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Abstract

For some modified Newton methods to solve a non-linear equation the
convergence is established and the convergence order is computed using a
Computer Algebra Software.
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1 Introduction

We present the possibility to establish the convergence and compute the con-
vergence order of a method to solve a non-linear equation using a Computer
Algebra Software (CAS).

The applied procedure is based on a well known convergence result, i.e. [?].

Several modified Newton methods are known. Some of them are derived from
different quadrature formulas [11], [2], [7], [5]. We shall apply the convergence
result to these methods, but the computations are made using a CAS. The same
argumentation for convergence was used in [4] and [3], too. It implies that the
convergence occurs only when the initial approximation is properly chosen and
that the convergence order is 3.

In [9] we used the same approach for some methods to simultaneously compute
all the roots of a polynomial.

We give a unitary simplified presentation of the convergence results for several
modified Newton methods with the usage of Mathematica CAS [12].

The note is organized as follows. In Section 2 we recall the convergence result
that will be used. In Section 3 the convergence conditions are verified for some
modified Newton methods using Mathematica.
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2 A convergence framework

Let © € C" be an open convex subset, T : Q — C", T(2) = (T1(2), ..., Th(2))T
an m times differentiable operator such that 7™ (z) is continuous and the se-
quence (2(7)cy defined by

L+1) T(Z(k)), (k) — (zgk)’ zék)’ .. ,zglk))T = (1)

= Z(k+1) = Tz(z(k)),v 1 € {1,2, . ,n}, ke N.

]

In C™ we shall use the max norm ||z|| = max{|z1|, |z2|, ..., |znl}

We remind a result enabling to establish the convergence of such methods and
a lower bound of their convergence order [?].

The main ingredient of the convergence theorem is the following well known
result, but for completeness we shall give the proof of the result that we shall use.

Theorem 1. [1] Let X, Y be normed spaces, D an open convex subset of X and
T:D —Y an m times Frechet differentiable operator. Then, for any x,y € D

m—1

1, —z||™
IT() - T@) - 3 2T @) - 2)... (s — o) | < W= sy yremy). (@)
=1 7 ; mb - cefey)
j times
Using this result, we have
Theorem 2. Let a € Q. If
1. T(a) = a,
2. T'(a)=T"(a)=...=T" D(a)=0

then there exists v > 0 such that for any 2 € C*, |20 — a|| < r, the sequence
k) = (20 k€N, (1) converges to a.

Proof. Let 79 > 0 be such that Vj = {z € C" : ||z —a| < ro} C Q and
Co = maxzey, | T (2)].
There exists 0 < r < rg such that

1
m m—1
Cor <r < <CO> r<l1.

m)! m!

We denote V= {z € C" : ||z — «| < r}. If z € V, then (2) and the present
hypothesis implies

m—1

1 .
IT(2) = al| = |IT(z) = T(a) = > =TV (a) (z=a)...(z = @) || <
j=1 o j times
1 m Cor™
< = flz—al™ sup [T < = <,
m. m.

CEla,z]
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thus T'(z) € V.
= Z(k

For z ) from the above relations we obtain

254 — ol = (=) ol < T2 — o™ )

Using recursively the inequality (3), we find

Q

C
120 —af < Z2z*D — )™ <
m!

1+m
_ <00> Hz(k—Z) _a”m2 <...< (

m!
o mk_1 o 1 mbk—1
m—1 m—1
< <O> Pt = <<O> r) r — 0,
m)! m)!
fork —oco. m

Let limy_yo0 Tk = Ty If limy o w = p, with 0 < p < oo, then r is the
convergence order of the sequence (xj)ken.
From the inequality (3) it results that the convergence order of the sequence

(2 e is at least m.

E

0o (Coy (k- m)
(S12 - am)” -

14+m—+...+mk—1 .
) 120 o <

28

3 Modified Newton methods

Let there be a differentiable function F' : @ € R — R and the non-linear
equation
F(z) =0, (4)
such that F(a) =0, F'(a) # 0.
The iteration formula of a modified Newton methods is

Tptl = Tp — 5/((22)) -G(zy), n € N. (5)
Denoting
_ . F)
T(x) ==z F(2) G(z),

in order to prove the third order convergence of the method (5) the following
relations must be verified

T@=1 T(@=0  T'@=0 T®()#0. (6)

The convergence occurs when the initial approximation xg is properly chosen.
The Halley’s method [13] is defined by

B 2F (z) F' () Glr) = 2072 (x)
2F2(xy,) — F(an)F" (xy,)’ 2F?2(x) — F(x)F"(x)

Tn+1 = Tn
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If
2F(x)F' (20

TU@) =% = 50y = Fla) F (o)

then the computation in Mathematica® is performed by the code below:
Fla]=0
0
T1[x]:=z — (2F[z]F'[z])/(2F'[z]"2 — F[z]F”[z])
Tl[z]/.x — a
a
D[T1[z],z]/.x — a
0
D[T1[z],{=z,2}]/.x > a
0
Simplify[D[T1[z], {z,3}]/.z — a]
3F"[a]?—2F"[a)F®)[a]
2F"[a]?

The same scheme will be applied to the following methods.

In [11] Weerakoon and Fernando had introduced the third order convergence
method

2F (zy,)
F'(zy,) + F' (wn _ 5/((?;))) )

2F'(x)
G(z) = . (7)
F'(z)+ F' (x — 5,&%)

Tn+l = Tn —

For

T2(zx) = —

we found
Fla]=0
0
T2[x1):=z — 2F|[z]/(F'[z] + F'[x — F[z]/F'[z]])
T2[z]/.xc — a
a
D[T2[z],z]/.x — a
0
D[T2[z],{z,2}]/-x = a
0
Simplify[D[N1[z], {z,3}]/.z — a]
37" [a]?+T"[a]T®) [a]
2T"[a]?
Frontini and Sormani [2] considered the method

F(xn) F'(x)

R R

2The settings and given commands are printed with bold characters.
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So, for @
F(x
T3(zx)=x
K <33 - 2?’59(2))
the Mathematica code is
Fla]=0
0
T3[x]:=z — Flz]/F'[lx — Flx]/(2F"[z])]
T3[z]/.x — a
D[T3[z],z]/.x — a
0
D[T3[z],{z,2}]/.x — a
0

D[T3[z],{z,3}]/.x > a
3F"[a)2  F®)q]

2Fa]2 ~ 4F'[d]
In [4], [10] the following method is defined

U F(xy) 1 1
Tn+l = Tn 2 (F/($n) + o <mn B 5/((27;)))> ) (9)
F'(x) 1 1
G(z) = ( e + - ) )
2 F'(z) ~ p (J:_ 5,(@)))

The corresponding Mathematica code for this method is
Fla] =0
0
T4[x):=z — F[z]/2(1/F'[x] + 1/F'[x — F[z]/F'[z]])
T4[z]/.x — a
CLD[T4[:1:],:1:]/.:1: —a
0
D[T4z],{z,2}]/.x = a
0

D[T4[z],{z,3}]/.x > a

3F"[a]? F®a 3 F"[a)? F®Jq

s — ‘ot~ 3Pl (s - )
In [5] the following method is introduced

2MF (xy,)

oM F(zn) k—05)\"’
r=1 1" <33n - F/((zn)) k21\045)

Tn41 = Tn —

where M € N*. Now
2MF'(x)

P (e R

G(x) =
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The required computations is given by the code

Fla]=0
0
T5[x] = x — 2M F[z]/Sum|[F'[z — F[z]/F'[z](k — 1/2)/(2M)],{k,1,2M }]
v i ng +£) Fle]

SM {x;MF/m}
T5[z]/.c — a
a
D[T5[z], z]
1+ 2MFlz] °7M, <17 221vyk+ (7%;1;);[[:]]5/%]>F” o (72%\;;)[:][”]} _ 2MF' [z]

M F [I_%k’)[f]m]>2 M E [1_%]

D[T5[z],z]/.x = a
0
D[T5[z],{z,2}]/.x = a
0
D[T5[z],{z,3}]/.x = a
—2M —f}»jgﬁ]z? 2};4(1;’[[(1] + 3] (4;;7[]513 - 24MZF”[a]z_plggﬂ;;[?[];]r; 6MZF/[a]F(3)[a]>>

Even the Laguerre method to compute a root of a polynomial [8], [6] may be
presented in the same manner. Let be P(z) = [[",(z — ;) a polynomial having
only simple roots. The Laguerre method is defined by

P(xn)

P’ ) 1 m_ Pan)P'(z )’
( mtm \/1_ m—1  P2(zp)

Tptl = Ty — neN, zeC.

The square root of a complex number is chosen to have a non-negative real part.
In this case

G (x)

L \/1 mlPP,;(’”)( z)
The Mathematica code is
Pla] =0
0
Gx]:=
1/(1/m + (m — 1)/mSqrt[1 — m/(m — 1) P[z] D[P[a], {z, 2}]/ D[Plz], z]"2])
T6[x_]:=x — P|z]/D|P|z], z]G|x]
T6[z]/.x — a

a

Simplify[D[T6[z], z]/.z — a]

0

Simplify[D[T6[z], {z,2}]/.2 — a]

0

Simplify[D[T6[z], {z,3}]/.z — a]

3(=2+m)P"[a]®—4(—14+m) P'[a] P(3)[a]
4(—14m)P’'[a]?
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As expected, we found that the convergence order of the method is 3.
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