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UNIVALENCE CRITERIA TO THE GENERALIZED SALAGEAN AND RUSCHEWEYH
OPERATOR
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Abstract

In this paper we obtain new sufficient conditions for univalence using the method
of Loewner chains using the generalised Salagean and Ruscheweyh operator. In

particular, we obtain some known univalence conditions due to Lewandowski, Becker,
Kanas and Lecko.
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Preliminaries

Let A denote the class of functions of the form:
o
f2) =2+ ¥, (1)
k=2

which are analytic and univalent in the open unitdisk U = {z € C : |z| < 1}.

Definition 1. [7]

For f € A,n € N, the Sdldgean differential operator 2™ is defined by
9" A — A,

9°f(2) = f(2),
' f(2) = 2f'(2),

I (2)=2(2"f(2) .2 €U
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o0
Remark 1. If f € Aand f(z) =z + Z arz®, then
k=2

P"f(z) =z+ Zk‘”akzk,z eU.
k=2

Definition 2. [8] For f € A,n € N, the operator Z" is defined by Z" : A — A,
Af(z) = f(2),
B ()= 2f (2),...

(n+ 1) BT f(2) = 2(Z"f (2)) +nZ"f (2),2 € U.

o0
Remark 2. If f € Aand f(z) =z + Z arz®, then

Definition 3. Let v > 0,n € N. Denote by .£"™ the operator given by " : A — A,

L (2) == Z"f(2) +72"f (2),z € U.

o0
Remark 3. If f € Aand f(z) = z + Z a2, then
k=2

L (2) :2+2{(1—7)w+7k"}akzk, zeU.
k=2

Definition 4. Let f and g be analytic functions in U. We say that the function f is
subordinate to the function g, if there exists a function w, which is analytic in U and
w(0) = 0; |w(z)| < 1;2z € U, such that f(z) = g(w(z)); Vz € U. We denote by < the
subordination relation.

In order to prove our main result we need the theory of Loewner chains.
LetU, ={z€C:|z| <r, 7€ (0,1]},I =[0,00)andp € P (theclass Pisa Carathéodory
class of functions which are analytic with positive real part in U) be of the form p(z) =
l4ciz+e22+. ..

A function L(z,t) : U x I — C is said to be a Loewner chain if the following condi-
tions are satisfied:

i) L(z,t)is analytic and univalentin U, Vt € I

i) L(z,t) < L(z,8), V0<t<s<oo.
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Lemma 1. [6]
Let L(z,t) = a1(t)z + ag(t)z2 + - -+, a1(t) # 0 be an analytic function
inU,, ¥t € I. Suppose that:

i) L(z,t) is a locally absolutely continuous function in I and locally uniformly with
respect to U,.

i1) a1(t) is a complex valued continuous function on I such that

Jim [a1(1)| = oo and { I;(f(g)

iii) There exists an analytic function p : U, x I — C satisfying Rp(z,t) > 0, V(z,t) €
U x I and

} is a normal family of functions in U,.
tel

OL(z,t)
0z

OL(z,1)
ot

z , 2z€U,, tel. (2)

- p(Z,t)

Then, for each t € 1, function L(z,t) has an analytic and univalent extension to the
whole unit disk U, i.e L(z,t) is a Loewner chain.

The equation (2) is called the generalized Loewner differential equation.
If a1(t) = e then we say that L(z,t) is a standard Loewner chain.
We follow Nistor [5], and we generalise her results.

Main results
Theorem 1. Let f € A and p be an analytic function with p(0) = 1. If the inequalities

’ 2 :f(2)
p(2) +1 2 + (1 —7)n (@ f () — 27 F (2)

—1}§1 (3)

and

’( 2. 2f'(2) — 1> 2% +
p(z) +1 L7 f(2) + (1 =) n(Z" f(2) — %" f(2))
P L2 f(2)+ B
+(1-1r) (-i””“f(Z) T - @) - ()
(1—7) [(nQ +3n+ 1) RT2f(2) — (2n2 +3n+ 1) R (2) + n2%”f(z)]
L (2) + (L =) n(Z" f(2) = %" f(2))

(4)

holds true for z € U, then the function f is univalent in U.
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Proof. Let f € A and p be an analytic function with p(0) = 1. We want to prove that
there exists a real number r € (0, 1] such that the function

P (e_tz) +1

L(z,t):=f(e'2) + (e'z — e '2) 5

(£ fle™"2) (5)

is analyticinU,., Vt € I.
From (5) we observe that L(z,t) = a1 (t)z+az(t)2%+- - -, where a1 (t) = ef, ay (t) # 0,
Vt € I and tlim lay(t)] = oo.
—00

From the form of the chain L(z,t) it follows that L(-,t) is regular in U, Vt € I and
L(z,-) is locally absolutely continuous on I, Vz € U.
L(z,t)
ax(t)

The limit function g(z) = z belongs to the family { } then, in every closed disk

U, there exists a constant K > 0 such that

Lzt
(= >'/<K,VzeUr,teI
ax(t)

uniformly in this disk, in the case that ¢ is sufficiently large. Following Montel’s The-

Lzt
orem, { (2,1) } is a normal family in U,..
aq (t)

Let p(z, t) be the function defined by

AL(z,1)

— 0z
0= B

ot

In order to prove that p € P, we will show that the function

z

t)—1
w(ot) = p(z,1)
p(z,t)+1
is analyticin U and |w (z,t)| < 1,Vz € U and Vt € I.
From this we get

w(z,t) =e A(z,t)+ (1 — e ) B(z,t) , (6)
where
B 2 e taf(e7tz)
A = e 1T e 1 (= (@1 f (2 - f (7).
(7)
and
B(Z7t) _ e_tzp'(e_tz) " Zn+2f(6—tz)+

plez)+1 P f(ets) + (1= n (@ f(etz) — B flet2))

. (1=7) [(n®+3n+1)Z"2f(etz) — (20> + 3n+ 1) Z" T f(e72) + n?Z" f(e~'2)]

2 ) + (L= ) n (@ (e ) = 2" [ (e 12)
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(8)

From (3) and (4) we deduce that w(z, t) is analyticin U. In view of (3), (7) and (8),
we have
lw(2,0)| =|A(2,0)| < 1and |w(0,t)] < 1.

Since [e"'z| < e < 1fort € Tandz € U,z # 0, then w(z,t) is analyticin U =
{#z € C:|z| < 1}. From maximum modulus principle we know that there exists § =
6 (t) € R such that

0 (2,)| = max fu (G, 1)] = )w (ew,t)( Vzel.

If we denote u = e~ %', then |u| = e~ and because u € U, we get that |w (e, t)| <
1. If we take the upper relations we get that |w (z,t)| < 1,Vz € U and ¢t € I which
means that p(z, t) is regularin U and Rp(z,t) > 0,Vt € I,z € U. Therefore, in view of
Lemma 1, L(z,t) is a Loewner chain and hence the function L(z,0) = f(z) is univalent

inU. O

Remark 4. If v = 1 we get Theorem 1 from Nistor [5] and for v = 0 we get Theorem 3
from the same article.

Setting n = 0 in Theorem 1 we obtain the following corollary due to Lewandowski

(4] :
Corollary 1. Let f € Aandp € P. If

et (1-12) (T + L) <1, s

then the function f is univalent in U.

For p = 1 the following criterion reduces to a well-known criterion found by Becker
[1] (see also Duren et al. [2]).

Corollary 2. Let f € A. If

<1, zeU,

(-

then the function f is univalent in U.
For n = 1, Theorem 1 results

Corollary 3. Let f € A and p be an analytic function with p(0) = 1. If

‘ 2 )
PR +1 F2) +277(2)

—1'§1

and
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2 f'(z)
o 7o Y
QZf”(Z) sz///(z) p ,(z)
+(1_|Z’2> < f/(Z) —:_Zf”(z) +p(§)+1)' <1

holds true for z € U then the function f is univalent in U.

For the Loewner chain

p(ez) +1 . L f(e7t2)

2 L f(e7tz) ©)

L(z,t) = f(e7'2) + (e'z — e "2)

identically with the proof of Theorem 1, we get:
Theorem 2. Let f € A and p be an analytic function with p(0) = 1. If the inequalities

> L)
O g | < o

and

2f’(2) g”f(z) 9 9 gn+2f(z) gn—&—lf(z)
‘(p(z) +1 Zntif(z) 1) 2"+ <1 ~ Il ) (ﬁf"“f(z) T2 (z) =

[(n+1) 27 f(2) (B2 f(2) — Z#"Hf(2) —nL™f(2) (274 f(2) — 2" f(2))]

Z() - L2 "
zp'(2)
+p(2) + 1)‘ =1
(11)

holds true for z € U, then the function f is univalent in U.

Remark 5. If v = 1 we get Theorem 2 from Nistor [5] and for v = 0 we get Theorem 4
from the same article.

Setting n = 0 in Theorem 2 the result is:

Corollary 4. Let f € A and p be an analytic function with p(0) = 1. If

’ 2 f»)
p(z)+1 =z

1’§1

and

Garen 722 1)1 () (1 750 - 150 55| =

holds true for z € U, then the function f is univalent in U.
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If we put p = 1 in the corollary above we get the result of Kanas and Lecko [3].

Setting p(z) = /) we obtain:
z

Corollary 5. Let f € A with %fiz) > 0. If
f(2) 2 2 2f"(2) (f(2) zf'(z) f(2)
(P (o) [ 55 (B ) -5 <2
holds true for z € U, then the function f is univalent in U.
_2f'(2) .
For p(z) = ) in Corollary 4, the result is:
Corollary 6. Let f € A. If
flz)  2f'(z) 2f'(2)
e CREIS
and
1) L)1) (1) ZHC) (1, 20 2S))
(72 ) () S (o e )| <
zf'(2)
<5

holds true for z € U, then the function f is univalent in U.
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