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SECOND HANKEL DETERMINANT FOR A CERTAIN
CLASS OF ANALYTIC FUNCTIONS
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Abstract

In this paper, we investigate the upper bounds for second Hankel determi-
nant Hy(2) for a class of analytic functions defined by a g-derivative operator.
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1 Introduction

Let A denote the class of analytic functions
oo
f(z) = z+Zanz” (1)
n=2

defined in the open unit disk U = {z € C: |z| < 1}.

An analytic function f is said to be subordinated to an analytic function g,
written f < g, if there exists an analytic function w in U with w(0) = 0 and
|w(z)| < 1 such that f(z) = g(w(z)), z € U.

Denote by P the class of analytic functions in U satisfying the conditions
p(0) =1 and Rp(z) > 0.

In [15], Ma and Minda considered the following two classes of functions:

B O
5(9) = {feA. I o0, eu}
(o) = {f eEA:1+ Z;,,;S) < ¢(2), z € u}

where ¢ € P with ¢/(0) > 0 and such that ¢(U) is a starlike region with respect to
1 and symmetric with respect to the real axis. The classes S*(¢) and C(¢) unify
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various subclasses of starlike (S*) or convex (C) functions in U. Similar classes
defined by subordination were investigated in [3], [18], [21] etc.

For a function f € A given by (1) and ¢ € N = {1,2,...}, the ¢gth Hankel
determinant (see [17]) is defined by

Qg an+1 - (n+4q—1
An+1 an+4+2 ... Un+4q
Hq(n) = . . . (a1 = 1)
an+q—1 Qn+q -+ (an42q—2

Note that the Hankel determinant Ho(1) = a3 — a3 is related to the well-known
Fekete-Szego functional [8]. The second Hankel determinant Hy(2) is given by
H(2) = asay — a3. In [4], [6], [9], [20], [22], [23] estimates for the second Hankel
determinant for various subclasses of univalent and bi-univalent functions were
investigated.

For ¢ € (0,1) and for n € N, the g-integer number n, is defined by (see e.g.

[1], [10])

[n]q = q=1+q+q2+---+q"_1~ (2)

Note that lim [n], = n.

q—1-
Let ¢ € (0,1) and f € A. The g-derivative or g-difference operator of f is
defined by (see e.g. [1], [10])

o) =12
Df(x)={ 1 (3
f'(0) ,2=0
Note that lir{1 Dyf(2) = f'(2).
g1~
If f(z) = 2" then
Dof(2) = Do) = =22 = [nly"! ()
and linla Dy(2") = lir? [n]gz" ' =nz""1.
qg—1= q—1=
Let f € A be given by (1). From (3) we have
Dyf(z) =1+ Z[n]qanznfl. (5)
n=2

Recently, several classes of analytic functions defined by g-derivative operators
have been investigated (see e.g. [11], [19]).

Making use of the g-derivative D, f(z), we consider the following class of func-
tions defined by means of subordination.
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Definition 1. Let ¢ : W — C be analytic and let g € (0,1). A function f € A is
said to be in the class Rq(¢) if

Dyf(z) < o(2), z € U (6)

Note that for ¢(2) = (1+2)/(1—2) and ¢ — 1~ the class R,(¢) reduces to the
class R of analytic functions whose derivative has positive real part in U, studied
in [16].

In this paper, motivated by the results in [12], we find the upper bound for
the second Hankel determinant Hy(2) for functions in the class Ry(¢).

2 Main results
Unless otherwise mentioned, we assume throughout this section that
H(2) =14 Az + Ap2® + A323 + ..., A >0. (7)
The following lemmas will be used to prove our results.

Lemma 1. ([7]) Let the function p € P be given by
p(z)=1+ciz+cz?+ 32 +..., z€elW (8)

Then the sharp estimate
len] <2, neN 9)

holds.
Lemma 2. ([15], [14]) If the function p € P is given by (8), then
2o = i + (4 — c}) (10)
des = +24— A)err — 14— cD)a® + 24 — &) (1 — |z]?)z (11)
for some z,z with |x| <1 and |z| < 1.

In the next theorem, we obtain the upper bound of the Hankel determinant
Hj(2) for the class Rqy(¢).

Theorem 1. Let q € (0,1) and let m = (14+1/q)*(1+¢*). Assume that f € Ry()
is given by (1).

1. If Ay, Ay and Az satisfy the conditions
2|As| — (m —1)A; <0 and |(m+1)A; A3 — mA3| —mA2 <0
then )
_ A
g*(m+1)
2. If A1, Ay and As satisfy the conditions

|azas — aj| <
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2|As| — (m —1)A; >0 and 2|(m + 1)A; Az — mAZ| — 2A1|As| — (m +1)A2 >0

or the conditions
2|As| — (m —1)A; <0 and |(m + 1)A; Az — mA3| —mA? >0

then

lagay — a3| < |(m +1)A; Az — mA3|.

g®>m(m+1)
3. If A1, Ay and As satisfy the conditions

2|A2| — (m - 1)A1 >0 and 2|(m + 1)A1A3 — mA%| — 2A1|A2‘ — (’I’)’L + 1)A% < 0

then

|asaq — a3| <

A2 4m|(m +1)A1 A3 — mA3| — 4(m + 1) Ay |Ag| — 4|As]? — (m + 1)%2432
4q2m(m + 1) ](m + 1)A1A3 — mA%| — 2A1’A2‘ — A% '

Proof. Let f € Ry(¢). Then there exists an analytic function w(z) with w(0) =0
and |w(z)| <1 in U such that

Def(2) = p(w(2)), z el (12)
Let the function p(z) be defined by

14 w(z)

= Y 14zt te+..., zel
1—w(z)

p(2)

or equivalently

w(z)—zgjri—;[c1z+<C2—Cj>z2+<c3—c1c2+(f>z3+...]. (13)

It is easy to see that the function p is in the class P.
Making use of (13) together with (7) we have

p(z) —1 1 1 3 Asc?]
—14-A A (e - S) 424
gb(p(z)—i—l) todiazt g (e -5 ) +— |2

1 3 c? Ascd
—|—§ |:A1 (Cg — C1Co + 41> + Ascy (CQ — 21> + 31:| 23 + ... (14)

Since
Dof(2) =1+ [24a02 + [3]ga32” + [4]gaa2> + ...

equating the coefficients of z, 22 and 23, from (2), (12) and (14), we find

A161
= 15
@2 2(1+q) (15)
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1

m(2A102 — AlC% + AQC%) (16)

az =

1
8(1+¢q)(1+¢*)

Thus we have

a4 = (4A103 —4Aic109 +4Ascic9 + AIC? — 2A20? + Agc?). (17)

A
2 _ 1 2 4
asa4 — a3 = m [(Al — 2A2 + (m + 1)A3 — mAz/Al)Cl
—4(A1 — AQ)C%CQ + 4(m + 1)A10103 - 4mAlc§] y (18)
where m = (1 4+ 1/¢)%(1 + ¢?).
Let A
0= —1’
16¢>m(m + 1)
AQ
w1 = Al — 2A2 + (m + 1)./43 — mf, Wy = —4(A1 - AQ), (19)
1
w3 = 4(m + 1)141, Wy = —4mA1. (20)
Then (18) is equivalent to
agay — a3 = Q(wic] + wactes + waercs + wacs). (21)

Since the functions p and p(e?z) (f € R) are in the class P, without loss of
generality, we can assume that ¢; = ¢ € [0,2]. Substituting in (21) the values of
co and ¢3 from (10) and (11), it follows that

\a2a4—a§]:9)c4<w1+%+%+%>+c2m(4—02) (%—i—%—i—%)

+2%(4 — ¢2) (—02% + %(4 - 62)> + %0(4 — A - ]x\Q)z’ .

Furthermore, substituting the values of w1, ws, w3 and wy we get
lagay — a§| < Q[|(m+1)A3 — mA2 /A |t + 2uc? (4 — )| Ay

+2(m + 1) Are(d — ) 4+ p2(4 — ) Ay (e — 2)(c — 2m)] :== F(c, ), (22)

where p = |z| € [0,1].
A simple calculation shows that the partial derivative of F(c, 1) with respect
to u is strictly positive when ¢ € [0,2] and p € [0,1]. Thus

Jnax, F(e,p) = F(e, 1) :=G(e), (23)
<p<

where
G(c) = Q[(|(m+1)Az3—mA3/Ar|— A1 —2|As|)c* +4(2| Aa|+(1—m) A; )P +16mA].

Define
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A=|(m+1)A3 —mA2/A| — A; — 2| Ay
B = 4[2[Az] + (1 — m)A4]
C =16mA; and ? =t.

Then, in view of (22) and (23), we have

— a3 < G(c) =9 At> + Bt + C).
lazas — a3 < max G(c) = max (At" + Bt + C)

Since
C , B<0, A<-B/4
0%%}(4(141524-3154-0): ZZAC+_4§2+C ,B>0, A>—-B/8 or B<0, A>—-B/4
A ,B>0, A<-B/S8.
a routine calculation yields the desired result. O

If in Theorem 1 we let ¢ — 17, we obtain the upper bound for the second
Hankel determinant for the class R(¢) = {f € A: f'(2) < ¢(2), z € U}.

Corollary 1. Let f € A, given by (1), be in the class R(¢).
1. If Ay, Ay and As satisfy the conditions

7
[Aof < S A1 and |94, 45 — 8A% —842 <0
then )
Al

lasag — a%\ < 9"

2. If A1, Ay and As satisfy the conditions
7
|As| > §A1 and 2|9A; Az — 8A3| — 2A,|As] — 943 >0
or the conditions
7
Ao < S A1 and |94, 45 — 8A% — 842 >0

then
|9A4; A3 — 8A3|

2
— <
lagas — a3| < =

3. If A1, Ao and As satisfy the conditions
7
|A2| > §A1 and 2|9A1A3 — 8A%| — 2A1’A2| — QA% < 0
then
|asas — a3 <

AT 32]9A1 A3 — 8A3| — 36A1|As| — 4| As|* — 8147
288 |9A1 A3 — 8A3| — 24| Ag| — A2 ‘
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Remark 1.
1. For ¢(z) = (14 Az)/(1+Bz) —1 < B < A <1, Corollary 1 reduces to ([2],

Theorem 2.1) for v =0 and T = 1.

2. For ¢(z) = (14 z)/(1 — z), Corollary 1 reduces to ([5], Theorem 3.1).

3. Corollary 1 reduces to ([12], Theorem 3) for v =0 and 7 = 1.
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