
Bulletin of the Transilvania University of Braşov • Vol 10(59), No. 1 - 2017
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CLASSIFICATIONS OF K-CONTACT MANIFOLDS
SATISFYING CERTAIN CURVATURE CONDITIONS

Pradip MAJHI1

Abstract

The object of the present paper is to classify K-contact metric manifolds
satisfying certain curvature conditions on projective and concircular curva-
ture tensors. K-contact manifolds satisfying P.C̃ = 0, C̃.P = 0 and C̃.S = 0
are considered, where C̃ and P denote the concircular and projective cur-
vature tensors respectively. Finally, we study K-contact manifold satisfying
S.R = 0. It is shown that in all the cases the compact K-contact manifold
becomes Sasakian.
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1 Introduction

A complete regular contact metric manifold M2n+1 carries a K-contact struc-
ture (φ, ξ, η, g), defined in terms of the almost Kähler structure (J,G) of the base
manifold M2n. Here the K-contact structure (φ, ξ, η, g) is Sasakian if and only if
the base manifold (M2n, J,G) is Kählerian. If (M2n, J,G) is only almost Kähler,
then (φ, ξ, η, g) is only K-contact [3]. In a Sasakian manifold the Ricci operator
Q commutes with φ, that is, Qφ = φQ. In [12] it has been shown that there exist
K-contact manifolds with Qφ = φQ which are not Sasakian. It is to be noted that
a K-contact manifold is intermediate between a contact metric manifold and a
Sasakian manifold. K-contact and Sasakian manifolds have been studied by sev-
eral authors such as ([2], [6], [7], [8], [9], [10], [15], [16], [20], [21], [25], [26], [27])
and many others. It is well known that every Sasakian manifold is K-contact,
but the converse ia not true, in general. However a three-dimensional K-contact
manifold is Sasakian [11]. The nature of a manifold mostly depends on its curva-
ture tensor. Using the tools of conformal transformation, geometers have deduced
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conformal curvature tensor. In a similar way, with the help of projective trans-
formation the notion of projective curvature has been defined [19]. Apart from
conformal curvature tensor, the projective curvature tensor is another important
tensor from the differential geometric point of view. A Riemannian manifold is
said to be semisymmetric if its curvature tensor R satisfies R(X,Y ).R = 0, where
R(X,Y ) acts on R as a derivation [13].
The object of the present paper is to enquire under what conditions will a K
contact manifold be a Sasakian manifold.
The present paper is organized as follows:
After a brief introduction in Section 2, we discuss about some preliminaries that
will be used in the later sections. In section 3, we consider K-contact manifolds
satisfying P.C̃ = 0. Section 4 is devoted to the study of K-contact manifolds
satisfying C̃.P = 0 and to prove that the manifold is Sasakian. In section 5, we
consider K-contact manifolds satisfying C̃.S = 0. Section 6 deals with K-contact
manifolds satisfying S.R = 0.

2 Preliminaries

An odd dimensional smooth manifoldM2n+1 (n ≥ 1) is said to admit an almost
contact structure, sometimes called a (φ, ξ, η)-structure, if it admits a tensor field
φ of type (1, 1), a vector field ξ and a 1-form η satisfying ([3], [4])

φ2 = −I + η ⊗ ξ, η(ξ) = 1, φξ = 0, η ◦ φ = 0. (1)

The first and one of the remaining three relations in (1) implies the other two
relations in (1). An almost contact structure is said to be normal if the induced
almost complex structure J on Mn × R defined by

J(X, f
d

dt
) = (φX − fξ, η(X)

d

dt
) (2)

is integrable, where X is tangent to M , t is the coordinate of R and f is a smooth
function on Mn × R. Let g be a compatible Riemannian metric with (φ, ξ, η),
structure, that is,

g(φX, φY ) = g(X,Y )− η(X)η(Y ) (3)

or equivalently,
g(X,φY ) = −g(φX, Y ) (4)

and

g(X, ξ) = η(X),

for all vector fields X, Y tangent to M . Then M becomes an almost contact
metric manifold equipped with an almost contact metric structure (φ, ξ, η, g).
An almost contact metric structure becomes a contact metric structure if

g(X,φY ) = dη(X,Y ), (5)
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for all X, Y tangent to M . The 1-form η is then a contact form and ξ is its
characteristic vector field.
If ξ is a Killing vector field, then M2n+1 is said to be a K-contact manifold ([3],
[17]). A contact metric manifold is Sasakian if and only if

R(X,Y )ξ = η(Y )X − η(X)Y. (6)

Every Sasakian manifold is K-contact, but the converse need not be true, except
in dimension three [11]. K-contact manifolds are not too well known, because
there is no such a simple expression for the curvature tensor as in the case of
Sasakian manifolds.

For details we refer to ([1], [3], [17], [18]).
Besides the above relations in K-contact manifold the following relations hold ([1],
[3], [17]):

∇Xξ = −φX. (7)

R̃(ξ,X, Y, ξ) = η(R(ξ,X)Y ) = g(X,Y )− η(X)η(Y ). (8)

R(ξ,X)ξ = −X + η(X)ξ. (9)

S(X, ξ) = 2nη(X). (10)

(∇Xφ)Y = R(ξ,X)Y, (11)

for any vector fields X, Y .
Again a K-contact manifold is called Einstein if the Ricci tensor S is of the form
S = λg, where λ is a constant and η- Einstein if the Ricci tensor S is of the form
S = ag + bη ⊗ η , where a, b are smooth functions on M . It is well known [11]
that in a K-contact manifold a and b are constants. Also it is known [5] that a
compact η-Einstein K-contact manifold is Sasakian provided a ≥-2.
A transformation of a (2n+1)-dimensional Riemannian manifold M , which trans-
forms every geodesic circle of M into a geodesic circle, is called a concircular
transformation ([14], [23]). A concircular transformation is always a conformal
transformation [14]. Here geodesic circle means a curve in M whose first curvature
is constant and whose second curvature is identically zero. Thus, the geometry
of concircular transformations, i.e., the concircular geometry, is generalization of
inversive geometry in the sense that the change of metric is more general than
that induced by a circle preserving diffeomorphism . An interesting invariant of
a concircular transformation is the concircular curvature tensor C̃. It is defined
by ([22], [24])

C̃(X,Y )W = R(X,Y )W − r

2n(2n+ 1)
[g(Y,W )X − g(X,W )Y ], (12)

where X,Y,W ∈ T (M). Riemannian manifolds with vanishing concircular
curvature tensor are of constant curvature. Thus the concircular curvature tensor
is a measure of the failure of a Riemannian manifold to be of constant curvature.
If there exists a one-to-one correspondence between each coordinate neighborhood
of M and a domain in Euclidian space such that any geodesic of the Riemannian
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manifold corresponds to a straight line in the Euclidean space, then M is said to
be locally projectively flat. For n ≥ 1, M is locally projectively flat if and only if
the well known projective curvature tensor P vanishes. Here P is defined by [19]

P (X,Y )Z = R(X,Y )Z − 1

2n
[S(Y,Z)X − S(X,Z)Y ], (13)

for all X, Y , Z ∈ T (M), where R is the curvature tensor and S is the Ricci
tensor. In fact M is projectively flat if and only if it is of constant curvature [24].
Thus the projective curvature tensor is the measure of the failure of a Riemannian
manifold to be of constant curvature.

Lemma 1. [5] A compact K-contact Einstein manifold is Sasakian.

3 K-contact manifolds satisfying P.C̃ = 0

In this section we consider K-contact manifolds satisfying P.C̃ = 0. Therefore

(P (X,Y ).C̃)(U, V )W = 0. (14)

This implies

P (X,Y )C̃(U, V )W − C̃(P (X,Y )U, V )W − C̃(U,P (X,Y )V )W

− C̃(U, V )P (X,Y )W = 0. (15)

Putting V = W = ξ in (15) we have

P (X,Y )C̃(U, ξ)ξ − C̃(P (X,Y )U, ξ)ξ − C̃(U,P (X,Y )ξ)ξ

− C̃(U, ξ)P (X,Y )ξ = 0. (16)

Now,

P (X,Y )C̃(U, ξ)ξ = P (X,Y ){R(X, ξ)ξ − r

2n(2n+ 1)
[U − η(U)ξ]}

= P (X,Y )(1− r

2n(2n+ 1)
){(U − η(U)ξ}

= (1− r

2n(2n+ 1)
){P (X,Y )U − η(U)P (X,Y )ξ}. (17)

Similarly,

C̃(P (X,Y )U, ξ)ξ = (1− r

2n(2n+ 1)
){P (X,Y )U − η(P (X,Y )U)ξ}. (18)

C̃(U,P (X,Y )ξ)ξ = C̃(U,R(X,Y )ξ − 1

2n
[S(Y, ξ)X − S(X, ξ)Y ]ξ

= C̃(U −R(X,Y )ξ − {η(Y )X − η(X)Y })ξ. (19)



Classifications of K-contact manifolds satisfying... 107

and

C̃(U, ξ)P (X,Y )ξ = C̃(U, ξ)[R(X,Y )ξ − {η(Y )X − η(X)Y }]. (20)

Using (17), (18), (19), (20) in (16) we have

(1− r

2n(2n+ 1)
){P (X,Y )U − η(U)P (X,Y )ξ}

− (1− r

2n(2n+ 1)
){P (X,Y )U − η(P (X,Y )U)ξ}

− C̃(U −R(X,Y )ξ − {η(Y )X − η(X)Y })ξ
− C̃(U, ξ)[R(X,Y )ξ − {η(Y )X − η(X)Y }] = 0. (21)

Putting Y = ξ in (21) we have

(1− r

2n(2n+ 1)
)η(P (X, ξ)U)ξ = 0. (22)

Therefore either r = 2n(2n+ 1) or η(P (X, ξ)U) = 0.
Now,

η(P (X, ξ)U) = g(P (X, ξ)U, ξ)

= g(R(X, ξ)U − 1

2n
{S(ξ, U)X − S(X,U)ξ}, ξ)

= g(R(X, ξ)U, ξ)− 1

2n
{2nη(V )η(X)− S(X,U)}

= −g(R(X, ξ)ξ, ξ)− η(U)η(X) +
1

2n
S(X,U)

= −g(X − η(X)ξ, U)− η(U)η(X) +
1

2n
S(X,U)

= −g(X,U) + η(X)η(U)− η(U)η(X) +
1

2n
S(X,U)

= −g(X,U) +
1

2n
S(X,U). (23)

Thus η(P (X, ξ)U) = 0 implies S(X,U) = 2ng(X,U). Therefore the manifold is
an Einstein manifold. Thus we can state the following:

Theorem 1. A K-contact manifold satisfying P.C̃ = 0 is either an Einstein
manifold or the manifold is of constant scalar curvature 2n(2n+ 1).

It is known that [5] a compact K-contact Einstein manifold is Sasakian. Thus
we get the following:

Corollary 1. A compact K-contact manifold satisfying P.C̃ = 0 is Sasakian or
the manifold is of constant scalar curvature 2n(2n+ 1).



108 Pradip Majhi

4 K-contact manifolds satisfying C̃.P = 0

In this section we consider a K contact manifold satisfying C̃.P = 0. Therefore
we have

(C̃(X,Y ).P )(U, V )W = 0. (24)

This implies

C̃(X,Y )P (U, V )W − P (C̃(X,Y )U, V )W − P (U, C̃(X,Y )V )W

− P (U, V )C̃(X,Y )W = 0. (25)

Now from the above equation with the help of (10) and (13) we get

P (ξ, V )ξ = P (V, ξ)ξ = 0. (26)

Putting V = W = ξ in (25) we have

C̃(X,Y )P (U, ξ)ξ − P (C̃(X,Y )U, ξ)ξ − P (U, C̃(X,Y )ξ)ξ

− P (U, ξ)C̃(X,Y )ξ = 0. (27)

Now,

C̃(X,Y )P (U, ξ)ξ = 0. (28)

P (C̃(X,Y )U, ξ)ξ = 0. (29)

P (U, C̃(X,Y )ξ)ξ = P (U,R(X,Y )ξ − r

2n(2n+ 1)
{η(Y )X − η(X)Y }. (30)

P (U, ξ)C̃(X,Y )ξ = P (U, ξ){R(X,Y )ξ − r

2n(2n+ 1)
{η(Y )X − η(X)Y }. (31)

Using (28), (29), (30) and (31) in (27) we have

− P (U,R(X,Y )ξ − r

2n(2n+ 1)
{η(Y )X − η(X)Y }

− P (U, ξ){R(X,Y )ξ − r

2n(2n+ 1)
{η(Y )X − η(X)Y } = 0. (32)

Putting Y = ξ in (32) we obtain

− P (U,R(X, ξ)ξ − r

2n(2n+ 1)
{X − η(X)ξ}

− P (U, ξ){R(X, ξ)ξ − r

2n(2n+ 1)
{X − η(X)ξ} = 0. (33)
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−(1− r

2n(2n+ 1)
)P (U,X)ξ − (1− r

2n(2n+ 1)
)P (U, ξ)X = 0. (34)

This implies

(1− r

2n(2n+ 1)
(P (U,X)ξ + P (U, ξ)X} = 0. (35)

Therefore either r = 2n(2n+ 1) or P (U,X)ξ + P (U, ξ)X = 0.
Now,

P (U,X)ξ + P (U, ξ)X = 0. (36)

This implies

R(U,X)ξ − 1

2n
{S(X, ξ)U − S(U, ξ)X}+R(U, ξ)X

− 1

2n
(S(ξ,X)U − S(U,X)ξ) = 0. (37)

With the help of (10) and (37) we have

R(U,X)ξ +R(U, ξ)X − 2η(X)U + η(U)X + S(U,X)ξ = 0. (38)

Interchanging X and U in (38) we have

R(X,U)ξ +R(X, ξ)U − 2η(U)X + η(X)U + S(X,U)ξ = 0. (39)

Subtracting (39) from (38) we have

R(U,X)ξ +R(U, ξ)X −R(X,U)ξ −R(X, ξ)U − 3η(X)U + 3η(U)X = 0. (40)

Using Bianchi identity we get from the above equation

3R(U,X)ξ = 3η(X)U − 3η(U)X, (41)

or,

R(U,X)ξ = η(X)U − η(U)X, (42)

Hence the manifold is a Sasakian manifold. Now we are in a position to state the
following:

Theorem 2. A K-contact manifold satisfying C̃.P = 0 is a Sasakian manifold
or the manifold is of constant scalar curvature 2n(2n+ 1).
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5 K-contact manifolds satisfying C̃.S = 0

In this section we consider K-contact manifolds satisfying C̃.S = 0, Therefore
we have

(C̃(X,Y ).S)(U, V ) = 0. (43)

This implies

S(C̃(X,Y )U, V ) + S(U, C̃(X,Y )V ) = 0. (44)

Putting Y = U = ξ in (44) we have

S(C̃(X, ξ)ξ, V ) + S(ξ, C̃(X, ξ)V ) = 0. (45)

S((1− r

2n(2n+ 1)
)(X − η(X)ξ), V ) + 2ng(C̃(X, ξ)V, ξ) = 0. (46)

(1− r

2n(2n+ 1)
){S(X,V )− 2nη(X)η(Y )} − 2ng(C̃(X, ξ)ξ, V ) = 0. (47)

This implies

(1− r

2n(2n+ 1)
){S(X,V )− 2nη(X)η(V )}

−2n(1− r

2n(2n+ 1)
){g(X,V )− η(X)η(V )}) = 0. (48)

Therefore

(1− r

2n(2n+ 1)
){S(X,V )− 2ng(X,V )} = 0. (49)

Therefore, either r = 2n(2n + 1) or, S(X,V ) = 2ng(X,V ). Hence either r =
2n(2n+ 1) or, the manifold is an Einstein manifold.
Conversely, let the manifold be an Einstein manifold, that is, S(X,V ) = 2ng(X,V ).
Therefore,

S(C̃(X,Y )U, V ) + S(U, C̃(X,Y )V )

= 2n[g(C̃(X,Y )U, V ) + g(U, C̃(X,Y )V )]

= 2n[g(C̃(X,Y )U, V )− g(C̃(X,Y )U, V )]

= 0. (50)

Therefore we can state the following:

Theorem 3. A (2n+1)-dimensional K-contact manifold satisfies C̃.S = 0 if and
only if the manifold is Einstein provided r 6= 2n(2n+ 1).

By the Lemma 1 and the Theorem 3 we can state the following:

Corollary 2. A (2n+1)-dimensional compact K-contact manifold satisfies C̃.S =
0 is Sasakian provided r 6= 2n(2n+ 1).
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6 K-contact manifolds satisfying S.R = 0

In this section we consider K-contact satisfying S.R = 0. Therefore

(S(X,Y ).R)(U, V )W = 0. (51)

This implies

(X ∧S Y )R(U, V )W + R((X ∧S Y )U, V )W +R(U, (X ∧S Y )V )W

+ R(U, V )(X ∧S Y )W = 0, (52)

where the endomorphism X ∧S Y is given by

(X ∧S Y )W = S(Y,W )X − S(X,W )Y. (53)

Using (53) in (52) we have

S(Y,R(U, V )W )X − S(X,R(U, V )W )Y + S(Y, U)R(X,V )W

− S(X,U)R(Y, V )W + S(Y, V )R(U,X)W − S(X,V )R(U, Y )W

+ S(Y,W )R(U, V )X − S(X,W )R(U, V )Y = 0. (54)

Putting X = V = W = ξ in (54) we have

S(Y,R(U, ξ)ξ)ξ − S(ξ,R(U, ξ)ξ)Y + S(Y, U)R(ξ, ξ)ξ

− S(ξ, U)R(Y, ξ)ξ + S(Y, ξ)R(U, ξ)ξ − S(ξ, ξ)R(U, Y )ξ

+ S(Y, ξ)R(U, ξ)ξ − S(ξ, ξ)R(U, ξ)Y = 0. (55)

This implies

S(Y,U)ξ − η(U)S(Y, ξ)ξ − S(ξ, U)Y + η(U)S(ξ, ξ)Y

− S(U, ξ)Y + η(Y )S(U, ξ)ξ + S(Y, ξ)U − η(u)S(Y, ξ)ξ

− S(ξ, ξ)R(U, Y )ξ + S(Y, ξ)U − η(U)S(Y, ξ)ξ − S(ξ, ξ)R(U, ξ)Y

− S(ξ, U)Y + η(U)S(ξ, ξ)Y = 0. (56)

Using S(X, ξ) = 2nη(X) in (56) we have

S(Y, U) + 2nη(Y )η(U)− 2nη(R(U, ξ)Y ) = 0. (57)

Now,

η(R(U, ξ)Y ) = g(R(U, ξ)Y, ξ)

= −g(R(U, ξ)ξ, Y )

= −g(U − η(U)ξ, Y )

= η(U)η(Y )− g(U, Y ). (58)

Using (58) in (57) yields

S(Y, U) = −2ng(Y,U). (59)

Therefore the manifold is an Einstein manifold. Thus we can state the follow-
ing:
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Theorem 4. A K-contact manifold satisfying S.R = 0 is an Einstein manifold.

It is known that [5] a compact K-contact Einstein manifold is Sasakian. Thus
we get the following:

Corollary 3. A compact K-contact manifold satisfying S.R = 0 is Sasakian.

Observations:
It is easy to see that R.C̃ ≡ R.R provided r = 2n(2n + 1), that is R.C̃ = 0 and
R.R = 0 are equivalent. In [20], Tanno proved that a K-contact manifold satis-
fying R.R = 0 is a manifold of constant curvature and hence Einstein manifold.
Thus we can state the following:

Remark 1. A K-contact manifold satisfying R.C̃ = 0 is an Einstein manifold
provided r = 2n(2n+ 1).

Also, if r = 2n(2n+1), then C̃.C̃ ≡ R.R. Therefore we can state the following:

Remark 2. A K-contact manifold satisfying C̃.C̃ = 0 is an Einstein manifold
provided r = 2n(2n+ 1).
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