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UNIVALENCE CRITERIA TO THE GENERALIZED SĂLĂGEAN AND RUSCHEWEYH
OPERATOR

Ágnes Orsolya PÁLL-SZABÓ1

Abstract

In this paperweobtain new sufficient condiƟons for univalence using themethod
of Loewner chains using the generalised Sǎlǎgean and Ruscheweyh operator. In
parƟcular, weobtain someknownunivalence condiƟons due to Lewandowski, Becker,
Kanas and Lecko.
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Preliminaries
LetA denote the class of funcƟons of the form:

f(z) = z +
∞∑
k=2

akz
k, (1)

which are analyƟc and univalent in the open unit disk U = {z ∈ C : |z| < 1}.

DefiniƟon 1. [7]
For f ∈ A, n ∈ N, the Sǎlǎgean differenƟal operator Dn is defined by

Dn : A → A,
D0f(z) = f(z),

D1f(z) = zf ′ (z) ,

. . .

Dn+1f(z) = z (Dnf (z))′ , z ∈ U
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Remark 1. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Dnf(z) = z +
∞∑
k=2

knakz
k, z ∈ U.

DefiniƟon 2. [8] For f ∈ A, n ∈ N, the operator Rn is defined by Rn : A → A,

R0f(z) = f(z),

R1f(z) = zf ′ (z) , . . .

(n+ 1)Rn+1f(z) = z (Rnf (z))′ + nRnf (z) , z ∈ U.

Remark 2. If f ∈ A and f(z) = z +

∞∑
k=2

akz
k, then

Rnf(z) = z +
∞∑
k=2

(n+ k − 1)!

n! (k − 1)!
akz

k, z ∈ U.

DefiniƟon 3. Let γ ≥ 0, n ∈ N. Denote by L n the operator given by L n : A → A,

L nf (z) = (1− γ)Rnf (z) + γDnf (z) , z ∈ U.

Remark 3. If f ∈ A and f(z) = z +
∞∑
k=2

akz
k, then

L nf (z) = z +

∞∑
k=2

{
(1− γ)

(n+ k − 1)!

n! (k − 1)!
+ γkn

}
akz

k, z ∈ U.

DefiniƟon 4. Let f and g be analyƟc funcƟons in U . We say that the funcƟon f is
subordinate to the funcƟon g, if there exists a funcƟon w, which is analyƟc in U and
w(0) = 0; |w(z)| < 1; z ∈ U , such that f(z) = g(w(z)); ∀z ∈ U.We denote by ≺ the
subordinaƟon relaƟon.

In order to prove our main result we need the theory of Loewner chains.
LetUr = {z ∈ C : |z| < r, r ∈ (0, 1]}, I = [0,∞) and p ∈ P (the classP is a Carathéodory
class of funcƟons which are analyƟc with posiƟve real part in U) be of the form p(z) =
1 + c1z + c2z

2 + . . ..
A funcƟon L(z, t) : U × I → C is said to be a Loewner chain if the following condi-

Ɵons are saƟsfied:

i) L(z, t) is analyƟc and univalent in U , ∀t ∈ I

ii) L(z, t) ≺ L(z, s), ∀ 0 ≤ t ≤ s < ∞.
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Lemma 1. [6]
Let L(z, t) = a1(t)z + a2(t)z

2 + · · · , a1(t) ̸= 0 be an analyƟc funcƟon
in Ur, ∀t ∈ I . Suppose that:

i) L(z, t) is a locally absolutely conƟnuous funcƟon in I and locally uniformly with
respect to Ur.

ii) a1(t) is a complex valued conƟnuous funcƟon on I such that

lim
t→∞

|a1(t)| = ∞ and
{
L(z, t)

a1(t)

}
t∈I

is a normal family of funcƟons in Ur.

iii) There exists an analyƟc funcƟon p : Ur × I → C saƟsfying ℜp(z, t) > 0, ∀(z, t) ∈
U × I and

z
∂L(z, t)

∂z
= p(z, t)

∂L(z, t)

∂t
, z ∈ Ur, t ∈ I. (2)

Then, for each t ∈ I , funcƟon L(z, t) has an analyƟc and univalent extension to the
whole unit disk U , i.e L(z, t) is a Loewner chain.

The equaƟon (2) is called the generalized Loewner differenƟal equaƟon.
If a1(t) = et then we say that L(z, t) is a standard Loewner chain.
We follow Nistor [5], and we generalise her results.

Main results
Theorem 1. Let f ∈ A and p be an analyƟc funcƟon with p(0) = 1. If the inequaliƟes∣∣∣∣ 2

p(z) + 1
· zf ′(z)

L n+1f(z) + (1− γ)n (Rn+1f (z)− Rnf (z))
− 1

∣∣∣∣ ≤ 1 (3)

and

∣∣∣∣( 2

p(z) + 1
· zf ′(z)

L n+1f(z) + (1− γ)n (Rn+1f(z)− Rnf(z))
− 1

)
|z|2+

+
(
1− |z|2

)(
L n+2f(z)+

L n+1f(z) + (1− γ)n (Rn+1f(z)− Rnf(z))
−

(1− γ)
[(
n2 + 3n+ 1

)
Rn+2f(z)−

(
2n2 + 3n+ 1

)
Rn+1f(z) + n2Rnf(z)

]
L n+1f(z) + (1− γ)n (Rn+1f(z)− Rnf(z))

−

−1 +
zp′(z)

p(z) + 1

)∣∣∣∣ ≤ 1

(4)

holds true for z ∈ U , then the funcƟon f is univalent in U .
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Proof. Let f ∈ A and p be an analyƟc funcƟon with p(0) = 1. We want to prove that
there exists a real number r ∈ (0, 1] such that the funcƟon

L (z, t) := f
(
e−tz

)
+

(
etz − e−tz

) p (e−tz
)
+ 1

2
(L n)′ f(e−tz) (5)

is analyƟc in Ur, ∀t ∈ I .
From (5)we observe thatL(z, t) = a1(t)z+a2(t)z

2+· · · , where a1(t) = et, a1(t) ̸= 0,
∀t ∈ I and lim

t→∞
|a1(t)| = ∞.

From the form of the chain L(z, t) it follows that L(·, t) is regular in U , ∀t ∈ I and
L(z, ·) is locally absolutely conƟnuous on I , ∀z ∈ U .

The limit funcƟon g(z) = z belongs to the family
{
L(z, t)

a1(t)

}
then, in every closed disk

Ur there exists a constantK > 0 such that∣∣∣∣L(z, t)a1(t)

∣∣∣∣ / < K, ∀z ∈ Ur, t ∈ I

uniformly in this disk, in the case that t is sufficiently large. Following Montel’s The-

orem,
{
L(z, t)

a1(t)

}
is a normal family in Ur.

Let p(z, t) be the funcƟon defined by

p(z, t) =
z
∂L(z, t)

∂z
∂L(z, t)

∂t

.

In order to prove that p ∈ P, we will show that the funcƟon

w (z, t) =
p (z, t)− 1

p (z, t) + 1

is analyƟc in U and |w (z, t)| < 1, ∀z ∈ U and ∀t ∈ I .
From this we get

w (z, t) = e−2tA(z, t) +
(
1− e−2t

)
B(z, t) , (6)

where

A(z, t) =
2

p(e−tz) + 1
· e−tzf ′(e−tz)

L n+1f(e−tz) + (1− γ)n (Rn+1f (e−tz)− Rnf (e−tz))
−1

(7)
and

B(z, t) =
e−tzp′(e−tz)

p(e−tz) + 1
−1+

L n+2f(e−tz)+

L n+1f(e−tz) + (1− γ)n (Rn+1f(e−tz)− Rnf(e−tz))
+

+
(1− γ)

[(
n2 + 3n+ 1

)
Rn+2f(e−tz)−

(
2n2 + 3n+ 1

)
Rn+1f(e−tz) + n2Rnf(e−tz)

]
L n+1f(e−tz) + (1− γ)n (Rn+1f(e−tz)− Rnf(e−tz))
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(8)

From (3) and (4) we deduce thatw(z, t) is analyƟc in U . In view of (3), (7) and (8),
we have

|w (z, 0)| = |A (z, 0)| < 1 and |w (0, t)| < 1.

Since
∣∣e−tz

∣∣ ≤ e−t < 1 for t ∈ I and z ∈ U, z ̸= 0, then w (z, t) is analyƟc in U =
{z ∈ C : |z| ≤ 1}. From maximum modulus principle we know that there exists θ =
θ (t) ∈ R such that

|w (z, t)| = max
|ζ|=1

|w (ζ, t)| =
∣∣∣w (

eiθ, t
)∣∣∣ ,∀z ∈ U.

If we denote u = e−teiθ, then |u| = e−t and because u ∈ U , we get that
∣∣w (

eiθ, t
)∣∣ ≤

1. If we take the upper relaƟons we get that |w (z, t)| < 1,∀z ∈ U and t ∈ I which
means that p(z, t) is regular in U andℜp(z, t) > 0,∀t ∈ I, z ∈ U . Therefore, in view of
Lemma 1, L(z, t) is a Loewner chain and hence the funcƟon L(z, 0) = f(z) is univalent
in U .

Remark 4. If γ = 1 we get Theorem 1 from Nistor [5] and for γ = 0 we get Theorem 3
from the same arƟcle.

Seƫng n = 0 in Theorem 1 we obtain the following corollary due to Lewandowski
[4] :

Corollary 1. Let f ∈ A and p ∈ P. If∣∣∣∣1− p(z)

1 + p(z)
|z|2 +

(
1− |z|2

)(
zf ′′(z)

f ′(z)
+

zp′(z)

1 + p(z)

)∣∣∣∣ ≤ 1, z ∈ U,

then the funcƟon f is univalent in U .

For p = 1 the following criterion reduces to a well-known criterion found by Becker
[1] (see also Duren et al. [2]).

Corollary 2. Let f ∈ A. If (
1− |z|2

) ∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≤ 1, z ∈ U,

then the funcƟon f is univalent in U .

For n = 1, Theorem 1 results

Corollary 3. Let f ∈ A and p be an analyƟc funcƟon with p(0) = 1. If∣∣∣∣ 2

p(z) + 1
· f ′(z)

f ′(z) + zf ′′(z)
− 1

∣∣∣∣ ≤ 1

and



112 Ágnes Orsolya Páll-Szabó

∣∣∣∣( 2

p(z) + 1
· f ′(z)

f ′(z) + zf ′′(z)
− 1

)
|z|2+

+
(
1− |z|2

)(
2zf ′′(z) + z2f ′′′(z)

f ′(z) + zf ′′(z)
+

zp′(z)

p(z) + 1

)∣∣∣∣ ≤ 1

holds true for z ∈ U then the funcƟon f is univalent in U .

For the Loewner chain

L (z, t) := f
(
e−tz

)
+
(
etz − e−tz

) p (e−tz
)
+ 1

2
· L n+1f(e−tz)

L nf(e−tz)
(9)

idenƟcally with the proof of Theorem 1, we get:

Theorem 2. Let f ∈ A and p be an analyƟc funcƟon with p(0) = 1. If the inequaliƟes∣∣∣∣ 2

p(z) + 1
· f ′(z) · L nf(z)

L n+1f(z)
− 1

∣∣∣∣ ≤ 1 (10)

and

∣∣∣∣( 2f ′(z)

p(z) + 1
· L nf(z)

L n+1f(z)
− 1

)
|z|2 +

(
1− |z|2

)(
L n+2f(z)

L n+1f(z)
− L n+1f(z)

L nf(z)
+ (1− γ)[

(n+ 1)L nf(z)
(
Rn+2f(z)− Rn+1f(z)

)
− nL n+1f(z)

(
Rn+1f(z)− Rnf(z)

)]
L nf(z) · L n+1f(z)

+

+
zp′(z)

p(z) + 1

)∣∣∣∣ ≤ 1

(11)

holds true for z ∈ U , then the funcƟon f is univalent in U .

Remark 5. If γ = 1 we get Theorem 2 from Nistor [5] and for γ = 0 we get Theorem 4
from the same arƟcle.

Seƫng n = 0 in Theorem 2 the result is:

Corollary 4. Let f ∈ A and p be an analyƟc funcƟon with p(0) = 1. If∣∣∣∣ 2

p(z) + 1
· f

′(z)

z
− 1

∣∣∣∣ ≤ 1

and∣∣∣∣( 2

p(z) + 1
· f

′(z)

z
− 1

)
|z|2 +

(
1− |z|2

)(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)
+

zp′(z)

p(z) + 1

)∣∣∣∣ ≤ 1

holds true for z ∈ U , then the funcƟon f is univalent in U .
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If we put p = 1 in the corollary above we get the result of Kanas and Lecko [3].

Seƫng p(z) =
f(z)

z
we obtain:

Corollary 5. Let f ∈ A with ℜf(z)

z
> 0. If∣∣∣∣(f(z)

z
− 1

)
|z|2 +

(
1− |z|2

)[
1 +

zf ′′(z)

f ′(z)

(
f(z)

z
+ 1

)
− zf ′(z)

f(z)

]∣∣∣∣ ≤ ∣∣∣∣f(z)z
+ 1

∣∣∣∣
holds true for z ∈ U , then the funcƟon f is univalent in U .

For p(z) =
zf ′(z)

f(z)
in Corollary 4, the result is:

Corollary 6. Let f ∈ A. If∣∣∣∣2f(z)z
− zf ′(z)

f(z)
− 1

∣∣∣∣ ≤ ∣∣∣∣1 + zf ′(z)

f(z)

∣∣∣∣
and∣∣∣∣(2f(z)z

− zf ′(z)

f(z)
− 1

)
|z|2 +

(
1− |z|2

) 2zf ′(z)

f(z) + 1

(
1 +

zf ′′(z)

f ′(z)
− zf ′(z)

f(z)

)∣∣∣∣ ≤
≤

∣∣∣∣1 + zf ′(z)

f(z)

∣∣∣∣
holds true for z ∈ U , then the funcƟon f is univalent in U .
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