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BIANCHI IDENTITIES IN THE THEORY OF THE
HOMOGENEOUS LIFT TO THE 2-OSCULATOR BUNDLE
OF A FINSLER METRIC

Alexandru OANA'!

Abstract

In this article we present a study of the subspaces of the manifold Osc?M,
the total space of the 2-osculator bundle of a real manifold M. We obtain the
induced connections of the canonical N-linear metric connection determined
by the homogeneous prolongation of a Finsler metric to the manifold Osc? M.
We present the Bianchi identities of the associated 2-osculator submanifold.
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1 Introduction

The Sasaki N-prolongation G to the 2-osculator bundle without the null sec-

tion Osc2M = Osc?M\ {0} of a Finslerian metric g,, on the real manifold M
given by

G = gap (:r y(”) dz" @da"+gay (m y(l)) oy @6y 4 gap (x ym) oy @6y
(*)

is a Riemannian structure on Osc2M, which depends only on the metric ggp.
The tensor G is not invariant with respect to the homothetis on the fibres of

Osc2M, because G is not homogeneous with respect to the variable y(1e.

In this paper, we use a new kind of prolongation G to Osc2M, ([8]), which

—_—

depends only on the metric gq;. Thus, G determines on the manifold Osc2M a
Riemannian structure which is 0-homogeneous on the fibres of Osc?M.

Some geometrical properties of G are studied: the canonical N-linear metric
connection, the induced linear connections, Bianchi identities.

'Faculty of Mathematics and Informatics, Transilvania University of Brasov, Romania, e-mail:
alexandru.oana@unitbv.ro
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2 Preliminaries

As far we know the general theory of submanifolds (in particular the Finsler
submanifolds or the complex Finsler submanifolds) is far from being settled ([10],
[4], [11], [12]). In [9] and [10] R. Miron and M. Anastasiei give the theory of
subspaces in generalized Lagrange spaces. Also, in [7] and [6] R. Miron presents
the theory of subspaces in higher order Finsler and Lagrange spaces respectively.

Let M be a real differentiable manifold of dimension n, which has the local
coordinates (z) := (2),_75 - The corresponding 2-osculator bundle Osc*M (or
2-tangent bundle, [9],[2]) has the dimension equal to 3n, and its local coordinates
are?

1 n (1)1

= € 7"'7£U 9y y 7"'7y(1)n7 y(2)17"'7y(2)n
N—— ~~

~
space coordinates  tangent vector = 2—tangent vector

If M is an m-dimensional immersed manifold in manifold M, a nonlinear connec-
tion on Osc?M induces a nonlinear connection N on Osc?M.

The d-tensor G from (*) is not homogeneous with respect to the variable 312
This in an incovenient from the point of view of analytical mechanics. Moreover,
the physical dimensions of the terms of G are not the same. This disadvantage

—~—

was corected by Gh. Atanasiu. He took a new kind of prolongation G to Osc2M
of the fundamental tensor of a Finsler space, [1], which depends only on the metric

Ggap- Thus, G determines on the manifold Osc2M a Riemannian structure which
is 0-homogeneous on the fibres of Osc?M and p is a positive constant required
by applications in order that the physical dimensions of the terms of G be the
same. He proved that there exist metrical N-linear connections with respect to
the metric tensor G.

We take this canonical N-linear metric connection D on the manifold Osc?> M
and obtain the induced tangent and normal connections and the relative covariant
derivatives in the algebra of d-tensor fields. It follows that we can get the Bianchi

identities associated with the induced tangent connection with the coeflicients
Vi Vi Vi
D'T'(N)=( L%, C%, C%), (i=0,1,2;Vy = H).
) ((w)“ (i)* <i2)55> ¥ 0= 1
Let us consider the Finsler space F" = (M, F') ([10]) with the fundamental
function F' : TM = OscM — R and the fundamental tensor gu (x,y(l)) on

1 9*F?
wmy_-__~“+£
Gab (Ia Yy ) = 9 Oy(l)“@y(l)b’ (1)

OscM, given by

where gqp (:c, y(l)) is positively defined on O/_SE]\/4 .

2In this paper the Latin letters a, b, ¢, ... run from 1 to n and the Greek letters a, 3, 7,... run
from 1 to m The Einstein convention of summation is adopted all over this work.
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The canonical 2-spray of F™ is given by

d?z® dz 1 1 Db (1
W + 2G° <x, dt) = 0’ G = Q’ch (x’y( )) y( ) y( )e (2)
where 7§ (ac, y(l)) are the Christoffels symbols of the metric tensor gqp (:L', y(l)) .
The canonical nonlinear connection N of the space F™ has the dual coefficients
[6]

0G* 1
M% = ———, M% = -<T'M% + M*.M%;, 3
"y @) "2 { m T W b} )
0 0
— oyDa (2a__~
where I' =y pr + 2y Gy’
We have the next decomposition
TwOsc*M = Ny (w) ® Ny (w) ® Va (w) ,Yw € Osc®M. (4)
. . 1) ) 0
The adapted basis to (4) is given by {W, W, 8y(2)“} , (a=1,..,n) and
its dual basis is (dxa, syMa, 5y(2)“) , where
) 0 ) 0
= - Nba - Nba
dze Oz (1) “oyMd  (2) Oy
(5)
) _ 0 N 0
5y(1)a ay(l)“ (1) a@y(z)b
and
(6)
6y(2)a — dy(2)a + Mab5yb + M“b5y(2)b,
e (2)
where

M@ = N%. M% = N% + N9, N¢,.
D' n"e" " oW’

We use the next notations:

o o : 0

:waélazi a2a:m-

Oa 5y(1)a

—_——

The fundamental tensor g,, determines on the manifold Osc2M the homoge-
0
neous tensor field G, [1],
0
G = ga (ar y(l)) dz® ® da’ + g o (x y(l)) sy @ gy
1)

+(g)ab (x yu)) 5y @ 5y, (7)
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where
2

g ab (.TJ, 3/(1)) T2 Yab (.TJ, 3/(1)) )

) v
4

g (z,yV) = Wgab (z,yY),
b

2

lyWI" = gary™ ey

This is a homogeneous tensor field with respect to y™M®, ¢y and p is a
positive constant required by applications in order that the physical dimensions

of the terms of G be the same.
Let M be a real, m-dimensional manifold, immersed in M through the immer-

sion i : M — M. Localy, i can be given under the form
a
ou®

We assume 1 < m < n. We take the immersed submanifold Osc2M  of the
manifold Osc?>M, by the immersion Osc?i : Osc>M — Osc?M. The parametric
equations of the submanifold Osc?M are

=m.

x® =z (ul,...,um) , mnkH

ox?
ou

=m

x® =z (ul, ,um) ,rank H

la 1a
N ey oW (910
Ou Ov(Ma ’

(2)a —
\ 2y

where
o ay(l)a ay(2)a

ou> gD Gy@a

oyMa  gy2a
ou®  gue’

—_—

The restriction of the fundamental function F to the submanifold OscM is

F <u, v(l)) =F (z (u) ,y(l)a (u,v(l)))

and we call F = (M, F) the induced Finsler subspaces of F" and F the
induced fundamegltal function.

Let B%(u) = a—xa and g the induced fundamental tensor,
u

9ap (u,v(l)) = Gab (:U (u),y <u, v(l)>> Bng. (9)
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We obtain a system of d-vectors {B%, B4} wich determines a moving frame

? :{(u,v(l),v(2)> . B® (u), B (%U(l),v(?))}

in Osc®2M along with the submanifold Osc?M.

Its dual frame will be denoted by R*= {Bg‘ (u,v(l),v(2)) , BY (u,v(l),v(z))} .
This is also defined on an open set 7! (U) C Osc*?M, U being a domain of a
local chart on the submanifold M.

The conditions of duality are given by:

BYBY =63, BABS =0, BSBS =0, BIBS = 6%, BLBg: + BLBg = of.

P

The restriction of the nonlinear connection N (3) to Osc2M uniquely deter-

—_—~—

mines an induced nonlinear connection N on Osc2M with the dual coeficients
([3], [13], [14])

a . npRa a a b
Ny = B (Boﬁw\g bBﬂ),

(10)
M, — B% laBg'Y (1)o (l)'y_i_Ba (2)5+Ma Bb 4+ Me Bt
3 P7 Pa\99u8 " Y o8Y 1 oo T bEs )
where J\14 %, ]\2/[ @, are the dual coeficients of the nonlinear connection N.
The adapted bases of the induced nonlinear connection N are defined by
i = i — Nﬁai — Nﬁai
Sz 9z (1) “oyb  (2) T oy
(11)
0 0 N8 9
5y(1)o¢ 8y(1)a (1) aay(Q)b
and
sy = dyMe 4 %aﬁdxﬁ
1
(12)

5y(2)a — dy(Q)a + %aﬁ(;yﬂ + %aﬁéy(2)6

We use the next notations:

1) 0 : 0
0 = ij(sla - W D20 = ayT)a
Proposition 1. The Lie brakets of the vector fields {5a, Olas 32a} are given by

[557 5’7} = ((‘]Rl)ﬂry(sla + (5)5782a ) [567 517] = (E)ﬁy‘sla + (-182)5«,82047 (13)
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83,00 = B3 810+ B%.0s, [015,014] = RS Dsa, |018, 00| = B S Do,
[5’ 27} @t +(22)57 2ac; 015,012 (127772 [ 18 27} (21)"17?
where

RS, = 6N =6, R =8N = s+ N R

(007 1 17 o2 o

,3 = (517N g, = 517]\7 8 — 55]\7 + N B9

(1) (1 > 7P

G, =0 N+ Ny Bl RS

B2 =8, N%, B
ARG LA @) (12)%

=01, N%3 — 918N¢
(21) 2) Iy B 1851

(14)

The cobasis (dmi,éy(l)a,éy@)‘l) restricted to Osc>M is uniquely represented
in the moving frame R in the following form ([3], [13]):

[ dxt = Bgduﬁ

syMae = Bagy(De 4 Bg(ll()g‘duﬂ

(15)
sy = Besv@e 4 BLR 50 4 BaK L due
() A2)
where

K& — B& B@ MaBb
e ( 08 F e 5)

_ /1 (935W

a _ pa (1)6 1)y b ,,(2)6 anRb apb _ 1

anY f fnb d d
—B?‘Bd (B7 + %b B7> (Bw + %93g>

are mixed d-tensor fields.
A linear connection D on the manifold Osc®M is called metrical N-linear
connection with respect to G, if DG =0 and D preserves by parallelism the

distributions Ng, N1 and V. The coefficients of the N-linear connections DI" (V)
Vi Vi Vi
will be denoted with <(£)ng (ﬂ)‘gc, (g)g0> ,(0=10,1,2).

Theorem 1. ([1]) There exist N-linear metric connections DI (N) on Osc*M,
with respect to the homogeneous prolongation G, wich depend only on the metric
Gab (:U,y(l)) . One of these connections has
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the “horizontal” coefficients

H 1
L& = =g (8,9cd + ScGbd — Sagbe)

(00) 2
‘Ea—lgad O0bGcdt+0cgbvd— 9049
(10)bc 2(1) b(l)Cd c(l)bd d(l)bc (17)

1% 1
L& ==9g%6,9ca+0c9bd—0a9be
(20 2(3) @) 2) )

the ”1-vertical” coefficients

H 1
a _ —ad 5 . 5 . _5 .
()b 59 (019de + 01c9bd — O1d9be)
Vi 1
Cac:7gad 5bgcd+5cgbd_5dgbc
™ 20 ( PO TG (18)

Vo 1
C8 ==9g%01pgecatSicgbi—01a70be
D™ 2(y) @) 2) 2)

and the ”2-vertical” coefficients
Cgczcgc: gc: : (19)

It is called the canonical N-linear metric connection.

This linear connection will be used throughout this paper.
Vi
For this N-linear connection, we have the operators D, (i =0,1,2;Vp = H)

which are given by the following relations

DXa = dxe + Yo xb, vx € F (55/(:2]\4) : (20)
where

\%1 i Vi Vi

i = Lot + C oy O gaye 1)

Vo Vo Vo Va

a_ [ a]pc aé(l)c a5(2)c.
“o = gy T (g)bc yor (g)bc Y



122 Alexandru Oana

We call these operators the horizontal, 1- and 2-vertical covariant differen-
o Vi Vs

tials. The 1-forms wy,w;y,wy will be called the horizontal, 1- and 2-vertical

1-form. From (19) we get that the horizontal, 1- and 2- vertical 1-form are

a gadc gvad(l)c gvad(Q)c
b= o0y + G1ype’Y + (G2)e’Y

V}z %ad c ‘élvad (1)e ‘élvad (2)c
“o = gy + (1Y + R

Vo Vo Vo Va

a_ [ 0 pC Caé(l)c Ca5(2)c_
“o = e + (1Y + (52

3 The relative covariant derivatives

Let DT (N), the canonical N-linear metric connection of the manifold Osc?M.
A classical method to determine the laws of derivation on a Finsler submanifold
is the type of the coupling ([6],[7],[9],[10]).

Definition 1. We call a coupling of the canonical N-linear metric connection D
17
to the induced nonlinear connection N along Osc?>M the operators D,(i = 0,1,2 ;

Vi
Vo = H) defined by the operators D,(i =0,1,2;Vy = H) (20) with the property

Vi Vi
DX*=DX* (i=0,1,2;Vy = H) (modulo 15) (22)
Here
Vi Vi —~
DX® = dX* + 0§ Xb, VX € 5 (0s2M) . (23)

The 1-forms (cb)g ,(i = 0,1,2) are the connection 1-forms of the coupling D.
1

Theorem 2. The coupling of the N-linear connection D to the induced nonlinear
connection N along Osc2M is locally given by the set of coefficients DT (]\7) =
i Voo
L a , C a , C a ,
(iO)bé (ﬂ)bE (i2)b5
(i=0,1,2;Vy = H) where

4 L Vioo4 v
Lips= LiaBs+ CiyB5Ks, Cis= CiyB§, Cgs =0, 24
(iO)b6 (z‘O)bd 9 (il)bd 5 (1) (il)bé (il)bd g (i2)b6 ( )

(i=0,1,2;Vp = H)
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Proof. From (22), (23), (20), and (15) we obtain

Vi Vi -
Lo = L%BI+ C%BIKI+ C%BIK)
5= oMo T s ay @y

Vi Vi Vi
Co = C“Bd+C’“BdK5 _c Bd (i=0,1,2,V =
Gof = a5+ GlaPifl G = G5 o=
and from (19) we get (24). O

P

Definition 2. We call the induced tangent connection on Osc2M by the

Vi
canonical N-linear metric connection D, the couple of the operators DT | (i =
0,1,2; Vo = H) which are defined by

Vi Vi
DTX® = B¢DXY,  for X@ = BaX? (25)

where

Vi .
DTX® = dX® + XPS (26)
and &Zg , (i=0,1,2;Vy = H) are called the tangent connection 1-forms.
We have

Theorem 3. The tangent connections 1-forms are as follows:

0 = (L)B5du +(c)555 “M(c)m;a @3 (27)
where
Fo —pe(Btplrd), o (ra
) ( B‘SJFBﬂ(%)f‘S) G = BB(%“’ G =0 @8

(i=0,1,2Vy=H).
Proof. From (23),(26) and (25) we have
d r Y a Yo Sd A
L% = BY (Bl +BL L%, =BSBLCY. O
0% i\ Pt By fygs | Gy fan’’ @™
= Bng(c)fa, (i=0,1,2;Vp = H).

and from (19) we get (28). O



124 Alexandru Oana

The relation (26) is equivalent with

Vi o @
D'X® =X da + X |, oy + X |, oyl¥e

where
X« 5.X4+XP L9 Xa(l) 51X+ X7 (o X‘”‘(2) foe X0+ XP (10
lie — V¢ + (iO)’BE’ ’ 6 Vle + (il)’BE, | 6 Y2e + (12) e
(29)
(1) 2)
The operators ”|;.” ,” | ,.” and ” | ,.” are called the h;-,vy;- and vo;-covariante

derivatives with respect to the induced tangent connection DT’ (N ) .

~——

Definition 3. We call the induced normal connection on Osc2M by the
Vi
canonical N-linear metric connection D, the couple of the operators D+ | (i =
0,1,2; Vo = H) which are defined by
Vi _ Vi _
D+X®=ByDX" for X" = BiX7 (30)
where
Vi o v
DX =dXx® + Xﬁw% (31)
and &Z% , (1=0,1,2;Vy = H) are called the normal connection 1-forms.
We have

Theorem 4. The normal connections 1-forms are as follows:

Via Vig 5 Vi @)g Vi 2)§
&= L%d (O (O 32
w3 k5o u +(z’1)55 v +(i2)55 v (32)
where
Vi _ (SBd 2 _ _ 8Bd Vi _
' & & B fyd Y & a B fAd Y &
L% =B Bs L , CS =By | —+ B3 C , C%. =0,
(i0)%0 d (5 5 5(i0)f5> (i) d (8 5t B(il)f5> (i2)59

(i=0,1,2,Vp = H).
Proof. From (23),(30),(31) and (15) we obtain

7 B4 Vi ;
i - ~ B <

(i0)80 Sud

d d
oM Gy(2)

= 0 we have (33). O
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Vi
Now, we can define the relative (or mixed) covariant differentials V, (i = 0, 1, 2;

Vo = H).

Theorem 5. The relative covamant (mized) differentials in the algebra of mized

d-tensor fields are the operators V (1=0,1,2;Vy = H) for which the following
properties hold:

%f =df, Vfe S"(OsczM)

VX*=DX* VX*=D'X® VX®=DlX% (i=0,1,2;Vy=H)

Vi .
wg,&g, ‘o/f are called the connection 1-forms of V (i=0,1,2;Vh =H).

B
(1) ()

b ” ” and ”

The operators ”|;.” , 7 (i =0,1,2) from (29) can be extended

to a mixed tensor field Tbé% in a natural way. Thus, we have

’zs ’is

e the h;- covariant derivatives

_ Vi
ayQ... _ ayo.. fya... g apa.. ayep..
TbéB... e = O Tbéﬁ o+ (L)?ETbéﬁ + (g)me o+ (L)gawa
N L f ava.. Vi @Tavé... o ‘I/jf aya. ..
(zO)bE foB... (10)65 bB... (io)ﬁg bép...
(34)
e the vo;- covariant derivatives
aya... (P - 5 aq/oz 4 C f'yoc + C atpa 4 Ca amp
boB... e = 01T, boA... (il )fe boB... (11) béﬁ (i1)P¢ bog...
_ C b C ¢ paya. Vi @ paya..
(il )bs féB... (il )55 bop... (ﬂ)Bs bép...
(35)

e the vo;- covariant derivatives

(2

avya. .. o a’ya fya... agoa ayep..
Tbaﬁ... lie = OeT, b8B... +(C)7”6Tbaﬁ +(C) b3B... (C)gawa

Vi _
A f ayae.. %) a'ya Zf aya...
(g)bsTf(sﬁ (g)ée bpB... (iQ)ﬂaTb6¢"' :
(36)
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4 Adapted components of torsion and curvature ten-
sors

The study of the adapted components of the torsion and curvature tensors
of an arbitrary N-linear connection DT'(N) on Osc*M was done in [2]. In
what follows, we study the adapted components of the torsion and curvature

. Vi Vi Vi
tensors for the induced tangent connection D'T (N) = <(£)g5’(i1)g5’(g)g5>’
(1=0,1,2;Vp = H), (28).

Theorem 6. The torsion tensor T of the induced tangent connection DT (N)
is characterized by the following local adapted d-tensors:

% [e3 g o g o ‘7/'1‘ a o (5 Na 5 Na
(00)57 B (00)57 B (00)7'8’ (01)5W - (5)57 =0 BT

Va
= By = 0% = bl 2 (2% — 551" ).

g «a b «a
(10),3’7 - (01):87
Pa —5,Nog— Lo
(11)/8”/ ) (10)75
Pa =0
(20),87
nLo (37)
dnypr = O
Va
(i = 0% = % 7 (9%
P o — by Nog + N (92,0v%5) ~ Lo
(22)/6’7 i 2 1 € i 1 (20)%877
Oa 0 Ga Doy N ‘62' @
(g)ﬁv - (g)ﬁv AN @1’
So -0, S5 = Ra —§ Ny §uN, S9 =0, S =0
(11)5"1 - (12)[37 - (12)[37 = Oy 1 B 18 1 o (21)/87 - (22)/8'7 -

Proof. Using the general local expressions from [2] which generally give the d-
components of the torsion tensor of an N-linear connection, DI'(N), we deduce

that the adapted components of the torsion tensor of DT (N ) are given by the
formulas from the theorem. O
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In the next calculus we need the following d-tensor fields:

(0),8')’ - (10),8'7 o (10)'YB’ (0):3'7 - (20)B7 o (20)76’

}I) o o i e} ‘g o V2 e}

]Ig a _ Boa _ g «a ‘ﬁ a _ Ba _ [ «a

H H Vi i

Q a _ po _ « Q a _ O«

(22)B7 (21)57 (01)76 (22)67 (21)6’7’ (11)718

Sa _ (a _ (o Ga _ (o _ (a (38)
(1)6’7 - (01),3’7 o (01)’%3’ (1)/87 - (21):37 o (21)75’

(2)/37 (02)ﬁ7 (02)’76’ (2),8’7 (12)67 (12)'7/8

Theorem 7. The curvature tensor R of the induced tangent connection DT (N)
is characterized by the following local adapted d-tensors:

i S5 L% —6, Lo+ L5 L%~ L5 Lo+ C9Re
(©0)” e 2 00y? 7(00)5‘5 (00)57(00) 00Y79 (00)=7 (01)500175
P s Lo _ (o Gra po B _4.Te _ (o po
do? 18 =08 famn = § ooy T Sy Fiyver doypte = O sy = e B3
Q ) C , S =0,
(20)5 16 = 00 G By 2,870
(39)

H H H H H H
(150)5 v =0 G O G T GG T GG
Vi N Vi o Vi N Vi Vi Vi Vi o Vi o o
oy 78 = 08 oy T OB fBa T By foyes T ey T Gty

P 5sLa _ ( Co po P d L Cro P

a a a s aa o a _|_ o ,

o e = 08 By = Gstin + Q6o 1500 D6%e = O LBy + G s

O 0. ¢ by 0 gy (o c Go (e a4 0
“ = ) “ = + ) o =Y,

T 25 Gy =0 G+ Qv G = s Gy §)8™0

(40)
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Vi Vi
| =1,2,j=1,2P% = P%, P%= P% R%=0]).
(l ’ 2% 12" en® T @ @2)? )
Proof. The general formulas that express the local curvature d-tensors of an arbi-
trary N-linear connection (for more details, see [2]), applied to the induced tangent

connection DT (N )7 imply the above formulas. O

5 The Bianchi identities in the adapted basis

From the general theory of linear connections on a vector bundle, one knows
that the torsions T and curvature R of a connection D on the 2-osculator space
E = Osc®M are interrelated by the following general Bianchi identities (for any
X,Y,Z,U € X(E)):

>, ADxT)(Y,2) -R(X,Y)Z+T(T(X,Y), Z)} =0,
{X,Y,Z}

Y. (DxR)(Y,Z,U)+R(T(X,Y),Z)U =0,
{X,Y,2}

where Yy, 7} means a cyclic sum. Obviously, working with an N-linear connec-
tion and the local adapted basis of d-vector fields (X,) C X (E’) , F = Osc®M,
(associated with the induced nonlinear connection N on F), the above Bianchi
identities are locally described by the equalities:

{A%:C} {Rch - TiB:C - TgBTgG} =0,

{A%C} {Ra.c + TSsRhcq} =0,

(41)

where R(X 4, Xp)Xc = ]RgBAXD, T(Xa4,Xp) = ']I‘gAXD, and ”.c” represents

(1) (2)
one of the local covariant derivatives ”|;,”, " | ;,” or 7 | ;,” from (34), (35) and

(36) (for similar details, see the works [6], [9]). Consequently, we find:

Theorem 8. For the induced tangent connection with the coefficients DT (N) =

Vi Vi
((%)M (Cl')/@(s (% >, (i=0,1,2;Vy = H), the following Bianchi identities hold:

0

Vi
T T T%,+T% PS,+T% P%,— R&.s|=0,(=0,1,2
Z[(o@ prtis o &y s By oy T Gy oy se — ) =02 (1=0.1,2),

where
(00)’8 8 (00)5 e (00)’8 il 7(‘] ’ )’
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(1)

(g;)oé’Y | i6 (5)0235”7 T (5)0’!75‘2'5_
_ T‘P C % C
0 210 %~ S B e T G e peT (42)
Vi Vi
P» o %2 « @ o
+ (01) ﬁ'Y(iS;) o (_1P1) 65(5) P + (ﬁ) '75(5) 5‘P+
v
£ Q% — PY. PY PP P Ao —0 (i=0,12
- ©02) P2 %% (12 P2 7¥ + (12) @) PP qofr T (6=0,1,2),
where
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Here, everywhere, Y means cyclic sum over (4,7, ).

Proof. Taking into account that the indices A, B, C, D... are of type «, 5,7, and
the torsion TGz and curvature R4 5, adapted components are given in (37), (39)
and (40), after laborious local computations, the formulas (41) imply the required
Bianchi identities.

O

Remark 1. We point out that, the induced tangent connection DT (]\7) =
Vi Vi Vi

<(L)§ ,((i’)g(;, (g)g5> ,(1=0,1,2;Vy = H), (28) does not coincide with the canon-

ical intrinsic N-linear metric connection of the submanifold Osc>?M, DT (N) =

Vi Vi Vi
((%)g(s, (g)g5’ (g)g(;) , (1=0,1,2;Vy = H) . For this reason, the Bianchi identities
produced by these N-linear connections do not coincide.
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