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Abstract

In this paper we investigate the Voronovskaya type theorem for the Boolean
sum of Beta operators
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1 Introduction

A general Voronovskaja type theorem for a sequence of linear positive opera-
tors (Ly)n, is a limit of the form:

tim an(La(f)(2) = f(2)) = E(z, f'(2), f"(x), ) (1)
where (au,)n, @ — 00. For classical operators of approximation the usual value
for o, is a, = M.

Using combinations of linear positive operators it is possible the improve the
order of approximation of the original operators. One of the methods is to use
the Boolean sums. By Boolean sum of two operators .S and 7' we means operator
S+T —SoT. The purpose of the work is to use Boolean sums of Beta operators
in order to obtain an improvement in Voronovskaja type theorem. Namely, there
is obtained a sequence of positive linear operators (Ly,)n,, L, : C[0,1] — C0, 1]
for which the following conditions:

1) nli_}nloo L, f = f uniformly on [0, 1]

2) Jay, cu M oo for which it takes place (1).
n

are satisfied.
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2 Beta operator and combinations of Beta operators
The operators Beta, introduced by A Lupag [4], are defined in this way:

1 ne(1 _ s\n(l—z)
BA1)0) = [ gt e Col e, (2

where B(u,v) is Beta function.
For the Beta operators, the following result is known:
Theorem B We have:

1) lim B,(f)(z) = f(z) uniformly ¥Vf € C[0,1],

n—aoo

2) If f € C1V[0,1] and for each z € [0,1] we have:

tim_n[B()(z) — f(x)] = (1~ 22) () + 5oL~ 2)f"(@). (3)

n—-~oQ

Therefore the Beta operators satisfy Voronovskaja theorem with o, = n, as
well. In order to a obtain a better approximation order in Voronovskaja theorem,
we consider the sequence of operators, (Ly,)n, defined as follows:

Ly := 2B, — B, o B,. (4)

For the study of operators L,, we need calculating the moments of the oper-
ators B,,. Let be e, the monomial applications eg(t) = t*. We obtain:

(nx +p)(nc+p—1)--- (nz+1)
n+2)(n+3)---(n+p+1)

(Brep)(z) =
Afterwards, if k =0,1,2,..., n > 1, x € [0, 1], we denote:
k() = Ba((er — eo)) ().
Using the formulas above, and the function ¥(z) = z(1 — x) we get:

Lemma 1. We have:

mp1(z) = Ap1 ¥ () (5)
Mmp2(z) = An2¥ () + By 2 (6)
Mn3(x) = An 3V (2)V'(2) + Bn 3V (2) (7)
My a(7) = Apa¥(2)? + Bpa¥(z) + Cha, (8)
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where

1 - n—=6 B 2
T2 T (4 2)(n+3) T (n+2)(n+3)
A= on — 12 B, = 6

" (n+2)(n+3)(n+4) ™ (n+2)(n+3)(n+4)
A= 3n? — 86n + 120

" (n+2)(n+3)(n+4)(n+5)
B, = 26m — 120

" n+2)(n+3)(n+4)(n+5)

24

Cha = .

’ n+2)(n+3)(n+4)(n+5)

1
Moreover, my, ¢(z) = O($>

The main result is the following:
Theorem 1. Operators L,, satisfy the following conditions:

i) If f € C[0,1], then:

lim L,(f)(x) = f(x), unifomly for x € [0, 1].

n—0o0

i) If f € C*0,1] and x € [0,1], then:

lim n?(La(F)() ~ F2)] = 27/ (@)W (@) + 1)~ 5 + 8% (a)

n—oo

(@)W () — 5 Y () ).

Proof. i) Let be f € C[0,1], n > 1. We write:
Ln(f) - f= (an - f) - (Bn(an - f))
From Theorem A-i) we obtain:

nh_r>noo B, f = f, uniformly.

Then we take into account that ||B,| = 1.

183

i) If g € C*[0,1], k > 0, t,z € [0, 1], we denote by Ry[g](t, ), the remainder of
order k in Taylor polynomial around the point x of function g at point ¢, namely:

g,
9() = D (= @) o+ Relglt, )

7=0
We can write Ry[g](t,2) = (t — x)*wy[g](t, z), where

lim wi[g](#, ) = 0.
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Further, we evaluate the remainders. From point i) of theorem, we have:
lim (B(|wk[g](-,2)[")(z) =0, k>0, p>0, (14)
n—oo

because lim;_, wi[g](t, ) = 0 and wg[g](x,x) = 0. We have the following limits:
a) If g € C[0, 1], we have directly from (14):

Jim By, (Rolg](, #))(x) = 0. (15)
b) If g € C?[0, 1], we have:
Ba(Ralg)(-,2)) ()] < Ba(|Ralg] () () = Bu((er — eo)walg] () (x).
Afterwards, from Cauchy-Schwartz inequality:

Ba((ex — we0)’lunlo] (-, 2))(@) < [Bu((er — wen)*) @)
= (@)} Bwalo)(-. ) ) )]

Since mp 4 = O( 1 ) and using (14), we obtain:

n?

N|=
=

(Bn(lw2[g] (- 2)*)(2))

lim nB, (Ra[g](-,z))(z) = 0. (16)

c) If g € C*0, 1], we have:
[Bn(Ralg]( 2))(2)] < Bn(|Ralg] (-, 2)])(2) = Ba((er — zeo) walg)(-, 2)])(z)
From inequality of Holder:

Bn((e1 — )" |wilg] (-, 2)|)(2) < [B
= (m6(2))3 [(Bluxlg) (-, 2) ) )]

((e1 — we0)* 7)) (2)]5 (Bu(|walg] (- 2)?) ()5

Wl 3

Since my, 6 = O(i) and using (14),

lim n?B, (Rlg](-.2))(x) = 0. (7)
‘We have:
4 F0)(z) 1
Bo()a) = YT ma @) +o( )
=0 7
= @)+ @AY @)+ T 4,00 + Bo)

P A, (@)W (@) + B (o)
+fIZ!(x) [Ap U2 (2) + By a¥(x) + Cpoa] + 0(%)
= @)+ L@ @)+ T 4,9(@) + Bae)
" (e IV (o
+L 3(! (A5 ¥ (@)W () + 4!( )[An,4x1/2(:c)]+o(nl?).
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Then we get:

(g e
L@ = Y@ - B ()@ ns + 5 0206 + B,
7=0

e IV (e
+f 3(! )[A”’g(\l“lﬂ)(x)] + ! 4!( )[An,4‘1’2(50)]) + 0(%).

= f(z)+ f'(2)[An 1P (z)] + fllém) [Ap 2V (x) + By a(x)]

" T IV T
0 )[Amg\l’(x)\lﬂ(x)]Jrf ( >[An,4qﬂ<x>]+o<;)

3 4l
-B, ((f/‘lf/)(w)An,l W1 ”2(!37) [Ap2V () + Bnol
" T Ja%e "
*fs(! (A0 @) + L 4!( )[An,m?(x)]) +o(%).

Also, we obtain:
B (f'W)(x) = (f'¥') (@) + Ana[(f"(¥)?) (2) = 2(f" ") (2)]
oy Anal (P W) (&) = 210N @)] + g Bual (7)) - 24" (1)

1
+o(5z)
B (5 0) () = 507 9) (@) + S Ana (09 (&) + (W) (2]
F5 [ (V0@ + 20 @)~ 277 @)] - (A0 20 () + Byl
1
+o(2z)

Bﬂ(f”(w)) _ [(=@) +0< 1 )

2! 2! n2
o (o) - o o] +of ).
Bn(;vllfz(:c)) - %(flv\lﬂ)(x) + 0(%)

Summing, making reductions in terms and using relations (5)-(13) and (¥')?(z) =
1 — 4% (x), we obtain that:
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L))~ 1(a)
= Ana () (@) + TZR (@) + T2 ) + S (e (o)
PRV (@) — A [(F9) (@) + Ana [ () @) — 2(79) )
5 Anal(1V W) () = 2(W) @) + 5 Bual(Y)@) — 26" @)]
~Ana [ @) + S A @) + () )
5[V @) + 2050 @)~ 2@)] - [An 29 () + Bas]

['(@) _ Ans [(f’”\IJ\IJ’)(x)] —~ %(f”\lﬂ)(m) + o(%)

~Bn2 g, 3!

Finally, we obtain:

T ?[La(f)e) ~ F@)] = 27 @) + ()] -+ 80()]
2 ()W) () — 3 Y ()T ().
]
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