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ON THE EXISTENCE AND MULTIPLICITY RESULTS FOR
A CLASS OF ELLIPTIC PROBLEMS WITH SINGULAR
WEIGHTS AND FAILING ZEROES

S. H. RASOULI!

Abstract

In this paper we consider the existence of positive solutions of singular
elliptic problems of the form

—div(|z| 7% |Vu|P~2 Vu) = X x|~ @D+ f(y) 2 € Q,
{ u =0, x € 0N,
where Q is a bounded smooth domain of RY with 0 € Q, 1 < p < N,
0<ac< %, and b, A are positive parameters. Here f : [0,00) — R is
continuous function. We discuss the existence of positive solution when f
satisfies certain additional conditions. We use the method of sub-super solu-
tions to establish our results.
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1 Introduction

We study the existence of positive solutions to the singular elliptic problem

—div(|z|® |Vu[P~2 Vu) = A |z|~@tDPtb f(y), 2 € Q, (1)
u=0, x € 01,

where € is a bounded smooth domain of RN with0 € Q,1<p< N,0<a < %,
and b, A are positive parameters. Here f : [0,00) — R is continuous function.

Elliptic problems involving more general operator, such as the degenerate
quasilinear elliptic operator given by —div(|z|~% |Vu[P~2 Vu), were motivated
by the following Caaffarelli, Kohn and Nirenberg’s inequality (see [6], [15]). The
study of this type of problem is motivated by its various applications, for exam-
ple, in fluid mechanics, in newtonian fluids, in flow through porous media and
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in glaciology (see [3, 9]). So, the study of positive solutions of singular elliptic
problems has more practical meanings. We refer to [1], [2], [5], [11] for additional
results on elliptic problems.

For the regular case, that is, when ¢ = 0 and b = p and the quasilinear el-
liptic equation has been studied by several authors (see [12, 4]). See [8] where
the authors discussed the problem (1) when a = 0, b = p = 2. In [14], the au-
thors extended the study of [8], to the case when p > 1. Here we focus on further
extending the study in [12] for the quasilinear elliptic problem involving singu-
larity. Due to this singularity in the weights, the extensions are challenging and
nontrivial. Our approach is based on the method of sub-super solutions, see [7, 10].

2 Preliminaries

In this paper, we denote Wol’p(Q, |z|~P), the completion of C§°(£2), with re-
1

spect to the norm |lul| = (g 2|~ |Vu|Pdx)?. To precisely state our existence
result we consider the eigenvalue problem

—div(|jz[~? [Vo[P~2 Vo) = M|~ (*+PH|gP~26, 2 € Q, @)
(Z) =0, x € 0f.

Let ¢1,, be the eigenfunction corresponding to the first eigenvalue A; , of (2) such
that ¢1p(z) > 0 in Q, and ||¢1p|lec = 1 (see [13, 16]). It can be shown that

% < 0 on 09). Here n is the outward normal. This result is well known and
hence, depending on €2, there exist positive constants ¢, §, o}, such that

P S —€, S Q5) (3)

Ap 2| ~@TVPH QR — (2|77 Vg1,
¢1,p20'p) fEEQO:Q\Q& (4)
where Qs = {z € Q | d(z,09Q) < 6} (see [13]).

3 Our results

A nonnegative function 1 is called a subsolution of (1) if it satisfy ¢¥» <0
on Jf) and

[t 192196 Vwde <3 [ a0 ) e,
Q Q
/ x| P |V 2[P~2 |V 2| - Vwdzx > )\/ || =@ DPFE £(2) w d,
Q Q
for all w € W = {w € C§°(Q)|w > 0,z € Q}. Then the following result holds:

Lemma 3.1. (See [13]) Suppose there exist sub and super- solutions 1 and z
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respectively of (1) such that ¢ < z. Then (1) has a solution u such that ¢ < u < z.
We make the following assumptions:
(H1) There exists p > 0 such that f(y)(p—y) > 0; y # u1.
(H2)

fy)

y—0t yP~t

=0.

We establish:

Theorem 3.2. Assume (H1) holds. Then the problem (1) admits a positive
large solution provided A is large.

Theorem 3.3. Assume (H1) and (H2) hold. Then the problem (1) has at least
two positive solutions provided A is large.

4 Proof of Theorems 3.2-3.3

Proof of Theorem 3.2 .
1 _pb_
For fixed v € (0, i), we shall verify that 1) = (%)ﬁ(%) qﬁ{’;, is a sub-solution
of (1). Let w € W. Then a calculation shows that

[l 902 9 Vo

Q

- (%) /Q‘x|_ap¢lyp|v¢l,p|p_2v¢17prdl’

= (%) /Q‘.’L'|ap‘v¢1’p|P2 V(ﬁl’p [V(qﬁpr) _ ’v(bl’p‘p w] de

7 —la —a
= @) [ Paplal G — o [V

First we consider the case when z € Q5. We have Ay, |z|~(*TPre of @ —
|2| % V1 p|P < —€ on Q. Since f(p) > 0, it follows that

Q) [ P

< —(g)e/Q wdz

)\/ ||~ (@FVPHP £ () w da.
Qs

x|~ (et Dpter Wy — 27|V lw da

IN
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On the other hand, on Q2 \ s, we have ¢;, > 0, for some 0 < 0, < 1. We
can find A, sufficiently large such that

(D) Ap <A min f(s),

2 se[5E 1]

for all x € '\ Qs and for all A > \,. Hence

’y —(a —a
3 [ g Prolel 0 G — 2l NP da
S

< (7)/ |x’f(a+1)p+b)\17pwdx
27 Jo\9s

< )\/ 2| ~@FUPHe min f(s) wda
O\Qs 6[?,7}

< Al ) wdo
2\

Hence
/ 12|~ |V P2 [V | - Vo dr < / 2|~ F() h(in) w da,
Q Q

i.e., 1 is a sub-solution of (1).

Next it is easy to see that constant function z = p is a super-solution of (1) with
z > 1. Thus, by [13] there exists a positive solution u of (1) such that ¢ < u < z.
This completes the proof of Theorem 3.2. O

Proof of Theorem 3.3

To prove Theorem 3.3, we will construct a subsolution v, a strict supersolution
&, a strict subsolution wi, and a supersolution z; for (1) such that ¢ < ¢ < z,
¢ <w < z,and w £ & Then (1) has at least three distinct solutions u;, i = 1,2, 3,
such that uy € [¢,¢],us € [w, 2], and

uz € [1h, 2] \ ([,€] U [w, 2]).

We first note that ) = 0 is a solution (hence a subsolution). In the proof of
1 _p_
Theorem 3.3 we saw that for \ large, w = (%)Pj(p%) ¢f’;1 , is a positive strict
subsolution. And also we know that z = u is a super-solution of (1) with z > w.
Now we will show that there is a positive and strict supersolution £ such that
1
¢ < zand w £ £ From (H2) we can choose a € (0, (%)Pj(pp%l)) such that for

0<y<a,

Af(y) < Aip T
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Let

§ = a¢1p. Then,

[l var Ve Vwds = [ ol Vo1, Vo, Vo ds
=y [ 1al T g, PR da
> A [l o) wda

> A [ Jal g wd
Q

Thus ¢ is a strict supersolution and w ¢ &. Hence there exists solutions ug € [¢), €],
ug € [w,z], and u € [1h, 2] \ ([, €] U [w,2]). Thus we have two positive solutions

ug and u3. Hence Theorem 3.3 holds. O
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