Bulletin of the Transilvania University of Bragov e Vol 11(60), No. 2 - 2018
Series II1: Mathematics, Informatics, Physics, 125-138

THE APPLICATIONS OF THE UNIVERSAL MORPHISMS
OF CF-TOP THE CATEGORY OF ALL FUZZY
TOPOLOGICAL SPACES

Farhan ISMAIL ! and Abdelkrim LATRECHE* 2

Abstract

In the present work, we built a category of fuzzy topological spaces from
Chang’s definition of Fuzzy TOPological space, that we denoted CF-TOP.
Firstly, we collected universal morphisms of TOP category, listed by Sander
Mac Lane [6], then, we studied universal morphisms of CF-TOP. This study
shows that these morphisms are just generalizations of TOP category mor-
phisms, which confirms that Chang’s fuzziness to topological space is weak.
At the end of this work, we prove that TOP and CF-TOP are not isomorphic.
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1 Introduction

In the early 1940’s Samuel Eilenberg and Saunders Mac Lane [7] invented
Category theory, with the aim of bridging what may appear to be two quite
different fields: Topology and Algebra. Later, it was propagated by Alexander
Grothendieck in 1960’s. From another side, L. A. Zadeh [10] introduced the fuzzy
set in 1965, since then many researchers have used this tool to generalize different
concepts of Mathematics.

General topology is considered to be one of the first branches of pure mathemat-
ics that appeared at the end of the 19th century. However, the fuzzification of
topological space is defined by C. L. Chang [3] in 1968, that is, three years after
Zadeh’s paper.

Regarding the importance of fuzzy applications and category theory, it seems
more interesting to join both. This leads us to speaking about the applications of
the universal morphisms of the fuzzy category.
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The present work is organized as follows: in the next section, we recall some of
the basic definitions (fuzzy set and operations on it, the fuzzy topological space,
fuzzy continuous application, fuzzy topological space, universal morphisms, ... ).
Then, we collect the universal morphisms of TOPological spaces category (TOP).
In the 3rd section, we study the universal morphisms of fuzzy topological spaces
category (CE-TOP). And finally, we chose category functor (simple)[8] for clari-
fying the relation between TOP and CF-TOP categories and we proved that this
functor is not isomorphic.

2 PRELIMINARY NOTIONS

Let X be a set. A fuzzy set A in X is characterized by a membership function
pa(x) from X into [0,1]. [3]-[9]-[10]

Definition 1. [3/-[10] Let A and B be fuzzy sets in X. Then:

1. A=B < ps(z) = up(z), forallzeX.
2. Ac B+ pua(x) <pup(x), forall x e X.
3. C=AuUB <<= puc(x) =max{pa(z),np(z)} forall z e X.
4. D=AnB <= pup(x) =min{pa(z),up(x)} forall x e X.

More generally, for a family of fuzzy sets, A = {A;, i € I}, the union, C = UrA,,
and the intersection D =Ny A;, are defined by:

pe(zx) = supr{pa, ()} forall x e X.

up(x) = infr{pa, (z)} forall z ¢ X.

The symbol @ will be used to denote an empty fuzzy set (ug(xz) =0 for all x € X).
For X, we have by definition px(x) =1, for all x € X.

Definition 2. [3] Let f be a function from X to Y. Let B be a fuzzy set in'Y
with membership function pp(y). Then the inverse of B, written as f~*(B), is a
fuzzy set in X whose membership function is defined by:

(@) = ps(f(2)) forall zeX.

Definition 3. [3] A fuzzy topology is a family T of fuzzy sets in X which satisfies
the following conditions:

1. @, X eT.
2. Si Al, A2 GT, then AlﬁAQET.
3. St A; €T four alliel, then urA; €T.

T is called a fuzzy topology for X, and the pair (X,T) is a fuzzy topological space
or (F-TOP) in short. Every member of T is called a T-open fuzzy set.
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Definition 4. [3] A function f from an F-TOP (X,T) to an F-TOP (Y,U) is
fuzzy continuous (F-continuous) iff the inverse of each U-open fuzzy set is T'-open.

Definition 5. [9]

(a) Let T be a fuzzy topology. A subfamily B of T is a base for T iff each
member of T' can be expressed as the union of some members of B.

(b) A subfamily S of B is a sub-base for T iff the family of finite intersections
of members of S forms a base for T.

(c) A sub-base for the product fuzzy topology on (X,T) = (ITier Xis [ier T3) is
given by S = {n;10;; 0; € T;, i € I} ( m; the projection from X onto X; ) so
that a base can be taken to be

B= {ﬂ?zlﬂi_jlﬂij; 0;;, €Ti,, ijel, j=1.n,neN}

Definition 6. [6] Let D,C be two categories, S: D — C is a functor and ¢ an
object of C', a universal arrow from c to S is a pair < r,u > consisting of an object
r of D and u:c—> Sr an arrow of S, such that to every pair < d, f > with d an

object of D and f:c— Sd an arrow of C, there is a unique arrow f':r — d of
D with Sf'ou=f.

Proposition 1. [6/(THE UNIVERSAL MORPHISMS OF TOP)
TOP is the category of all topological spaces and continuous maps.

(a) The element of Co-product of (X,7x) and (Y,7y) in TOP is their disjoint
UNLON.

(b) The element of Co-equalizer of f,g : (X,7x) — (Y,7y) in TOP is the
topological space (Y [ ~, Ty .), where ~ is the least equivalence relation which
contains all pairs < f(x),g(x) >, for z e X.

(¢) The element of Push-out of f: (X, 7x) — (Y,7v), 9: (X, 7x) — (Z,7%2)
in TOP is the disjoint union (Y 0 Z,1ywz) with the elements f(x) and g(x)
identified for each x € X.

(d) The element of Product of (X,7x), (Y,7y) in TOP is their cartesian prod-
uct.

(e) The element of Equalizer of f,g: (X,7x) — (Y,7y) in TOP is the topo-
logical space (D,1p), where D ={xe X, f(x)=g(x)} .

(f) The element of Pull-back of f : (X,7x) — (Z,72), g: (Y,7v) — (Z,77) in
TOP is the topological space (C,7¢), where C = {(z,y) € XxY, f(x) =g(y)}.
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3 Main results

This section is devoted to present the main results of this paper.
The fuzzy topological spaces F-TOP and fuzzy continuous mappings form a cate-
gory which we denote by CF-TOP. Now, we investigate the universal morphisms
of this category.

3.1 Co-product

Definition 7. (Disjoint union of fuzzy topological spaces)
Let (X1,71),(X2,72) be two fuzzy topological spaces, p and j' denote the mem-
bership functions of the elements of 71 and o respectively.

The disjoint union of (X1,711),(X2,m2) is defined as:

(X177—1) u (—X277—2) = (Xl Y X27TX1UX2)‘

where

Xl UX2 = {Xl X {1}} @] {X2 X {2}}

and
TxuX, =10, 0is a fuzzy set on X7 v Xo}.

The membership function of the elements of Tx,ux, s defined by:

(pwp)e: X1 Xy —[0,1]

-1 if k=1.
(2, k) — (o p)o(x, k) = { Zfilizzgg z;k -2,
P2

where
11 (X1,71) — (X1 X2, Tx,0x,)
r— p1(z) = (v,1)

and
@2 1 (X2, m2) — (X1 Y Xo, Tx,0x,)
T — @a(7) = (7,2)

Proposition 2. The disjoint union (X1wXs, Tx,ux,) @S a fuzzy topological space.
Proof. (1) We have:

(pu M,)Q(x7k) = {

Hori(gy(z) ifk=1. _{uz(w) ifk=1._,

,u;gl(g)(x) if k=2. po(z) ifk=2.

o1 x0xy (@) i k=1.
(MUMI)Xlqu(wyk) :{ ;Pl (X1uX2)

u%l(xluxﬂ(z‘) if k =2.
| opx,(x) ifk=1. _1
| w, () ifk=20 0

So @, X1 uwXs € Tx,ux,-
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(2) If 01, O3 € Tx,ux,, then 61 Ny is a fuzzy set on X u X', \g, g, denotes the
membership function of 8; N #,. By definition(1) we have :

Mooyt X wX —s [0,1]
(2, k) —> Agyno, (2, k) = min{ g, (x, k), No, (2, k) }

We have two cases:

case (1): If k=1, we have:
)\91092(1', 1) = min{)\&(xa 1)’ )‘92 (l‘, 1)}
= m’m{(ﬂ Y /1’,)91 (a:, 1)7 (:U’ W M,)Bz(xa 1)}
= min{fi,(o,) (%), Hort(a,) ()}
= Hp=1 (1) 7! (02) (T) = K1 (0,00,) ()

case (2): If k =2, using the same method with k£ = 1 we prove that:
A91ﬂ92 (x7 2) = /’1/:0{1(91092) (f]f)

_ ] Her (91092)(x) itk =1,
So )\91092 (l’, k) = { M(pll(elmg )(.%') if £k = 2.
2

then 91 N 92 € TX uXs-

(3) If 6, € Tx ux,, Yh € A&, then Upeaf), is a fuzzy set on X uw X', Ay, L0,
denotes the membership function of Upeap,. By definition(1) we have :

A (X uX' —[0,1]

(z,k) — Ao, 00, (T, k) = suppea{Ng, (z,k)}

Unheatn

We have two cases:

case (1): If k =1, then:
AUpeatn (7,1) = supnea{de, (z,1)} = suppea{(p v '), (z,1)}
= Hopeaert (00) () = Higr (0 0) (2)-

case (2): If k =2, using the same method with k£ = 1 we prove that:
)\UheAeh (‘T7 2) = M;El(UhEAeh) (fIf)

M‘Pl (UheAeh)(x) if k=1.

S0 Auyopty (2, k) = { -

M%l(Uh Aeh)(x)

then Upealh € Tx 0X5-

Proposition 3. The applications @1, w2 are F-continuous.
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Proof. First, let’s prove that ¢; is F-continuous.
Let 6 € 7x,ux,, from the definition (2), the inverse of 6 by ¢ is a fuzzy set in X;,
Ag1(g) denotes the membership function of ©7%(0), then:

/\%1(9)(17) =Xxo1() = (pup)e(x,1) = Mwil(G)(I)'

Using the same method we prove that @9 is F-continuous. O

Theorem 1. Let f : (X1,11) — (C,71¢), g : (X2,72) — (C,7¢) be two F-
continuous applications (u'" denotes the membership function of the elements of
Tc ), then there exists an F-continuous application

h:(X1wXe,Tx,ux,) — (C,7¢) such that f=hoyy and g =ho ps.

Proof. Let’s define h by :
h: (X190 X, Txux,) — (Cy70) (1)

(2.k) — h(:v,k)={ ggg oo

It is clear that : f=ho ) andg=ho ps.
Let 6y € 7¢, by definition(2) and (1) we have:

" :
_ _m _ :uekf($) ifk=1.
>‘h*1(0k)(xa k) = )‘Gkh(x7k) = M@kh(ka) = { M/@/kg(x) ifk=2.

As f, g are F-continuous then:

pr10gy(x) ifk=1.
An-1(0,) (2, F) { 7o

/’L;—l(ek)(x) if k=2.

_ | o)1 () iR =1
Mzhwz)‘l(ak)(w) if k=2.

| By () iR =1
“;gl(h—l(ek))(l’) if k=2.

which gives h™1(0x) € Tx,ux,, S0 h is F-continuous. O

Corollary 1. The element of Co-product of (X1,71),(X2,72) € CF-TOP is a
fuzzy topological space (X1,71)w (Xa,72) (defined above).

Proof. By proposition(2) (X1 v X2, 7x,ux,) € CE-TOP. Also by proposition(3)
©1, 2 are F- continuous.

By theorem (1), if f : (X1,11) — (C,7¢), g : (X2,72) — (C,7¢) are F-
continuous applications, then there exists an F-continuous application A defined
by (1), that verifies f =ho 1, g=hops.

Let h': (X1 0 X9, Tx,ux,) — (C,7¢) be another F-continuous application where
f=h opiand g=h'op,. We have:

(h'op1)(@) = h'(p1(x)) = W' (x,1) = f().
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and
(h' o) () = h'(p2(x)) = h'(x,2) = g(x).

therefore h is unique. O

3.2 Co-equalizer

Definition 8. Let (X, 7x) be a fuzzy topological space, i denotes the membership
function of the elements of Tx, ~ is the equivalence relation on X and
P: X — X/ ~ is the natural projection map, we define Tx/~ bYy:

Tx/. =10, 0 is a fuzzy set on X[ ~}.
The membership function of the elements of Tx . is defined by:

o X[ ~—1[0,1]
T — 1g(T) = pp-1(9) ()

Proposition 4. The space (X/ ~,7x/.) is a fuzzy topological space.
Proof. (1) We have:
Hg(T) = pp-1(g)(7) = pg(x) = 0.
Iix/~(T) = pp-1(x)(7) = px(x) = 1.
So a, X/ ~ € TX/~'

(2) If 91, 92 € T){/N, then:
Aoyr0,(T) = min{Ag, (T), Ao, (T} = min{pg, (T), 1, ()}
=min{pp-1(9,)(T), wp-1(0,)(T)} = p-1(6,)nP-1(62)(T)
= [Lp-1(9,n0) (T)-
So 01 092 € TX/N-

(3) If O eTx,., Yk e A, then:

)‘ngAQk (E) = Supk’EA{)‘% (f)} = SUPICEA{MPfl(Gk)(x) }
= :U’UkEAP_l(Qk)(x) = HP_l(UkEAGk)(:C)‘
So UkeAak € TX/~-

Proposition 5. The application P is F-continuous.
Proof. evident (by definition of 7x.). O

Theorem 2. Let (A,74),(B,75) € F-TOP, u and i’ denote the membership
functions of the elements of T4 and Tp respectively, ~ is the equivalence relation
of A and P: A — A/ ~ is the associated projection. If h: (A,74) — (B,TB)
is the F-continuous application compatible with ~, then there exists a unique F-
continuous application h', where h = h' o P. In addition:

. . I/ - .
h is F-continuous == h' is F-continuous.
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Proof. Let’s define h' by :

h: (A~ 7ap.) — (B, 7B)
T — B(T) = h(z)

It is clear that A’ is unique and h = h' o P.

Let B; € 7 then:

A1) (®) = AW (T) = pig, h(2) = pi-1(8,) (%) = fi(rrop)-1(B:) (%) = Hp-1(1-1(B,)) (2)-
So h' is F-continuous. O
Corollary 2. The element of Co-equalizer of f,g: (X,7) — (X', 7") in CF-TOP

is the fuzzy topological space (X'[ ~, TX//N), where ~ is the least equivalence relation
which contains all pairs < f(x),g(x) >, such that z € X.

Proof. Let h: (X',7") — (C,7¢) be an F-continuous application where

ho f =hog. For the existence of a unique h’, by theorem (2) it is sufficient to
prove that h is compatible with ~:

Let 1,20 € X', @1 ~29 <= 3Jae X, x1=f(a) A x2=g(a).

and h(z1) = h(f(a)) = (hof)(a) = (hog)(a) = h(g(a)) = h(x2), so h is compatible
with ~.

Finally, h is unique by theorem (2). O

3.3 Push-out

Definition 9. Let (A,74), (B,78) € F-TOP, p and p' denote the membership
functions of the elements of T4 and Tp respectively, ~ equivalence relation on
AuB (note Xo=(AuB)/~ ), we define Tx, by:

Tx, = {0, 0 is a fuzzy set on Xo}.
The membership function of the elements of Tx, is defined by:
(pup)y: Xo—[0,1]

(2, k) — (o p)y(z. k) = { Py () ifk=1.

Hiogrpigoy(®) ik =2.

where
P:AuB — X
(z,k) — P(z,k) = (z,k)
p1:(A,74) — (AU B, TauB)
z— p1(z) = (z,1)
and

@2 (B,78) — (Au B,TAuB)
r— pa(x) = (7,2)

Proposition 6. The space (Xo,7x,) is a fuzzy topological space.
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Proof. The proof is based on the proofs of proposition (2) and proposition (4). [
Proposition 7. The following applications:

a: (A, 14) — (Xo,7x,)

x— a(zx) =(z,1)

B:(B,m5) — (Xo0,7x,)
z— B(z) = (z,2)

are F-continuous.

Proof. First, let’s prove that « is F-continuous.
For 6 ¢ 1x,, we have:

Aa-1(0) () = Aga() = Ag(x,1) = (' )g(2,1) = prpor (p-1()) (7)-

It is clear that a = P o ¢y, then:

Aa1(0) () = f1(Popy)1(0)(T) = fa-1(9) ().

So « is F-continuous.
Using the same method we prove that g is F-continuous.
O

Theorem 3. Let f : (A,7a) — (C,71¢0),9 : (A,7a) — (B,7B) be two F-
continuous applications. The element of Push-out of < f,g > is (Xo,7x,), where
Xo=(Bu(C)/~ and ~ is the least equivalence relation which contains all pairs

<(p10f)(e),(p209)(c) >, such that ce A.

Proof. By proposition (6) (Xo,7x,) € F-TOP. Also, by proposition (7) «, § are
F-continuous.

Let (Y,7y) e F-TOP, and U : (B,78) — (Y, 7v), V : (C,7¢) — (Y, 7y) are two
F-continuous applications, where V o f = U o g.

The proof of the existence of a unique F-continuous application

h:(Xo,7x,) — (Y, 7v) where U = hoa, V = ho 3 requires the following steps:

Stepl: The Co-product of (B,7g), (C,7¢) is a disjoint union (B w C, 7gyc), then
for {a, B} there exists an F-continuous application
m: (BuC,1puc) — (Xo,7Tx,) wherea =mo @y, B =m0 pa.

Step2: Let’s define the new application U u 'V by:
UuwV:(BuC,1tpuc) — (Y,7y)

(z,k) — (qu)(x,k):{ U(z) ifk=1.

V(z) if k=2

If U wV is compatible with ~ then there exists a unique F-continuous ap-
plication h : (Xo,7x,) — (Y,7y) where: UuV = h o (theorem (2)).
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Let (z,k), (',k") € BuC that:
($7k) ~ (xl)k,) = Ja € A, (ka) = (901 og)(a) and (Ill",k,) = (902 0 f)(a)

(UuV)(z,k) = (UuV)(piog)(a) = (UvV)(g(a),1) = U(g(a)) = (Ueg)(a).
(UuV)(", k') = (UuV)(p20f)(a) = (UuV)(f(a),2) =V (f(a)) = (Vof)(a).
But Vo f=Uog, then UuV is compatible with ~.

Step3: Prove that U =hoa,V =hof.
(hoa)(x)=(ho(mopi))(xz)=(hom)(xz,1)=(UuvV)(z,1)=U(x), Yz € B.
(hoB)(x) = (ho(mops))(x) = (hom)(x,2) = (UuV)(x,2) =V(x), VzeC.

O]

3.4 Product

Definition 10. Let (X1,01),(X2,02) be two F-TOP, y and u' denote the mem-
bership functions of the elements of 01 and 02 respectively. We define Tx,xx,
by:

TX1xXo = {9, 0= uiej(é?l)ix(ﬁg)i 15 a fuzzy set OnXlxXQ, (91)Z € 51, (92)z € 52, Vie I}.

The membership function of the elements of Tx,«xx, s defined by:

(% 1o (2, y) = supier{min{p(g,), (%), (), (¥)}}, for all (z,y) € X1 x Xo.
Proposition 8. [9] The space (X1 x Xo,Tx,xx,) i a fuzzy topological space.
Proposition 9. [9] The projections Py, Pa» are F-continuous, where :

Py (X x XQ,TXlX)Q) — (X1,61)
(z,y) — Pi(x,y) =x

Py (Xl X X277—X1><X2) - (X2752)
(z,y) — Py(z,y) =y

Theorem 4. [9] Let (Y,7y) be an F-TOP and let f be a function from Y to
X1 x Xy, Then f is F-continuous iff Pyo f, Pso f are F-continuous.

Corollary 3. Let (X1,01),(X2,d02) € CE-TOP. The element of product of (X1,01),
(X2,02) are the fuzzy topological space (X1 x Xo,Tx,xx,) (defined above).

Proof. It f : (C,03) — (X1,01), g : (C,d3) — (X2,d2) be two F-continuous
applications, then there exists a unique F-continuous application defined by:

h:(C,63) — (X1 x X2, Tx,xX5)
z— h(z) = (f(z),9(x))

where f=Pyoh and g= Pso0h.
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It is clear that : f=Pioh and g= Psoh.
By theorem (4), h is F-continuous.
Proof of the uniqueness of h:
Let k' be another F-continuous application where: h': (C,§) — (X1x X2, Tx,xX5 )
and fZPloh,, g:onh,,
We suppose that: h'(z) = (a,b).
a=Pi(a,b)=(Proh')(x)=f(x), b=Ps(a,b) =(Pyoh')(x)=g(x).
Then h'(z) = (f(z),g(x)) = h(x), so h is unique. O

3.5 Equalizer

Definition 11. Let (A,7a), (B,75) € F-TOP, u' denotes the membership func-
tions of the elements of T, and let f,g: (B,75) — (A, 74) be two F-continuous
applications. D is a subset of B defined by: D ={x € B, f(x)=g(x)}. We define
D by:
0 =460 ,0=F(D)nB; is a fuzzy set on D, B; e g and F(D) is a fuzzy set on B
where () = X ()}
The membership function of the elements of Tp is defined by:

pg : D —10,1]

7 > 1)) = min{plp y (2), 1, ()

Proposition 10. The space (D,Tp) is a fuzzy topological space.

Proof. (1) We have:
We take : (@ =F(D)n@) and (D = F(D) n B), then:
() = min{yip () . () = min{1 0} =0

() = min{p ) (@) (@)} = min{1, 1} =1.
So @, D eTp.

(2) If@l, 92 €TD where 01 ZF(D)QBl, Bl €TB and 92 :F(D)OBQ, BQ €ETB:
A106,(T) = Ap(D)aBinF(D)nB, (T) = AR(D)n(BinBy) (T)
= min{u;ﬂ(D)(x),,u’(BmBz)(m)}.
Then 91 ﬂ02 €TD (as B1 OBQ ETB).
(3) If 0, e7p, Viel, where: §; = F(D)n B;, Bje€Tp, then:
)\UieI(F(D)nBi)(x) = AF(D)H(UieIBz‘)(x) = mzn{,ub(ﬂ?), 'u,(UieJBz')(x)}'

Then User0; € Tp (as Ui B; € TB).

Proposition 11. e is F-continuous, where:

e:(D,mp) — (B, TB)
rr—e(x)=x
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Proof. Clear. O

Corollary 4. The element of Equalizer of f,g:(B,78) — (A,74) in CF-TOP
is the fuzzy topological space (D, 1p) (defined above).

Proof. Let (C,7¢) € F-TOP, for h: (C,7¢) — (B, 7p) the F-continuous applica-
tion where: foh = go h, then there exists a unique F-continuous application h’
defined by:

h': (C, Tc) — (D,TD)

x— h'(z) = h(x)

h' is F-continuous since h is F-continuous.
Let ze C: (eoh')(x) =e(h'(x)) =e(h(x)) = h(x) then eo h' = h.
Proof of the uniqueness of h':

Let " : (C,7¢) — (D, Tp) be another F-continuous application where eoh’' = h
(eoh)(z) =(eoh’)(x) = e(h"(x)) =e(h'(z)) = h"(x) =h/(z), Yz eC. O

3.6 Pull-back

Definition 12. Let (A,74), (B,78), (D,7p) € F-TOP, 11 and i’ denote the mem-
bership functions of the elements of T4 and T respectively, and

f:(B,/8) — (A,7a), g: (D,7p) — (A,74) in CF-TOP. C is a subset of
B x D defined by: C ={(x,y) e Bx D, f(z)=g(y)} € BxD. We define ¢ by:
70 =46,0=F(C)nb is a fuzzy set on C, 0" € Tpxp and F(C) is a the fuzzy set on

BxD, where: (uxp")pey(z,y) =xc(z,y)}
The membership function of the elements of 7¢ is defined by:

Lp(@,y) = min{(ux 1) poy(@,y), super{min{up, (), up,(y)}}
9, = UieI(Bi X Dz), V(.’L’,y) eC.

Proposition 12. The space (C,7¢) is a fuzzy topological space.

Proof. The proof is based on the proofs of proposition (8) and proposition (10).
O

Proposition 13. The projections p,q are F-continuous, where :

p:(C,1c) — (B, TB)
(z,y) — p(z,y) ==

q:(C,7¢) — (D,7p)
(Ilﬁ,y) — q(m,y) =Y
Proof. First, let’s prove that p is F-continuous.
Let B; € 751 Ay (2,y) = ppp(x,y) = pp (z) = min{(p x 1) pey(2,9),
min{up (x), pp(y)}}.
Then p~(B;) € 7¢, so p is F-continuous.
Using the same method we prove ¢ is F-continuous.
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Theorem 5. Let f : (B,78) — (A,74), g : (D,7p) — (A,74) be two F-
continuous applications and (E,7g) € F-TOP, 1" denotes the membership func-
tion of the elements of Tg, and h : (E,75) — (B,71B), k: (E,75) — (D,7D)
are two F-continuous applications where foh =gok, r an application defined by:

ri(E,m) — (C70) (2)
z — r(x) = (h(z),k(z)).

then: h, k are F-continuous = r is F-continuous.

Proof. Let 0 € 7¢ then 0 = F(C)n @’ and 0’ = Uje;(B; x D;) € Texp, we have:
A1 (F(C)n(User (BixD)) (T) = TE(CYn(Uger (BixDy )y (R(2), k()
= min{ (% 1) e (h(), K(2)).
sup;er{min{pup,h(x), pp,k(x)}}}
As (0 1)y (h(@), k(x)) = 1, then:

A1 (PO (Ui (BixD)Y () = Tr(0)n(Uier (BixDi)) (R(2), k()
= supier{min{up,h(x), up, k(x)}}
= Supid{min{:u;:fl(Bi) (z), /";q:’l(D,L-) (z)}}
= Mk (o1 (8,) ()

Then r is F-continuous. O

Corollary 5. Let f: (B,78) — (A,74),9:(D,mp) — (A,74) in CF-TOP.
The element of Pull-back of (f,g) is a fuzzy topological space (C,7¢) (defined
above).

Proof. For the projections p, ¢ it is clear that fop=gogq.

By theorem (5), if h : (E,7g) — (B,7B), k : (E,75) — (D,7p) two F-
continuous applications where foh = gok, then there exists a unique F-continuous
application 7 defined by (2).

It is clear that k=qgor and h=por.

Proof of the uniqueness of r:

If 7' is another F-continuous application, where ' : (E,75) — (C,7¢) and
k=qgor' h=por'

Suppose that r'(z) = (a,b) therefore a = p(a,b) = (por’)(x) = h(z) and
b=q(a,b)=(qgor")(x)=k(x). Sor=r'.

4 Interrelation between the category TOP and
CF-TOP

Many TOP and CF-TOP functors are built [1]-[2]-[4]-[5] and we choose those
that suit better our work.
The natural inclusion functor [8]:
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Identifying, as usual, subsets of a given set with the corresponding characteristic
functions, we can treat a topological space (X,T") as an object of CF-TOP. In
this way an inclusion functor e : TOP — CF-TOP arises.

This functor is not isomorphic since it is not surjective. Indeed:

Suppose that e is surjective, let (X,7) € CE-TOP, where X = {a,b} and

T ={X, 3,0} where:

{ px(a)=1. { pig(a) = 0. { pie(a) = 0.8.

px () =1. 7 | pg(b)=0. " | pe(b)=0.7.
Posed T' = {X,@,B} € TOP, where ¢(X,T) = (X,F(T)), but F(T) # 7 ( as

HE(BY = XB * [16)-
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