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PROPERTIES OF AN INTEGRAL OPERATOR

Virgil PESCAR1 and Adela SASU2

Abstract
In this paper we define an integral operator for analyƟc funcƟons in the open

unit disk and we determine some properƟes of this integral operator.
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1 IntroducƟon

Let A be the class of funcƟons of the form:

f(z) = z +
∞∑
n=2

anz
n,

normalized by f(0) = f ′(0)− 1 = 0, which are analyƟc in the open unit disk U = {z ∈
C : |z| < 1}.

We denote by S the subclass ofA consisƟng of funcƟons f ∈ A, which are univalent
in U .

LetH(U) be the space of holomorphic funcƟons in U . For a ∈ C and n ∈ N− {0}
we note

H[a, n] = {f ∈ H(U) : f(z) = a+ anz
n + · · · }

and
An =

{
f ∈ H(U) : f(z) = z + an+1z

n+1 + · · ·
}
,

withA1 = A.
In this paper we consider the integral operator Iα,β,γ defined by

Iα,β,γ(z) =

[
γ + β

zγ

∫ z

0
(f(t))β(h′(t))αtγ−1dt

] 1
β

, (1)

α, β, γ ∈ C, β ̸= 0, f, h ∈ An.
We have the next remarks.
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k1) For n = 1, γ = 0, h(z) = z or n = 1, α = γ = 0, we obtain the integral operator
Miller-Mocanu [2].

k2) If α = 0, we obtain an integral operator, which was studied by P.T. Mocanu, D.
Ripeanu and I. Şerb [3].

2 Preliminaries

We need the following lemmas.

Lemma 1 (Pascu [5]). Let α be a complex number,Reα > 0 and f ∈ A. If

1− |z|2Reα

Reα

∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≤ 1, (2)

for all z ∈ U , then the funcƟon

Fα(z) =

[
α

∫ z

0
tα−1f ′(t)dt

] 1
α

(3)

is regular and univalent in U .

Lemma 2 (Mocanu and Şerb, [4]). LetM0 = 1, 5936 . . . be the posiƟve soluƟon of equa-
Ɵon

(2−M)eM = 2.

If f ∈ A and ∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣ ≤ M0, z ∈ U, (4)

then ∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < 1, z ∈ U. (5)

The edgeM0 is sharp.

Lemma 3 (General Schwarz Lemma, [1]). Let f be the funcƟon regular in the disk UR =
{z ∈ C : |z| < R} with |f(z)| < M , M fixed. If the funcƟon f has in z = 0 one zero
with mulƟply≥ m, then

|f(z)| ≤ M

Rm
|z|m, z ∈ UR, (6)

the equality (in the inequality (6) for z ̸= 0) can hold only if

f(z) = eiθ
M

Rm
zm,

where θ is constant.

In this paper we obtain properƟes of integral operator Iα,β,γ .
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3 Main results

Theorem 1. Let α, β, γ be complex numbers, β ̸= 0, a = Re(γ + β) > 0 and the
funcƟons f, h ∈ An, L,M be the posiƟve real numbers.

If ∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ < M, z ∈ U, (7)

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣ < L, z ∈ U (8)

and

|α|L+ |β|M ≤ (2a+ n)
n+2a
2a

2n
n
2a

, (9)

then
Iα,β,γ(z) = z

(
1 + b2z + b3z

2 + · · ·
)β+γ

β , z ∈ D ∩ U, (10)

where D is domain of definiƟon of the funcƟon Iα,β,γ(z) and z
γ

β+γ [Iα,β,γ(z)]
β

β+γ be-
longs to class S. If γ = 0, then Iα,β,0(z) ∈ S, and Iα,β,0(z) = z + b2z

2 + . . ., z ∈ U .

Proof. From (1) we have

Iα,β,γ(z) =
1

z
γ
β


[
(γ + β)

∫ z

0
tγ+β−1

(
f(t)

t

)β (
h′(t)

)α
dt

] 1
γ+β


γ+β
β

, (11)

for all z ∈ U .
We consider the funcƟon

Kα,β,γ(z) =

[
(γ + β)

∫ z

0
tγ+β−1

(
f(t)

t

)β (
h′(t)

)α
dt

] 1
γ+β

, z ∈ U. (12)

Let the funcƟon

g(z) =

∫ z

0

(
f(t)

t

)β (
h′(t)

)α
dt, z ∈ U, (13)

which is regular in U and g(0) = g′(0)− 1 = 0.
We have

zg′′(z)

g′(z)
= β

(
zf ′(z)

f(z)
− 1

)
+ α

zh′′(z)

h′(z)
, z ∈ U (14)

and hence, we obtain

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ 1− |z|2a

a

[
|β|

∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣+ |α|
∣∣∣∣zh′′(z)h′(z)

∣∣∣∣] , (15)

for all z ∈ U .
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Applying lemma 3, from (7) and (8) we have∣∣∣∣zf ′(z)

f(z)
− 1

∣∣∣∣ ≤ M |z|n, z ∈ U, (16)

∣∣∣∣zh′′(z)h′(z)

∣∣∣∣ ≤ L|z|n, z ∈ U. (17)

From (15) and (16), (17) we get

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ 1− |z|2a

a
|z|n (|β|M + |α|L) , z ∈ U. (18)

We consider the funcƟon Q : [0, 1] → R, Q(x) = (1−x2a)xn

a , where x = |z|, x ∈
[0, 1].

We have

max
x∈[0,1]

Q(x) =
2n

n
2a

(2a+ n)
n+2a
2a

. (19)

By (9), (19) and (18) we obtain

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ 1, (20)

for all z ∈ U .
Now, from (20) and Lemma 1, it results that

Kα,β,γ ∈ S, Kα,β,γ(z) = z + b2z
2 + · · · , (21)

and by (11) and (21) we obtain

Iα,β,γ(z) = z
(
1 + b2z + b3z

2 + · · ·
) γ+β

β , z ∈ D ∩ U. (22)

From (22) and (21), we have z
γ

β+γ [Iα,β,γ(z)]
β

β+γ belongs to class S.
For γ = 0, we obtain Iα,β,0(z) ≡ Kα,β,0(z), for all z ∈ U , Iα,β,0(z) ∈ S, Iα,β,0(z) =

z + b2z
2 + . . . , z ∈ U.

Theorem 2. Let α, β, γ be complex numbers, β ̸= 0, a = Re(γ + β) > 0, the funcƟons
f, h ∈ An,M0 = 1, 5936 . . . the posiƟve soluƟon of equaƟon (2−M)eM = 2. If∣∣∣∣f ′′(z)

f ′(z)

∣∣∣∣ ≤ M0, z ∈ U, (23)

∣∣∣∣h′′(z)h′(z)

∣∣∣∣ ≤ M0, z ∈ U (24)

and
(2a+ n)

n+2a
2a |β|+ 2an

n
2a |α|M0 ≤ a(2a+ n)

n+2a
2a , (25)
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then z
γ

β+γ [Iα,β,γ(z)]
β

β+γ belongs to class S, where

Iα,β,γ(z) = z(1 + c2z + c3z
2 + · · · )

β+γ
β , z ∈ D ∩ U, (26)

D is domain of definiƟon of the funcƟon Iα,β,γ(z). If γ = 0, then Iα,β,0(z) ∈ S and
Iα,β,0(z) = z + c2z

2 + . . . , z ∈ U.

Proof. We use funcƟonsKα,β,γ(z) and g(z) defined in Theorem 1.
By (23), applying Lemma 2 we obtain

∣∣∣ zf ′(z)
f(z) − 1

∣∣∣ < 1, z ∈ U and by (24), applying

Lemma 3 we have
∣∣∣h′′(z)
h′(z)

∣∣∣ ≤ M0|z|n−1, z ∈ U .
Using (15) we get

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ 1− |z|2a

a
|β|+ 1− |z|2a

a
|z|n|α|M0, (27)

for all z ∈ U .
From (27) and (19) we obtain

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ |β|
a

+
2n

n
2a

(2a+ n)
n+2a
2a

|α|M0, z ∈ U. (28)

By (28) and (25) we have

1− |z|2a

a

∣∣∣∣zg′′(z)g′(z)

∣∣∣∣ ≤ 1, z ∈ U. (29)

From (29) and Lemma 1 we have

Kα,β,γ ∈ S,Kα,β,γ(z) = z + c2z
2 + · · · , (30)

and by (11) and (30) we obtain

Iα,β,γ(z) = z
(
1 + c2z + c3z

2 + · · ·
) γ+β

β , z ∈ D ∩ U. (31)

From (31) and (30) we obtain z
γ

β+γ [Iα,β,γ(z)]
β

β+γ belongs to class S.
For γ = 0, we have Iα,β,0(z) ≡ Kα,β,0(z), for all z ∈ U , Iα,β,0(z) ∈ S, Iα,β,0(z) =

z + c2z
2 + . . ., z ∈ U .

References

[1] Mayer, O., The funcƟons theory of one variable complex, BucureşƟ, 1981.

[2] Miller, S.S., Mocanu, P.T., DifferenƟal subordinaƟons, theory and applicaƟons,
Monographs and Text Books in Pure and AppliedMathemaƟcs, 255, Marcel Dekker,
New York, 2000.



120 Virgil Pescar and Adela Sasu

[3] Mocanu, P.T., Ripeanu, D., Şerb, I., On the order of starlikeness of convex funcƟons
of order α, Rev. Anal. Numer. Theor. Approx., 10 (1981), no. 2, 195-199.

[4] Mocanu, P.T. and Şerb, I., A sharp simple criterion for a subclass of starlike funcƟons,
Complex variables 32 (1997), no.2, 161-168.

[5] Pascu, N.N., On a univalence criterion II, IƟnerant Seminar on FuncƟonal EquaƟons,
ApproximaƟon and Convexity, (Cluj-Napoca, 1985), Preprint, University Babeş-
Bolyai, Cluj-Napoca, 85 (1985), 153-154.

[6] Pescar, V. and Breaz, V.D., The univalence of integral operators, Prof. Marin Drinov,
Academic Publishing House, Sofia, 2008.


