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Abstract

The aim of this paper is to introduce the main geometrical objects on
the 2-jet bundle J2(T, M), which is the natural extension of the 1-jet bundle
JY(T, M). In this direction, we firstly introduce the geometrical concept of
a nonlinear connection NV on the 2-jet space J2(T, M), in order to construct
the adapted bases of vector and covector fields. Then, we describe the Lie
brackets of the d-vector fields of the adapted basis of vector fields.
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1 Short introduction

It is well known that the 1-jet spaces are used in the study of classical and
quantum field theory. For this reason, the differential geometry of 1-jet bundles
was intensively studied by authors like Saunders [12], Asanov [1], Neagu, Udriste
[10], [11] Atanasiu and Oana [3]. In the book [11] Neagu constructs a natural
multi-parameter extension on 1-jet spaces of the classical Lagrange geometrical
theory on the tangent bundle elaborated by Miron and Anastasiei [7]. The book
[3] is a distinguished Riemannian geometrization for Hamiltonians depending on
polymomenta which naturally extends the already classical Hamiltonian geometry
to cotangent bundles synthesized in the Miron et al.’s book [9]. The geometry
of higher order Lagrange or Hamilton spaces was elaborated by Miron in [5] and
[6] and represents the starting point for the development of the 2-jet multi-time
Riemann-Lagrange geometry.
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2 Components of N-linear connections on 2-jet bundle
JHT, M)

Let T and M be a temporal (resp. spatial) real, smooth manifold of dimension
m (resp. n), whose coordinates are (t*),_i, respectively (z'),_15. Note that,
throughout this paper, the indices a, b, c, ...,7a1,b1, c1,... run from 1 to m, while the
indices i, j, k, .., 4, j, k, ... run from 1 to n. The Einstein convention of summation

is also adopted all over this work.

Let E = J*(T, M) be the 2-jet fibre bundle, whose coordinates (¢, z%,y%, 2%,)
are induced from T and M. The coordinate transformations from the product
manifold Tx M produce on J?(T, M) the following coordinate transformations:
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Proposition 1. Under a change of coordinates (1), the elements of the dual basis
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(dt®, da*, dyl, dz} o,) C X*(E) of 1-forms on E satisfy the transformation laws
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A set of local functions on E = J2(T, M), denoted by
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whose local components obey the transformation rules
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is called a nonlinear connection on E. The components NE) N () (resp.
01 a)b’ 02(a1a2)c
(4) N(i)

N 12(a1a2)j) are called the temporal (resp. spatial) components of N.

In what follows, we fix a nonlinear connection on E, and we consider the adapted
bases of the nonlinear connection N, defined by
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It is important to note that the transformation rules of the elements of the adapted
bases (4) are tensorial ones:
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Remark 2. The simple tensorial transformation rules (6) of the adapted bases
(4) determined us to prefer them instead of those from the tangent bases whose
transformation rules (2) are not tensorial ones. We describe in what follows the

geometrical objects on the 2-jet space J*(T, M) in adapted local components.

Proposition 3. A transformation of coordinates (1) on the differentiable mani-

fold J*(T, M) implies the following transformation of the dual coefficients

In order to develop the geometrical theory of N-linear connections on the 2-jet
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space E, we need the following result:

Proposition 4. (i) The Lie algebra X (E) of vector fields decomposes as

where
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(ii) The Lie algebra X* (E) of covector fields decomposes as

where
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3 Lie brakets
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In order to obtain an adapted local characterization of the torsion tensor
associated to an N-linear connection V, we deduce, by direct computations, the

following result:

Proposition 5. The following identities of the Lie brackets are true:
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