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Abstract

In this paper we give a general quantitative estimate of approximation
of the iterates of positive linear operators which preserve constants by the
limiting semigroup defined by these iterates. Applications are given for Dur-
rmeyer operators.
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1 Introduction

The semigroup of operators generated by iterates of Bernstein operators was

given by Silva [10]. More generally, as application of the Trotter’s theorem [11]
the semigroups generated by linear positive operators have been considered in the
last decades. For a general reference to semigroups of operators we cite [1] and
[2].
The quantitative version of the Trotter’s theorem was obtained first in the paper
by Gonska and Rasa [6]. In Minea’s paper [9] this method was improved and
applied to general operators which preserve linear functions. The aim of this
paper is to give more general estimates for the Trotter’s theorem in the case of
positive linear operators which preserve only the constants. As application we
consider the Durrmeyer operators.

2 Main results

Consider a sequence of positive linear operators (Ly,)n, Ly, : C[0,1] — C10, 1],
such that Ly (eg) = ep. (We denote by e;(t) =t/, t € [0,1]. Denote

M¥(x) = L,((t —z)*,2), k,neN, zel0,1].
MFK(z) = L,(t — z|¥,z), k,neN, ze][0,1].
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We suppose that there are functions o1, @2, %}, 12 € C[0,1], n € N, such that

M) = or(e) + ¥h(a), 2 €[0,1], nEN, (1)
M(a) = ol + 43(w), w € 0,1], nEN, 2)

where )
heall =o(=): i =12, (n o). (3)

We suppose that operators L,, are convex of order i, i > 0, i.e. if f € C?[0,1],
f® >0, then (L, (f))® > 0.. We suppose also, that

My(x) = o(M;(x)), z € [0,1], (n — o0). (4)
Then, Voronovskaya’s theorem assures that
T (La(f,2) ~ F(@)) = I (@)er(a) + soa(a) () (5)

uniformly with regard to x € [0, 1], for f € C?[0,1].

Let the differential operator A : C?[0,1] — C][0,1], given by A(f)(z) =
e1(z) f(z) + 3p2(2) f"(z), f € C?0,1], z € [0,1]. Then the domain D(A)
C?[0,1] of operator A is dense in C[0, 1].

The Trotter’s theorem assures that there exits a Cp-semigroup 7'(t), such that

T L f =T(1)], ] € C[0,1] (6)

if Mo ¢, ¢ > 0.

Lemma 1. For every g € C*[0,1], we have

Proof. Let « € [0,1] be fixed. For t € [0, 1], with Taylor’s formula, we write:

9(0) - g(a) (¢~ ) )~ 50 - 2P 0)

1 1, -~ 1
Lug = 3 Ag| < G 11+ 131 ') + 51020 - 1o

1
< glt—alIg®)

Since L,, reproduces the constants we obtain:

Then we can write

1
Lng—g-— nAgH = ‘

1, - 1
< Sl g1+ Nl - gl + 1Rl - gl

1 -
< ST 119

gl

1
Log—g— Mg + 3 2"

1 1
Lug—9-~— (<p1g’ + 5@9”)

2 n

1 1
Lng =g = Myg' = SMag"|| + [dng' + S0

A
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Lemma 2. For every g € C*[0,1], we have:

1 1
T(Z)g—g—=Ag|| < 9
H (n)g 9- QH < 42H o197 + 207 - 19"l

//||

8 e ||4901 + 20105 + 42¢) + V25|l - llg
+7||2s01902+902s02|| 1g®| +7H¢§H g @l.
4n? 8n?2

Proof. 1t is obtained from the well-known inequality
2
IT(t)g — g — tAgll < S [|A%ll, t 2 0.

if we take t = % and we take into account

1 ro1 1 "
A%g = A(Ag) = o1 (golg' + itng") + 52 (9019/ + 59029”) :

In [9] the folloowin lemma is proved:

Lemma 3. If (Ly), is a sequence of positive linear operators which are convex of
any order and if f € C*0,1], k>0 then:

IEL)PN < (o) I1F P, 5 > 0.
where o, 1= %(Lnek)(k).
Now, the main result is the following theorem

Theorem 1. Let a sequence of positive linear operators (Ly)n, L, : C[0,1] —
C[0,1], which are convex of any order. Let f € C*[0,1], The following estimate
holds:

1—of" 1
lERs =T < T=d 1) (k0 + g l2enss + eaefl]

L=y L9 1 2 / / "
1_7”]0 | *Hwn”"’72”4901+2<P1902+4<P2801+802§02H
1—of 1
o S (G221 + s 20102 + gt
1-—
LAl
1
+|= -4 (nsolu AN+ Sl ||f”||> , (7)

where oy, = ,%(Lnek)(k).
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Proof. First, we have

m m
m _ < m _ _ - —
iLzf=rwfl < |- (5) |+ || (5) £ -Twi||
< |lzm —T<T>f + /nT(u)Afdu
n t
m m
< ||emr =1 (5) ]+ |5 = e nagi
n n
m m 1
< Lm _T o *—t‘ . ! - . 1
< ||emr-T (%) ]|+ |5 (nsoln L1+ 5 lall - 1171
Here we used || T'(t)|| = 1, for ¢t > 0. Using a telescopic sum, we write:

m—1 .
11— 1 A
s n ()0 (222 (e (2))
n , n n
7=0
m—1 1
< _ - J
<2 (e r (3)) o]
7=0
Let j be fixed for the moment. Denote g := L, f € C* [0,1]. We write then

(=)l <]

Lemma 1 and Lemma 2 get

1 1
(27 ()| = 10 (1ot + pualizent +oust)

1 1
Hg| (51020 + grled + 216 + dast + aefl]

1 1 1
Lng—g—nAgHJrHT <n>g—g—nAgH- (8)

1, -~ 1
3 3 /
Hlg 1 (G2 + pzli2oren + o2l

1
4 2
+H9( )HWHS"QH'

From Lemma 3 we have for 1 < j k < 4, that [|g®)|| < (0%)?||f®||. Then the
above relation becomes

(o r(2)

» 1
< @170 (181 + pglizert +exell)

. 1 1
+(a2)’ ||| (§||¢Z|| + 8?”4@% + 20195 + 429
+90230’2’||>
ine@n (L3 1 /
+(a3)? ([ f] 8||Mn” + Tng||2%01902 + P2y

1
+(U4)J8F”f(4)” lo3]]-
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If we take the sum of these inequalities for 0 < j < m —1 and we take into account
the relations above we get relation (7). O
3 Application to Durrmeyer operators

The Durrmeyer operators D,, : L1[0,1] — C]0, 1] are defined as
n 1
(Duf)@) = 1+ )Y puala) [ pus(®rf @)t
k=0

where p,, ;(x) = (Z)a:k(l —x)" % k=0,1,---, x € [0.1]. They are convex of any
orders i > 0. ie. if f € C*0,1] and f® > 0 on [0,1], then (Dn(f))(i) > 0 on
[0, 1].

We have (see [?]):

M,i(a:) _ 1-2z
n+2
_ 1—
M2(z) (2n—6)x(l —z)+2
(n+2)(n+3)
1
Miz) = O <n2> , uniformly with respect to x € [0, 1],
Then
2(2z — 1)
_q1_ 1

z(1l—x) 2
n+D)m+3)  mtrDmE3)

pa(w) = 20(1—2), V(@) = —

Hence
2 2 2 2
e 2 <« = M — =2 < —.
Al < gy <o WIS ey S
From [?] it follows
o = n
- n-+2
n(n —1)
o R
2 (n=+2)(n+3)
nin—1)(n—2)
0‘ g
3 (n+2)(n+3)(n+4)

n(n—1)(n—2)(n —3)
n+2)(n+3)(n+4)(n+5)

o4 =
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We obtain
1 n+2 3
o1~ m+2)-n-2"
1 B (n+2)(n+3) “<n
1— o9 n+2)(n+3)—nn-1) —
L (0 +2)(n+ 3)(n+ 4 .
1— o3 m+2)(n+3)(n+4) —n(n—-1)(n—2) ~
1 _ (n+2)(n+3)(n+4)(n+5) o
l—os  (n+2)(n+3)(n+4)(n+5)—n(n—-1)n-2)(n-3) =

Since 2¢1(x)¢) (x) + p2(z)p](x) = —4(1 — 22) we deduce

1 3

2
4n2H2901<P1 + 20! || S gt s=a

Il +

Since 4¢3 () + 2¢1(x)0h(x) + 4o ()] () + pa(2)ph(x) = 8 — 56x(1 — x) we
deduce

1 1 2
§II¢3LII + SFIIZW? + 20105 + 4020 + a0l < 5

We have 2p1(z)p2(x) + @a(x)ph(z) = 8z(1 — x) 2x). Also Mg(x) <

( —
M2(2)M;i(w) and Mg (z) < oEHn +3) and My (z) < 5. We deduce

1 - 1 VO 1
M3+ — |2 O < —— + —.
6|! ol + 2 120102 + @2 < 6n\/ﬁ+ 5,2

Since ¢3(z) = 42%(1 — x)? we deduce

1
= 1) 2| <
P

Finally [|¢1] <1 and 3[lgafl < 3.
Finally the following estimate is obtained.

Theorem 2. For any [ € 04[0, 1] and any 0 < m <n we have

m 9 / 2 "
DR =T < oI+ I

Ve Lo
+(6f )Hf I+ 5 I

|2 —of (301
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