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UNIVALENCE CRITERIA FOR A GENERAL INTEGRAL
OPERATOR

Constantin Lucian ALDEA' and Virgil PESCAR?

Abstract

In this work we consider a general integral operator and we derive condi-
tions for the univalence of this integral operator.
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1 Introduction

Let A be the class of the functions f which are analytic in the open unit disk
U={z€C:|z| <1} and f(0) = f'(0) —1=0.
We denote by § the subclass of A consisting of functions f € A, which are

univalent in U.
Let P denote the class of functions p which are analytic in U, p(0) = 1 and

Re p(z) > 0, for all z € U.
In [7] Pescar introduced a general integral operator

[ () ()
(o) (o) ]

for f;, g; € A and complex numbers 6, «j, 5; (6 #0), j
We have the next particular cases:

(1)

1,n, n € N—{0}.
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1. From (1), ford =3, a1 =7, a; =0,i=2,n, 3; =0,i=1,n, and g1(2) = 2,
h(z) = fi(z), z € U, we obtain the integral operator

Jaate) = | [0 (M) ) 2)

which was defined by Pascu and Pescar [6], in the year 1990.

™[

2. For 51 =By =---= 3, =0, from (1) we have the integral operator

1
z aq Qn 5
Gn(z) = [5/ w1 (fl(u)) (fn(u)) du] , (3)
0 91(u) gn(u)
for § a complex number, § # 0 and fj, g; € A, j = 1,n, introduced by
Moldoveanu, Ovesea and Pascu [4] in the year 1991.

3. For p; =0,i=1,n and g;(z) = 2z, i = 1,n, from (1) we obtain the integral

operator
e[ [ (A0)" - (59)"a] .

a;, 8 complex numbers, i = 1,n, § # 0, defined by Breaz, D. and
Breaz, N. [1], in the year 2002.

This integral operator is the particular case of the integral operator G, for
gj(z) =2,7=1mn.

4. From (1), for g;(z) = z, i = 1,n we obtain the general integral operator
1
# u o n\U on R
R = |5 [0 (PO (20 M)

defined by Frasin [2], in the year 2011.

Properties of certain integral operators were studied by different authors in
the following papers [8, 9, 10, 11, 12, 13].

In this paper we obtain the univalence criteria for the integral
operator I,,.

2 Preliminary results

We need the following lemmas.

Lemma 1. (/5]). Let ~v,0 be complex numbers, Re vy >0 and f € A. If

2f"(2)
f'(2)

1— |z|2Re'y

<1 (1)

Re ~y
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for all z € U, then for any complex number §, Re § > Re ~y, the function Fj
defined by

1
z 5
F5(z) = [5/ u(s_lf'(u)du] (2)
0
is regular and univalent in U.

Lemma 2. (Schwarz [3]). Let f be the function regular in the disk
Ur = {z € C: |z] < R} with |f(2)] < M, M fized. If f(z) has in z =0 one zero
with multiply > m, then

P S 2™, (2 € Un), Q

the equality (in the inequality (3) for z # 0) can hold only if

where 0 is constant.

3 Main results

Theorem 1. Let vy, §, o, B; be complex numbers, ¢ = Re v > 0, j = 1,n,
M;j, Lij real positive numbers, i = 1,2, j = 1,n and f;, g; € A,
fi(2) =z +agjz? +az; 2+ ..., gj(2) = 2+ be;2% + b3;z3 + ..., j=1,n.

If

£)(2)
Rt W
2g;(2)
% - 1‘ < My, (2)
e
fiey | = )
)|
g | = W
forallzeWU, j=1,n and
> (M + Moo + (L + Lay)Byl) < EEX T2 Q

j=1

then for all & complex numbers, Re § > Re -y, the integral operator I, given by
(1) is in the class 8.
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Proof. Let us consider the function
z aq Qn / Bl / Bn
hn(z):/ (fl(“)) ...(fn(“)> (f/l(“)) ...(fy(“)> du, (6)
0 \g1(u) gn(u) 91(u) gn(u)

for fj, g eA,j :1,777,.
The function h,, is regular in U and h(0) = 2'(0) — 1 =0.

We have:
i) S~ [, () e L (26 )
hn(2) _;[j(fj(@ gj(Z))Jrﬁ](f]’-(z) g;-<z>>]’ ™)

for all z € U, and hence, we get
e -2 (F5 ) -Ga )
2)

7=1
() )
+ﬁj<f;-(z) g;<z>>} )

for all z € U.
From (8) we obtain

1— |z [zhi(2)| _ 1—121% [T, (|2Fi(®) 2g;(2)
e e = {Z[“( o )
NECIRERS
+ W( 16 | g6 )]} )
for all z € U.
Applying Lemma 2 we get

L | <anfa (10)
DD | < e, (1)
S| < el (12)
B < rael (13)
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forall z e U, j =1,n.
Using these inequalities from (9) we have

1— ‘ |2c h//( )
c (2)
1 _ ’2’26 n
|2 Z (Myj + Maj)|aj| + (L1 + Laj)|B5l] (14)
7j=1
for all z € U.
Since
1—|z% 2
WLETC c LR N
|2<1 c (2¢+1)7
from (14) we obtain
- [af |2hiz) |
c e | =
2 n
< m D (M + M) | + (Lij + Laj)|55]]
(2¢+1) 2 =
and hence, by (5) we have
1—|z]%¢ | zh!(2)
L <1 U). 15
c RL(z) |~ (W) (15)

From (6) we obtain

: AN (&N (AN (@)
K. (2) = . / e
91(2) gn(2) 91(2) gn(2)
and using (15), by Lemma 1, it results that the integral operator I,, given by (1)
is in the class 8. O

Corollary 1. Let vy, «j, Bj be complex numbers, 0 < Re v < 1, ¢ = Re 7,
M;j, Lij positive real numbers, i = 1,2, j =1,n and f;, g; € A,
fi(2) =z +ag2® +as; 2+ ..., gj(2) = 2+ bo2% + b3;z3 + ..., j=1,n.

If

2fj(z) |
S " S My (16)
z2g;(2) '
) Y S M (17)
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ZHOIp.
fiy | =1 1
| < "

forallze U, j=1,n and

2c+1

(2¢+1) 2
2 b

n

> (M + Maj)la| + (L + Loy)IBjl] <
j=1

(20)

then the integral operator T, defined by

no= [ (G) " () () () o e

1s in the class 8.

Proof. For § = 1, from Theorem 1, we obtain Corollary 1. O

Corollary 2. Let v, o be complex numbers, 0 < Re v < 1, ¢ = Re v, M;;
positive real numbers, i = 1,2, j =1,n and f;, g; € A,
fi(2) =z +ag2® +as;2 + ..., gj(2) = 2+ bo2% + b3;23 +..., j=1,n.

If

2fi(z
/i )—1 < My, (22)
fi(2)
2g5(2)
95(2) ’
forallze U, j=1,n and
n 2c+1
2¢c+1) =
D (M + M) ay| < (2), (24)
j=1
then the integral operator H, defined by
z aq (o7
m) = (2 (2 (25)
0 \g1(u) In(u)
is in the class 8.
Proof. For § = 1 and fy = 82 = -+ = B, = 0, from Theorem 1, we have the

Corollary 2. O
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Corollary 3. Let~y, 8; be complex numbers, 0 < Re v <1, ¢ = Re vy, L;; positive
real numbers, i = 1,2, j =1,n and f;, g; € A,
fi(2) =24 a2 +azjzd + ..., gj(2) = 2 + bgj2? + b3+ ..., j=1,n.

If

2] (2)
< Lyj, (26)
i(2)
29; (2)
< Loy, 27
g | =" 0
forallze U, j=1,n and
n 2c+1
2c+1
Ly + L)y < EEEE (28)
j=1
then the integral operator K, defined by
z / B1 / Bn
Kale) = [ (f}(“)> <f7(“)> du, (29)
0 \gi(u) gn(u)
is in the class S.
Proof. We take 6 =1, a1 = as =--- = a,, =0, in Theorem 1. O

Corollary 4. Let v, 6, a;, be complex numbers, c = Re v > 0, Re § > Re v,
j = 1,n, My real positive numbers, i = 1,2, j = 1,n and fj, g; € A, fi(z) =
z+ a2j22 + (13]'23 +...,9i(2) =2+ bgj2’2 + b3j23 +...,7=1,n.

If

z2fj(z)
fi(2) ’
2g5(2)
— 1| < My, (31)
9;(2) !
forallzeU, j=1,n and
n 20+1
2c+1
3 [0y + Malagl) < ZHED T (32)
7j=1

then the integral operator G,, defined by

s () (el

1s in the class 8.
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Proof. For p1 =y =--- =, =0, from Theorem 1, we obtain Corollary 4. [

Corollary 5. Let v, 0, 8 be complex numbers, c = Re v > 0, Re § > Re v,
Jj = 1,n, Li; real positive numbers, i = 1,2, j = 1,n and f;, g; € A, fi(z) =
z+ a2j22 + a3j23 +...,9i(2) =2+ b2jz2 + bgjzg +..,7=1n.

If

2fj (z)
| o
J
295 (2)
< Loy; 35
forallze U, j=1,n and
n 2c+1
2c+1) 2
> (L + Loyl < (2) (36)

J=1

then the integral operator Q. defined by

Qnl(z) = la/ozué—l <§EZ§>B <§é§;‘;>ﬁ dur, (37)

1s in the class 8.

Proof. We take a1 = a9 = -+ = a,, =0 in Theorem 1. O

Theorem 2. Let v,aj, Bj be complex numbers, j = 1,n, ¢ = Re v > 0 and
fj, gj S S, f;, g;- S fP, fj(z) =z + a2j22 + a3j23 +.. .
gj(z) =z+ b2j22 + b3j23 +..., ] = l,n.

If
n n
2;|ajy+;|ﬁj|gz, foro<e<1 (38)
or
- - 1
2;\0@\4—;]@\34, fore>1 (39)

then for any complex numbers 6, Re § > ¢, the integral operator I, defined by
(1) is in the class 8.
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Proof. We consider the function
z al Qn / 51 ! Bn
o \g1(u) gn (1) 91(u) gn (1)

for fj, g; € 8, f}, g; € P, j = 1,n. The function h, is regular in U and
hn(0) = h!,(0) — 1 = 0. We obtain

1— |z [zhl(2)| 1= =, (|21i2)] | |295(2)
S AC N R ;{’“J’( o)
f”( )| |29 (2)

for all z € U. Since f;, g; € 8 we have

25| _ 1+

< : (42)
fi(z) | 71—z
/
2g;(z) _ 1+ |z]7 (13)
g9i(2) | 71—z
forall z € U, j = 1,n.
For fi, g; € P we have
2f(z 2
1) 2 (44)
fj(z) 1—|z|
/!
29; (2) 2|z|
< ) (45)
g;(2) | 7 122
forall z € U, j =1,n.
Using these relations we get
1 — |z]¢ | zh!(2) 1—|z]%¢2(1 + ]z|
<
c R (z) | — c Z‘ o+
1—|z[* 4]
; 46
N w

for all z € U.
For 0 < ¢ < 1, we have 1 — |2|2* <1 — |z|?, z € U and by (46) we obtain

Z\%H Z|,8] (z € W). (47)

1—|z|% zh”

C
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From (38) and (47) we have

1— ‘Z‘Qc

C

zh!(2)
h,(2)

forallzG“llame<c§1.2
For ¢ > 1, we have # <1—|z% 2z € U and using (46) we get

1—|z|%

C

2hl(2)
()

<8 oyl +4> 1B, (49)
j=1 j=1

forall z €U, ¢ > 1.
From (39) and (49) we obtain

1-— \z|25

Cc

2hl)(2)
i (2)

forall z €U, ¢> 1.
Using (40) we have

W) = <f1<u)>a1_“ <fn(U))°‘" (f{<u>>ﬁl <f;(u)>6"
! g1(u) gn(u) 91 (w) gn(uw))
and by (48), (50) and Lemma 1 it results that the integral operator I,,, given
by (1), is in the class 8. O

Corollary 6. Let v, aj, 3; be complex numbers, 0 < Re v <1 and f;, g; € 8,
1 9; €, fi(2) =z2+ag2’+...,9j(z) =z2+by2*+...,j=1,n.
If

n n Re ~y
2> gl +> 18] < Y (51)
j=1 j=1

then the integral operator T, defined by (21) belongs to the class S.
Proof. We take § = 1 in Theorem 2. O

Corollary 7. Let vy, aj, be complex numbers, j =1,n, 0 < Rey <1, f;, gj €8,
fi(z)=z24a22%+ ..., gj(z) =2+ byz? +..., j=1,n.
If

n

Re
> layl < = (52)

J=1

then the integral operator H,, given by (25) is in the class 8.

Proof. For § = 1 and f1 = 2 = .-+ = £, = 0, from Theorem 2 we obtain
Corollary 7. O
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Corollary 8. Let v, 3; be complex numbers, j = 1I,n, 0 < Re v < 1 and

fis 95 €8, [, 6, €D, fi(2) = z4ag?+...,9i(2)=z+by2+..,j=1n
If
n
Re

Sisls Y, (53)

j=1
then the integral operator K, defined by (29) belongs to the class 8.
Proof. We take § =1 and a; =ag =--- = a,, = 0 in Theorem 2. O

Corollary 9. Let v, 6, a; be complex numbers, ¢ = Re v > 0, Re 6 > Re 7,
j:m; f]7 gj €3, f](’z) :Z+a2j22+..., g](z) :Z+b2j22+"';j:17n'
If

Z’%"SRZV’ for0 < Rey <1 (54)
j=1
or
- 1
> lajl < g for Rey > 1 (55)

j=1
then the integral operator Gy, defined by (33) is in the class S.

Proof. For g1 = B2 =--- = B, =0 in Theorem 2 we obtain the Corollary 9. [

Corollary 10. Let v, 6, 8; be complex numbers, c = Re v > 0, Re 6 > Re 7,
j=1Lnand f;, g; €8, f}, g; €P, fi(2) = z4agiZ?+..., gj(z) = z+bj2% +. .,
j=1n.

If

- R

Z’ﬁﬂﬁ%, for0 <Revy<1 (56)

7j=1

or

- 1
Z 18] < T for Rey>1 (57)
j=1

then the integral operator Q, defined by (37) belongs to the class S.

Proof. For a; = a9 = --- = a,, = 0 in Theorem 2 we obtain the Corollary 10. [
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