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PROPERTIES OF AN INTEGRAL OPERATOR

Virgil PESCAR! and Adela SASU?

Abstract

In this paper we define an integral operator for analytic functions in the open
unit disk and we determine some properties of this integral operator.
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1 Introduction

Let A be the class of functions of the form:
[o@)
f(z) =2+ Zanzna
n=2

normalized by f(0) = f’(0) — 1 = 0, which are analytic in the open unit disk U = {z €
C: |z < 1}.

We denote by 8 the subclass of A consisting of functions f € A, which are univalent
inU.

Let H(U ) be the space of holomorphic functionsin U. Fora € Candn € N — {0}
we note

Hla,n] ={f € H(U) : f(z) =a+anz" +---}

and
An={feHU): f(2) =2+ ans12" T+ },
with A; = A.
In this paper we consider the integral operator 1, g, defined by
1
+ z o 8
o) = |50 [P weal o

a,B,7€C,B8#0, f,h € Ap.
We have the next remarks.
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k1) Forn=1,7=0,h(z) = zorn =1, « = v = 0, we obtain the integral operator
Miller-Mocanu [2].

ko) If @« = 0, we obtain an integral operator, which was studied by P.T. Mocanu, D.
Ripeanu and I. Serb [3].

2 Preliminaries

We need the following lemmas.

Lemma 1 (Pascu [5]). Let o be a complex number, Reav > O and f € A. If

1— ‘Z‘QRQO‘ zf”(z)
Rea f'(z) =1 (2)
forall z € U, then the function
Fo(z) = [a /Z t“lf’(t)dtr (3)
0

is regular and univalent in U.

Lemma 2 (Mocanu and Serb, [4]). Let My = 1,5936 ... be the positive solution of equa-
tion

(2—M)eM =2.
If f € Aand
"}8 <My, z€U, (4)
then .
Z}C(S)—1‘<1,zeu (5)

The edge My, is sharp.

Lemma 3 (General Schwarz Lemma, [1]). Let f be the function regular in the disk Ur =
{z € C:|z| < R} with |f(z)| < M, M fixed. If the function f has in z = 0 one zero
with multiply > m, then

M
£ < Zlel™, 2 € U, )

the equality (in the inequality (6) for z # 0) can hold only if

where 0 is constant.

In this paper we obtain properties of integral operator I, g 5.



Properties of an integral operator 117

3 Main results

Theorem 1. Let o, [3, v be complex numbers, 3 # 0, a = Re(y + ) > 0 and the
functions f, h € A, L, M be the positive real numbers.

If
/
Zf(Z)—1'<M,ZEU, )
f(z)
zh"'(z)
L U 8
h’(z) < L, z¢& ( )
and o
2 a
alL+|p)M < 2ot m = (9)
2Nn2a
then
) Bty
Ingr(z) =2z(1+byz+b32®+---) 7 , zeDNU, (10)

5
where D is domain of definition of the function I, 5 .(z) and 2P [l 5,(2)]7F be-
longs to class S. If v = 0, then I, 5.0(2) € S, and I, po(2) = 2 + ba2® + ..., z € U.

Proof. From (1) we have

y+8
1 B

z B y+8
Lop(2) = (v+5) /0 o (@) (h’(t>)“dt] ., (1)

N
m\q‘ =

forall z € U.
We consider the function

1

z B Y+B
Kop(2) = (7+ﬁ)/0 A=t (f(;)) (h’(t))adt] ,2zeU. (12

Let the function

z B
g(2) :/0 <f§t)> (R'(t)"dt, z €U, (13)
which is regular in U and g(0) = ¢’(0) — 1 = 0.
T e W)
zg"(z) ([ zf'(z 2h" (2
o= () et e -
and hence, we obtain
L= |2 29" (2) | _ 1=z 2f'(2) zh"(2)
S RS e ] s

forallz € U.



118 Virgil Pescar and Adela Sasu

Applying lemma 3, from (7) and (8) we have
zf'(z)

—1| < Mlzn, e, (16)
Em R
zh"(2)
< L|z|" U. 17
W) | S |z|", z € (17)
From (15) and (16), (17) we get
1— 2a " 1— 2a
12 | 297(2) = g 4 Ly, - e o (18)
a 9'(z)
We consider the function @ : [0,1] — R, Q(x) = %, where z = |z|, z €
[0, 1].
We have
o 2a
max Q(zr) = ——— . (19)
2 e (20 +n) "%
By (9), (19) and (18) we obtain
1— 2a "
a 9'(2)

forallz € U.
Now, from (20) and Lemma 1, it results that

Kapry €58, Kapy(2) =242+, (21)

and by (11) and (21) we obtain

218
Lupr(z) = 2(14+boz+ b3z +--) 7, 2z DAU. (22)

3
From (22) and (21), we have ] [1a,8~(2)]P+7 belongs to class S.
Fory = 0, we obtain I, g o(2) = Ko p0(2), forallz € U, 1, 50(2) €S, 1080(2) =
24by2? 4+ ..., 2€U. O

Theorem 2. Let o, 3,7 be complex numbers, 3 # 0, a = Re(y + ) > 0, the functions
f,h € A, My =1,5936. .. the positive solution of equation (2 — M)eM = 2. If

"}8 <My, z €U, (23)
h”(z)
Wi | S Mos 2 €U (24)

and
n+2a

(2a+n)%|ﬁ| + 2anza |a| My < a(2a +n) 2, (25)
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i _B_
then 27+ [Io,5,4(2)]5+7 belongs to class S, where

Bty
Inp~(2) =214 coz + 32+ ) 57, zeDnU, (26)

D is domain of definition of the function 1, 3. (z). If v = 0, then I, 30(z) € S and
Ingo(z) =2+ +..., z€U.

Proof. We use functions K, 3 ,(z) and g(z) defined in Theorem 1.

2f'(2) 1‘ < 1,z € U and by (24), applying

By (23), applying Lemma 2 we obtain %)

Lemma 3 we have ’};Ll,'((j)) < M0|z|n—1, s elU.
Using (15) we get
1_22(12//2: 1_2,20, 1_Z2a
L e e %) 27)
a J'(2) a
forallz € U.
From (27) and (19) we obtain
1 — 2a 7 2 %
’Z‘ Zg, (Z) S @ + nizn_,rga‘a‘Mo, zeU. (28)
a 9'(2) a  (2a+mn)ze
By (28) and (25) we have
1— 2a "
A7 120G L e (29)
a g'(2)
From (29) and Lemma 1 we have
Kopy €5 Kapq(z) =2+cz® +---, (30)
and by (11) and (30) we obtain
9 +8
Inpy(z)=2(14+cz+csz”+---) 7, ze DNU. (31)

8

From (31) and (30) we obtain z7+7 [In,5,4(2)] P+ belongs to class S.
Fory =0, we have I, go(2) = Ko p,0(2), forallz € U, I, 530(2) € S, Inpo(z) =
z24c2?+...,2€U. ]
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