁg)}, is obtained, by symmetry
with Case 3:
1 (n—2))?
— 2 _ =~ 7
(‘S’Ang(el .’L‘) )(:E) An2 (TL— 2)2 .

Case 6. For x € [1 — % — n’z;z;), 1-— %} is obtained by symmetry with Case
2:

(1—2)2n(A—1) N (I=2)(1=X)(nA+n—4)\)
4(n —2X) 2(n—2)(n—2X)
M(n? —6n+4) +nA%(n +2) — n?A
dn2(n —2)(n — 2X)

(Sa,z(er —2)*)(@) =

Case 7. For z € [1 — %, 1}, is obtained, by symmetry with Case 1:

n? —nA(n+2) —2X\3(n — 1)(n — 4) +(1—x)i.

(Saz(er —2)) (@) = (1= a) =y 2n

O]

For A = 1 we obtain the particular case of equidistant knots:

Theorem 2. The second moment of second degree Schoenberg spline operator for
equidistant knots is:

-+ o z € 0,1

(Snaler —2)%)(x) = § 207 ze | g
—x)2 _ _

. 4x) + 12717 z < nn ’1

In literature,[1], the case with equidistant knots is the case usually studied.
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3 Applications to Voronovskaya’s theorem

The following improved version of the Voronovskaja theorem was proved in [3]:

Theorem B If L,, : Cla,b] — Cla,b] is a sequence of positive linear operator
such that Ly(e;) = ej ,j € {0,1}, then, for f € C*a,b] and z € (0,1):

Lall) = 1(@) = SLalter =000 @) +o(Lal(er — 2%,2)), (14

uniformly with regard to x € |a,b].

Consequently, if L, : C[0,1] — C]0,1] is a sequence of positive linear operator
such that L, (e;) = e;, j € {0,1}, and there is a constant K > 0 such that

Ln((e —x)2,1‘) 1
a:(ll—a:) <K-D, ozl
then, for f € C2[0,1]:
‘Ln%)_ T < i@l o), (15)

uniformly with regard to x € (0, 1).
First we apply this theorem in the case of equidistant knots and k=2.

Corollary 1.

sz(f,llﬁ) 1" 1 . .
(1= 1) ‘ m |f ()] +O<E>, uni formly with regard tox  (16)

for f € C%[0,1],z € (0,1); or

f 1 1 1
‘ €1 — €y H @Hf H +O<E> (17)
Proof.
_ )2 _z® o=z _z o 1
sup (Sn,Q(el .T) )($) = sup 4 + 2n _ _ 4 + 2n — i + 0(1)
vefo,4] z(l —x) sef0.1] z(l —x) 11—z o 2n n
(Snzler — o)) (@) _ g _ 1 L ot
IG[ZUL] 2(1—z) Ca(l-a)| , 4(n- 1) 4n * O(n>

For our choice of knots (8) and for A = % we obtain an improvement given in
the next corollary:
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Corollary 2.

A=1
S 2 , —
An,zgf(flx_)x) f@) ‘ < i|f”(;p)‘ + 0(%)7 uni formly with regard tox  (18)

~ 8n
for f € C?[0,1],z € (0,1); or

A=1

HWH

€1 — €9

1+ o) (19)

(o, 1)
Proof.

>\ 3 CE2 X T
(Sh,2(e1 = 2)*)(2) -2 Tin -2 T i
P 1—x) - z(1—z) T 12
€ [O,ﬁ] ( v z€ [0,%]

1 1
= — 4 o( ) uni formly with regard to x € (0,1).
an n

(SA-2(e1 — 2)%)(a)
sup

1 _3n—4 ] x<1_x)

2n2n(n—2)

e

+ I(3TL 4) 72124-2”—4
_ sup 8(n 1) 8(n—1)(n—2) ~ 32n2(n—1)(n—2)

x€[1 3n—4 ] (1_$)

2n2n(n—2)

naz? z(3n—4) n24+2n—4
STy + STy — T D D) 2

z(1—x) 2n —1

IN

-1
T=2n

1 1
= —+ 0(—) uni formly with regard to x € (0,1).
4dn n

A=1 —1)2
L @a-w st
n—4 P 5n—4 (1) B 3n—4 P sna 1 T(1—1)
xe[Qn(n 2)’2n(n— 2):| xe[}n(n72)’2n(nf2)]
(n—=1)2
4n?(n—2)2

z(1l—x)

1 1
=n + 0(—) uni formly with regard to x € (0,1).
n n

_ 3n—4
T 2n(n—-2)

A=1 —1)2
N (Sa,2(er — o)) (@) 5 Ty
p)\ 2(n—2)) (1 - 33) 5n—4 p>\ 2(n—2X) x(l - $)
z€ [Zn(n 2)’1 n n(n—2) ] z€ |:2n(n72)’1_;_ n(n—2) :|
(n—1)?
4n?(n—2)2

z(1—x)

1 1
= —+ 0(—) uni formly with regard to x € (0,1).
10n n

= 2n(n—2)
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