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Abstract

The object of the present paper is to study some curvature properties of
a Riemannian manifold admitting projective semi-symmetric connection.
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1 Introduction

The idea of semi-symmetric connection was introduced by A. Friedman and J.
A. Schouten [4] in 1924. In 1932, H. A. Hayden [5] introduced the semi-symmetric
linear connection on a Riemannian manifold and this was further developed by
K. Yano [14], M. C. Chaki and A. Konar [1], M. Prvanovié¢ ([6],[7],[8],[9]), U. C.
De [3], U. C. De and B. K. De [2], P. Zhao et al [15, 16] and many others.

A linear connection V defined on (M™, g) is said to be semi-symmetric [4] if
its torsion tensor T with respect to the connection V is of the form

T(X,Y) = 7(Y)X - n(X)Y, (1)
where 7 is a 1-form defined by

W(X) :g(X’p)v (2)

where p is associate vector field and for all vector fields X € x (M), x(M) is the
set of all differentiable vector field on M™.

A linear connection V defined on (M", g) is said to be semi-symmetric metric
connection [14] if its torsion tensor T' with respect to the connection V satisfies
(1) and Vg = 0.

A Riemannian manifold (M", g) is called locally symmetric if its curvature
tensor R is parallel, that is, VR = 0, where V is the Levi-Civita connection. The
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notion of semi-symmetric manifold, a proper generalization of locally symmetric
manifold, is defined by R(X,Y)- R = 0, where R(X,Y) is considered as a field
of linear endomorphisms, acting on R. A complete intrinsic classification of these
manifolds was given by Szabé in [11].

In a recent paper P. Zhao [17] introduced the projective semi-symmetric con-
nection on a Riemannian manifold. The projective semi-symmetric connection
has also been studied by P. Zhao and H. Song [15], S. K. Pal and et al [10] and
many others. This paper is organized as follows:

After the introduction we give some preliminary results in section 2. In Sec-
tion 3, we obtain some results on the projective semi-symmetric connection whose
the torsion tensor is recurrent. Section 4, deals with Riemannian manifold ad-
mitting a projective semi-symmetric connection whose curvature tensor vanishes
and torsion tensor is recurrent. Finally, we obtain some sufficient conditions for a
compact orientable Riemannian manifold admitting a projective semi-symmetric
connection with recurrent torsion tensor and vanishing curvature tensor R.

2 Preliminaries

Let (M", g) (n > 3) be a Riemannian manifold and V be the Levi-Civita
connection associated with the metric g. In a Riemannian manifold, a linear
connection V is called a semi-symmetric connection if its torsion tensor T defined
by

T(X,Y)=VxY -VyX — [X,Y], (3)
satisfies (1).

In this paper, we study a type of projective semi-symmetric connection V in

a Riemannian manifold introduced by P. Zhao [17]. The connection is given by

VxY = VxV +9(Y)X +9(X)Y +¢(YV)X — ¢(X)Y, (4)
where the 1-forms ¢ and 1 are given by

(n—1)

() = m(X) and Y(X) = gE—er(X). (5)
Making use of (3), the above equations gives
T(X,Y) = n(Y)X — n(X)Y. (6)

It follows that the connection V defined by (4) and (5) satisfies the condition (1).
Therefore the connection V is semi-symmetric [4].

Let R and R be the curvature tensors with respect to the projective semi-
symmetric connection V and the Levi-Civita connection V respectively. The
curvature tensor R and R are related by [17] that

R(X,Y)Z = R(X,Y)Z + B(X,Y)Z + (X, Z2)Y — (Y, 2) X, (7)
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where S(X,Y) and a(X,Y) are given by the following relations

BX,Y)=¥(X,Y)-¥(V,X)+ ®'(V,X) - ®'(X,Y), (8)
a(X,Y) = ¥(X,Y) + @' (Y, X) = (X)p(Y) — o(X)p(Y), (9)
V(X,Y) = (Vx¥)(Y) = (X)p(Y), (10)
and
P'(X,Y) = (Vx9)(Y) — ¢(X)o(Y). (11)

Contracting X in (7), we have [17]

SY,Z)=S8(Y,Z)+p(Y,Z)— (n—1)a(Y, Z), (12)

where S and S are the Ricci tensors with respect to the connections V and V
respectively.

If 7 and r are scalar curvatures of the manifold with respect to connections V
and V respectively, then we have

F=r+b—(n—1a, (13)

where

b= Zﬂ(ei, ei) and a = Za(ei, ei). (14)

The Weyl projective curvature tensor P on a Riemannian manifold with re-
spect to the connection V is defined by

P(X,Y)Z = R(X,Y)Z — (niw[sa/, 2)X - S(X, Z)Y]. (15)

3 Projective semi-symmetric connection with recur-
rent torsion tensor

In this section, we consider a projective semi-symmetric connection V given
by (4), whose torsion tensor T is recurrent, that is, the torsion tensor T' satisfies
the condition

where the 1-form 7 is defined by (2). From (4), we get
(CIT)(Y) = (n—)n(Y), (17)

where C} denotes the operation of contraction.
From (17), it follows that

(VxCIT)(Y) = (n— 1)(Vxm)(Y). (18)
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Using (16), we get - B
(VxCIT)(Y) = n(X)(C{T)(Y). (19)

Making use of (17) and (19), we obtain
(VxCIT)(Y) = (n — Dr(X)m(Y). (20)

Equating the right hand side of (18) and (20) implies

(Vxm)(Y) = n(X)7(Y). (21)
Interchanging X by Y in the above equation, we get

(Vym)(X) = m(X)m(Y). (22)
Thus from (21) and (22), we have

(Vxm)(Y) = (Vym)(X). (23)

Hence the 1-form 7 is closed with respect to V.
Again o o B
(Vxm)(YV)=Vxn(Y)—7n(VxY). (24)

Applying (4) in (24), we get
(Vxm)(Y) = (Vxm)(Y) = (Y)7(X) = (X)m (V) = o(Y)7(X) +o(X)m(Y). (25)

With the help of (5), the above equation yields

— B (n—1)
(Vxm)(Y) = (Vxm)(Y) - T 1)7T(X)7T(Y)- (26)
From (26), it follows that
(Vxm)(Y) — (Vym)(X) = (Vxm)Y — (Vym)X. (27)

Since 7 is closed with respect to the connection V, it follows that the 1-form 7 is
closed with respect to the connection V.

It is easy to verify that both the 1-forms ¢ and 1 are closed with respect to
V and V. Also that the tensors ® and ¥’ are symmetric. Consequently, we have

B(X,Y) =0, (28)
and
a(X,)Y) =a(Y, X). (29)
In view of (23) and (28), the expressions (7), (12) and (13) reduce to

R(X,Y)Z = R(X,Y)Z + (X, Z2)Y — (Y, Z)X, (30)

S(Y,2) =5, 2) - (n-1a(Y, 2), (31)
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F=r—(n—1)a, (32)

respectively. We easily observe that the Ricci tensor S is symmetric. Again using
(9), (10) and (11) in (30), we obtain

RX,Y)Z = RX,)Y)Z+[V(X,Z)+®(ZX)-¢(X)(Z) — ¢(X)P(2)]Y
—[V'(Y,2) + 2'(Z,Y) =y (YV)d(Z) — b(Z)p(Y)]X
= R(X,Y)Z +[(Vx)Z = p(X)P(2) + (V29) X — 6(X)6(2)
—(X)P(2) = ¢(X)(2)]Y = [(Vyy)Z = (Y)§(2)
+(Vz0)Y = 6(2)0(Y) = (Y)o(Z) — o(Y)9(2)]X

=R(X,Y)Z + m[(vxﬂ)( )Y = (Vym)(2)X]
n2
—m[ﬂ'(X)ﬂ'(Z)Y —m(Y)n(Z2)X]. (33)

Contracting X in (33), we get

n(n—1)

n?(n —1)
(n+1)

S, Z)=58(Y,Z) - CESE

(Vym)(2) +

Making use of (33), (34) and closed 1-form 7 in (15), we have
P(X,Y)Z =P(X,Y)Z. (35)
By the above discussion we can state the following:

Theorem 1. If (M"™, g) (n > 3) is a Riemannian manifold admitting a projective
semi-symmetric connection V whose torsion tensor T is recurrent with respect to
V, then the Weyl projective curvature tensor is invariant.

Now we define (0,4) type tensors R and R with respect to V and V respec-
tively,where

R(X,Y,Z, W) =g(R(X,Y)Z,W) (36)

and _
R(X,Y,Z,W)=g(R(X,Y)Z,W). (37)

Then from (33), we have

R(X,Y,Z,W) =—R(Y, X, 2,W), (38)
R(X,Y,Z,W) + R(X,Y,W, Z) #0 (39)

and _ _
R(X,Y,Z, W)+ R(Z,W,X,Y) # 0. (40)

Thus we have the following:
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Theorem 2. If (M™, g) (n > 3) is a Riemannian manifold admitting a projective
semi-symmetric connection V, whose torsion tensor is recurrent with respect to
V. Then

(a) R(X Y, Z, W)+R(YX Z,W) =0,

(b)) R(X,Y,Z,W)+R(X,Y,W,Z) # 0, in general,

(c) R(X,Y,Z, W)+ R(Z,W,X,Y) #0, in general.

4 Projective semi-symmetric connection with recur-
rent torsion tensor and vanishing curvature tensor

R
In this section we consider a projective semi-symmetric connection V whose

curvature tensor R vanishes and torsion tensor T is recurrent with respect to V.
Then (33) becomes

RX,Y)Z = (+1)[(VY7T)(Z)X*(VX7T)(Z)Y}
n2

(n+1)?

_l’_

[T (X)7(Z)Y - 7(Y)n(Z)X]. (41)

Now

(R(X,Y) - R)(U, V)W
= R(X,Y) - R(U, V)W — R(R(X,Y)U, V)W
—R(U,R(X,Y)V)W — R(U,V)R(X,Y)W

= i (VM MRX,Y)U — (Vom)(W)R(X, )V

( (U
)(V

/\

(X, V)W + (Vxm)(U)R(Y, V)W — (Vyn) w
RUYVIW — (Vym)(W)R(U, V)X + (Vxm)(W)R(U, V)Y]

™

)R
)

Now using (41) and closed 1-form 7 in (42), we get
(R(X,Y)-R)(U, V)W =0 (43)
This leads to the following;:

Theorem 3. Let (M"™, g) (n > 3) be a Riemannian manifold admitting a projec-
tive semi-symmetric connection V, whose torsion tensor is recurrent with respect
to the connection V and vanishing curvature tensor R. Then the manifold is
semi-symmetric with respect to the Levi-Civita connection V.
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Now suppose that vector field p is a unit vector field defined by ¢g(X, p) = m(X).
Contracting X in (41), we get

n(n —1) n?(n —1)
Y 7)= —— Z — —— (YY) (2). 44
Using (21) in (26), we get
2
(Vxm)Y = it 1)7T(X)7T(Y). (45)
Applying (45) in (44), we get
S(Y, Z) = An(Y)r(2), (46)
where \ = "5 24 0 for n > 3.
From (46), we get
S(X,X) = Mg(X, p)]? for all X. (47)
Therefore S(p, p) = A, since p is a unit vector. (48)

Let 6 be the angle between p and an arbitrary vector X,

then cosf = \/g(pi()\()?(x 9 = \/gg(();p)){) [by our hypothesis g(ﬂ; p) = 1]-

)
Since cosf < 1, so [g(X, p)]? < g(X, X) = | X|?.
Thus from (46), we have

S(X,X) < AX|2 (49)
Let [ be the square length of the Ricci tensor. Then

= S(Lei,ei), (50)

where L is the symmetric endomorphism of the tangent space at each point cor-
responding to the Ricci tensor S, that is g(LX,Y) = S(X,Y) for all X, Y and
{ e} 1i=1,2,3,..., nis an orthonormal basis of the tangent space at a point.
Making use of (47), the above equations gives

12 = S(Le;, e;)
= Ar(Le;)m(e;)
= Ag(Lei, p)g(ei, p)
= Ag(Lp, p)
= AS(p,p)
= A\
= \? (51)

This leads to the following;:

Lemma 1. The length of the Ricci tensor of a Riemannian manifold (M™, g)
(n > 3) admitting a projective semi-symmetric connection with recurrent torsion
tensor and vanishing curvature tensor R is constant.
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5 Sufficient conditions for a compact orientable Rie-
mannian manifold admitting a projective semi-
symmetric connection with recurrent torsion tensor
and vanishing curvature tensor R to be (a) confor-
mal to a sphere in F, 1 and (b) isometric to a sphere

First we give the definition of conformality between two Riemannian manifolds.

Let (M™, g) and (M™,g) be two Riemannian manifolds. If there exists a one-
one differentiable mapping (M", g) — (M ™. g) such that the angle between any
two vectors at a point p of M is always equal to that of the corresponding two
vectors at the corresponding point p of M, then (M", g) is said to be conformal
to (]\7 ™. g). A sufficient condition was given by Y.Watanabe[12] as follows:

Let M™ (n > 3) be a Riemannian manifold, if there exists a non parallel vector
field X such that the condition

_1 (n—1)
/M S(X, X)dv = /M |dX |* dv + — /M(aX)2 dv (52)

holds, then M™ is conformal to a sphere in E, 11, where dv is the volume element
of M and dX and dX are curl and divergence of X respectively.

In this section we consider a compact orientable Riemannian manifold M™
(n > 3) admitting a projective semi-symmetric connection with recurrent torsion
tensor and vanishing curvature tensor R without boundary having generator p,
where p is a unit vector field defined by g(X, p) = 7(X).
Substituting X = p in (52) and making use (48), we obtain

/ Ao = 1/ ol do + = 1)/ ()2 do. (53)
M 2 Jm noJu
From (47), we get

S(X, p) = An(X), (54)

Suppose p is a parallel vector field. Then Vxp = 0.
Therefore by Ricci identity we have

R(X,Y)p=0. (55)
Contracting X in (55), we get
S(Y, p) = 0. (56)

Since A # 0 and 7(X) # 0, then from (54) we obtain S(X, p) # 0. Hence p cannot
be parallel vector field.

If a compact orientable Riemannian manifold M™ admits a projective semi-
symmetric connection with recurrent torsion tensor and vanishing curvature tensor
R without boundary, the vector field p is a non-parallel vector field. If in such a
case the condition (53) is satisfied, then by Watanabe’s condition (52) (M", g)
(n > 3) is conformal to a sphere in E,1.

Hence we can state the following:
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Theorem 4. If a compact orientable Riemannian manifold (M™, g) (n > 3)
without boundary admitting a projective semi-symmetric connection with recurrent
torsion tensor and vanishing curvature tensor R without boundary, satisfies the
condition (53), then the manifold (M™, g) (n > 3) is conformal to a sphere
immersed in Fpy1.

Further, we suppose that a compact orientable Riemannian manifold (M™,
g) admits a projective semi-symmetric connection with recurrent torsion tensor
and vanishing curvature tensor R without boundary, the unit vector field p under
consideration admits a non-isometric conformal motion generated by a vector X.
Since 2 is constant by Lemma(1), it follows that

£x12=0, (57)

where £ x denotes the Lie differentiation with respect to X. Also from (46) we see
that the scalar curvature r is constant.

Now, it is known [13] that if a compact Riemannian manifold M of dimen-
sion n > 3 with constant scalar curvature admits an infinitesimal non-isometric
conformal transformation X such that £x? = 0, then M is isometric to a sphere.

This leads to the following:

Theorem 5. If a compact orientable Riemannian manifold (M™, g) (n > 3)
without boundary admits a projective semi-symmetric connection with recurrent
torsion tensor and vanishing curvature tensor R and a non-isometric conformal
transformation X, then the manifold is isometric to a sphere.
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