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SOME RESULTS ON PARASASAKIAN MANIFOLDS

U. C. DE∗,1, Gopal GHOSH2, J. B. JUN3 and Pradip MAJHI4

Abstract

In this paper at first we obtain a sufficient condiƟon for a pseudo-Riemannian
manifold to be a paraSasakian manifold. Next we study Ricci semisymmetric and
Weyl semisymmetric paraSasakian manifolds. Also we study D-homotheƟc defor-
maƟonof paraSasakianmanifolds. Finally, we study gradient Ricci soliton onparaSasakian
manifolds.
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1 IntroducƟon

In 1977 AdaƟ and Matsumoto [1] introduced the noƟon of paraSasakian manifolds
or briefly P-Sasakian manifolds, which are considered as a special case of an almost
paracontact manifold introduced by Sato [31]. In [27] Matsumoto and Mihai study P -
Sasakianmanifolds that admitW2 orE-Tensor fields and also some curvature condiƟons.
Moreover in ([14], [15], [25], [26], [28], [30], [40]) the authors study P -Sasakian man-
ifolds saƟsfying certain curvature condiƟons. On the other hand in [20] Kaneyuki and
Kozai defined the almost paracontact structure on pseudo-Riemannian manifold M of
dimension (2n+ 1) and constructed the almost paracomplex structure onM2n+1 ×R.
The main difference between the almost paracontact metric manifold in the sence of
Sato [31] and Kaneyuki et al [19] is the signature of the metric. In 2009, Zamkovoy
[41] defined paraSasakian manifolds as a normal paracontact manifold whose metric
is pseudo-Riemannian. Thus a paraSasakian manifold is a subclass of paracontact metric
manifolds. In [41], the author obtains a necessary and sufficient condiƟon for a paracon-
tact metric manifold to be a paraSasakian manifold. Also D-homotheƟc transformaƟons
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have been studied in paraSasakian manifolds in [41]. In the present paper we character-
ize paraSasakian manifolds saƟsfying certain curvature condiƟons.

The paper is organized as follows: SecƟon 2 is eqquiped with some prerequisites
about paraSasakianmanifolds. In secƟon 3, we obtain a sufficient condiƟon for a pseudo-
Riemanninmanifold to be a paraSasakianmanifold. SecƟon 4 and 5 are devoted to study
Ricci semi-symmetric and conformally flat paraSasakian manifolds respecƟvely. SecƟon
6, dealswith the study ofWeyl semisymmetric paraSasakianmanifolds andweprove that
a Weyl semisymmetric paraSasakian manifold is of quasi-constant curvature. SecƟon 7
is concerned with the study of D-homotheƟc deformaƟon of paraSasakian manifolds.
It is shown that ϕ-secƟonal curvature of a paraSasakian manifold is an invariant prop-
erty under D-homotheƟc deformaƟon. Next in secƟon 8, we prove that η-parallelity of
a paraSasakian manifold is invariant under D-homotheƟc deformaƟon. Also we prove
that Locally ϕ-Ricci symmetry on a paraSasakian manifold is an invariant property un-
der D-homotheƟc deformaƟon. Finally, it has been shown that a paraSasakian manifold
admiƫng a gradient Ricci soliton is an Einsteinmanifold and the Ricci soliton is shrinking.

2 Preliminaries

Let M be an (2n + 1)-dimensional differenƟable manifold. If there exits a triplet
(ϕ, ξ, η) of a tensor field ϕ of type (1, 1), a vector field ξ and a 1-form η on M2n+1

which saƟsfies the relaƟon [31]

ϕ2 = I − η ⊗ ξ, η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0, (1)

then we say the triplet (ϕ, ξ, η) is an almost paracontact structure and the manifold is
an almost paracontact manifold.

If an almost para contact manifold M2n+1 with an almost paracontact structure
(ϕ, ξ, η) admits a pseudo-Riemannian metric g such that [20]

g(X,Y ) = −g(ϕX, ϕY ) + η(X)η(Y ), (2)

then we say thatM2n+1 is an almost paracontact metric structure (ϕ, ξ, η, g) and such a
metric g is called compaƟble metric. Any compaƟble metric g is necessarily of signature
(n+ 1, n). The fundamental 2-form ofM2n+1 is defined by

Φ(X,Y ) = g(X,ϕY ). (3)

An almost paracontact metric structure becomes a paracontact metric structure if

dη(X,Y ) = g(X,ϕY )

for all vector fieldsX,Y , where

dη(X,Y ) =
1

2
[Xη(Y )− Y η(X)− η([X,Y ])].

Paracontactmanifolds havebeen studiedby several authors such as Kaneyuki andWillams
[19], Calvaruso [6, 7], Cappelleƫ-Montano et al. [8, 9, 10], MerƟn-Molina [23],Welyczko
[39], Zamkovoy et al. [42] and many others.
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An almost paracontact structure is said to be normal if and only if the tensor Nϕ −
2dη ⊗ ξ vanishes idenƟcally, where Nϕ is the Nijenhuis tensor of ϕ : Nϕ(X,Y ) =
[ϕ, ϕ](X,Y ) = ϕ2[X,Y ] + [ϕX, ϕY ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] [41]. A normal paracon-
tact metric manifold is known as paraSasakian manifold. It is known [41] that an almost
paracontact manifold is paraSasakian manifold if and only if

(∇Xϕ)Y = −g(X,Y )ξ + η(Y )X, (4)

for all vectors fieldX,Y , where∇ is the Levi-Civita connecƟonof the pseudo-Riemannian
metric. From the above equaƟon it follows that

∇Xξ = −ϕX. (5)

Moreover, in a paraSasakian manifold the curvature tensorR, the Ricci tensor S and
the Ricci operatorQ defined by g(QX,Y ) = S(X,Y ) saƟsfy [41]

R(X,Y )ξ = −(η(Y )X − η(X)Y ), (6)

R(ξ,X)Y = −g(X,Y ) + η(Y )X, (7)

S(X, ξ) = −2nη(X), (8)

Qξ = −2nξ, (9)

(∇Xη)Y = g(X,ϕY ), (10)

η(R(X,Y )Z) = −(g(Y, Z)η(X)− g(X,Z)η(Y )). (11)

ParaSasakianmanifolds have been studied by several authors such as Zamkovoy [41],
MarƟn-Molina [22], Cappelleƫ Montano et al [4] and many others.

A paraSasakian manifold is said to be Einstein if

S(X,Y ) = ag(X,Y ),

where S is the Ricci tensor of type (0, 2) and a is a constant.
In 1972, Chen and Yano [11] introduced the noƟon of quasi-constant curvature. A

pseudo-Riemannian manifold is said to be a manifold of quasi-constant curvature if the
curvaure tensorR ofM2n+1 of type (0, 4) saƟsfies the condiƟon

R(X,Y )Z = p[g(Y, Z)X − g(X,Z)Y ] + q[A(Y )A(Z)X

−A(X)A(Z)Y + g(Y, Z)A(X)ρ− g(X,Z)A(Y )ρ], (12)

where p and q are scalars, A is a non-zero 1-form and the vector field ρ corresponding
to the 1-form A is a unit vector field. If q = 0, then the manifold reduces to a manifold
of constant curvature. Thus a manifold of quasi-constant curvature is a generalizaƟon of
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the manifold of constant curvature. A manifold of quasi-constant curvature have been
studied by several authors such as AdaƟ and Wang [2], De and Ghosh [16], Wang [38]
and many others.

A pseudo-Riemannianmanifold (M, g) is called locally symmetric if its curvature ten-
sorR is parallel, that is,∇R = 0. The noƟon of semisymmetric manifold, a proper gen-
eralizaƟon of locally symmetricmanifold, is defined byR(X,Y )·R = 0,whereR(X,Y )
acts onR as a derivaƟon. A complete intrinsic classificaƟon of thesemanifolds was given
by Szabó [32].

A pseudo-Riemannianmanifold is said to be Ricci semisymmetric ifR(X,Y ) ·S = 0,
where S denotes the Ricci tensor of type (0, 2). A general classificaƟon of these mani-
folds has been worked out by Mirzoyan [24].

A Ricci soliton is a generalizaƟon of an Einsteinmetric. In a pseudo-Riemannianman-
ifold (M, g), g is called a Ricci soliton if [7]

($V g + 2S + 2λg)(X,Y ) = 0, (13)

where $ is the Lie derivaƟve, S is the Ricci tensor, V is a complete vector field onM and
λ is a constant. The Ricci soliton is said to be shrinking, steady and expanding according
as λ is negaƟve, zero and posiƟve respecƟvely. If the vector field V is the gradient of a
potenƟal funcƟon−f , then g is called a gradient Ricci soliton andequaƟon (1.1) assumes
the form

∇∇f = S − λg. (14)

For more details we refer to the reader ([5], [12], [13], [29], [36], [37]).

3 Sufficient condiƟon for a pseudo-Riemannian manifold to be
a paraSasakian manifold

In this secƟon we derive a sufficient condiƟon for a paracontact metric manifold to
be a paraSasakianmanifold. LetM2n+1 be a pseudo-Riemannianmanifold which admits
a unit vector field ξ such that the 1 form η saƟsfies
(i) η(X) = g(X, ξ),
(ii) η is closed and
(iii) (∇X∇Y η)(Z) = η(Y )g(X,Z)− η(Z)g(X,Y ).

Now we have η(ξ) = 1. DifferenƟaƟng it covariently we get

(∇Xη)ξ = 0. (15)

Now,

(∇Y ∇Xη)ξ = ∇Y (∇Xη)ξ − (∇Xη)(∇Y ξ)− (∇∇Y Xη)ξ. (16)

Using (iii) and (15) in (16) yields

(∇Xη)(∇Y ξ) = g(X,Y )− η(X)η(Y ). (17)
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We put
Φ(X,Y ) = g(ϕX, Y ) = −(∇Y η)X, (18)

and
∇Xξ = −ϕX. (19)

Using (18) and (19) in (17) we have

g(ϕ2Y,X) = g(X,Y )− η(X)η(Y ),

which implies
ϕ2Y = Y − η(Y )ξ.

Since η is closed, it follows that

(∇Xη)Y − (∇Y η)X = 0.

Now using (18) in the above equaƟon yields

−g(ϕX, Y ) = g(ϕY,X). (20)

Therefore, ϕ is skew-symmetric. Now

(∇ZΦ)(X,Y ) = ∇ZΦ(X,Y )− Φ(∇ZX,Y )− Φ(X,∇ZY ). (21)

Using (18) in (21) yields

(∇ZΦ)(X,Y ) = g((∇Zϕ)X,Y ). (22)

On the other hand using (18) we obtain

(∇XΦ)(Y, Z) = −(∇X∇Zη)Y.

Hence using (iii) we get

(∇XΦ)(Y, Z) = η(Y )g(X,Z)− η(Z)g(X,Y ).

Thus from (22) it follows that

(∇Xϕ)Y = −g(X,Y )ξ + η(Y )X,

which is the necessary and sufficient condiƟon for a paracontact metric manifold to be
a paraSasakian manifold.

From the above discussions we obtain the following:

Theorem 3.1. LetM2n+1 be a pseudo Riemannian manifold which admits a unit vector
field ξ such that the 1 form η saƟsfies
(i) η(X) = g(X, ξ),
(ii) η is closed and
(iii) (∇X∇Y η)(Z) = η(Y )g(X,Z)− η(Z)g(X,Y ).

ThenM2n+1 is a paraSasakian manifold.



54 U. C. De, Gopal Ghosh, J. B. Jun and Pradip Majhi

4 Ricci semisymmetric paraSasakian manifolds

Suppose the paraSasakian manifold is Ricci semisymmetric. Then

(R(X,Y ) · S)(Z, V ) = 0. (23)

PuƫngX = ξ in (23) we have

S(R(ξ, Y )Z, V ) + S(Z,R(ξ, Y )V ) = 0. (24)

Using (7) and (8) in (24) we get

η(V )S(Y, Z) + η(Z)S(Y, V ) + 2nη(V )g(Y, Z)

+2nη(Z)g(Y, V ) = 0. (25)

Puƫng V = ξ in (25) and with the help of (8), we get

S(Y, Z) = −2ng(Y, Z), (26)

which implies that the manifold is an Einstein manifold.
Conversely, if the manifold is an Einstein manifold, then obviously it saƟsfies

R · S = 0.

This leads to the following:

Theorem 4.1. A paraSasakianmanifold is Ricci semisymmetric if and only if the manifold
is an Einstein manifold.

5 Conformally flat paraSasakian manifolds of dimension≥ 5

In [41], the author has studied conformally flat paraSasakianmanifolds and obtained
the value of S(X,X) − S(ϕX, ϕY ). In this secƟon we characterize conformally flat
paraSasakian manifolds. The Weyl conformal curvature tensor C is defined by

C(X,Y )Z = R(X,Y )Z − 1

2n− 1
[S(Y, Z)X − S(X,Z)Y

+g(Y, Z)QX − g(X,Z)QY ]

+
r

2n(2n− 1)
[g(Y, Z)X − g(X,Z)Y ], (27)

whereQ is the Ricci operator and r is the scalar curvature of the manifoldM2n+1.
Suppose the manifold is conformally flat. Then from (27) it follows that,

R(X,Y )Z =
1

2n− 1
[S(Y, Z)X − S(X,Z)Y + g(Y, Z)QX − g(X,Z)QY ]

− r

2n(2n− 1)
[g(Y, Z)X − g(X,Z)Y ]. (28)
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Taking inner product withW in (28) yields

g(R(X,Y )Z,W ) =
1

2n− 1
[S(Y, Z)g(X,W )− S(X,Z)g(Y,W )

+g(Y, Z)S(X,W )− g(X,Z)S(Y,W )]

− r

2n(2n− 1)
[g(Y, Z)g(X,W )− g(X,Z)g(Y,W )]. (29)

PuƫngW = ξ in (29) we have

η(R(X,Y )Z) =
1

2n− 1
[S(Y, Z)η(X)− S(X,Z)η(Y ) + g(Y, Z)S(X, ξ)

−g(X,Z)S(Y, ξ)]− r

2n(2n− 1)
[g(Y, Z)η(X)

−g(X,Z)η(Y )]. (30)

Using (8) and (11) in (30) we get

g(X,Z)η(Y )− g(Y, Z)η(X) =
1

2n− 1
[S(Y, Z)η(X)− S(X,Z)η(Y )

−2ng(Y, Z)η(X) + 2ng(X,Z)η(Y )]

− r

2n(2n− 1)
[g(Y, Z)η(X)− g(X,Z)η(Y )].(31)

Puƫng Y = ξ in (31) and using (8) yields

S(X,Z) = [1 +
r

2n
]g(X,Z)− [(2n+ 1) +

r

2n
]η(X)η(Z). (32)

From (32) it follows that

QX = [1 +
r

2n
]X − [(2n+ 1) +

r

2n
]η(X)ξ. (33)

Using (32) and (33) in (28) we have

R(X,Y )Z =
r + 4n

2n(2n− 1)
[g(Y, Z)X − g(X,Z)Y ]− 4n2 + 4n+ r

2n(2n− 1)
[{g(Y, Z)η(X)

−g(X,Z)η(Y )}ξ + η(Z){η(Y )X − η(X)Y }] (34)

Thus we can state the following theorem:

Theorem 5.1. A conformally flat paraSasakian manifoldM2n+1(n > 1) is a manifold of
quasi-constant curvature tensor.

6 Weyl semisymmetric paraSasakian manifolds

A paraSasakian manifold M2n+1 is said to be Weyl semisymmetric if R · C = 0.
Suppose the manifold is Weyl semisymmetric. Then

(R(X,Y ) · C)(U, V )Z = 0,
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for all smooth vector fieldsX,Y, U, V andW, which yields

R(X,Y )C(U, V )Z − C(R(X,Y )U, V )Z − C(U,R(X,Y )V )Z

−C(U, V )R(X,Y )Z = 0. (35)

TakingX = ξ, we obtain by virtue of

R(ξ,X)Y = η(Y )X − g(X,Y )ξ,

η(C(U, V )Z)Y − g(Y,C(U, V )Z)ξ − η(U)C(Y, V )Z

+g(Y, U)C(ξ, V )Z − η(V )C(U, Y )Z + g(Y, V )C(U, ξ)Z

−η(Z)C(U, V )Y + g(Y, Z)C(U, V )ξ = 0. (36)

Taking inner product on both sides by ξ and then using the skew-symmetry property of
the conformal curvature tensor C, we get

η(Y )η(C(U, V )Z)− g(Y,C(U, V )Z)− η(U)η(C(Y, V )Z)

+g(Y, U)η(C(ξ, V )Z)− η(V )η(C(U, Y )Z) + g(Y, V )η(C(U, ξ)Z)

−η(Z)η(C(U, V )Y ) + g(Y, Z)η(C(U, V )ξ) = 0. (37)

Let {ei : i = 1, 2, ..., 2n+1} be an orthonormal basis of the tangent space at any point of
the manifold. Then seƫngU = Y = ei and taking summaƟon over i(1 ≤ i ≤ (2n+1))
we obtain by virtue of the properƟes of the conformal curvature tensor

η(C(ξ, V )Z) = 0, (38)

for all vector fields V, Z. By virtue of (38), (37) reduces to

η(Y )η(C(U, V )Z)− g(Y,C(U, V )Z)− η(U)η(C(Y, V )Z)

−η(V )η(C(U,Z)Y )− η(Z)η(C(U, V )Y ). (39)

Now from the definiƟon of conformal curvature tensor it can be easily seen that

η(C(X,Y )Z) = 0, (40)

for allX,Y, Z. Using (40) in (39) implies

C(X,Y )Z = 0,

for all smooth vector fieldsX,Y, Z. Hence the manifold is confomally flat. Therefore by
Theorem 5.1, we can state the following theorem:

Theorem 6.1. AWeyl semisymmetric paraSasakian manifold of dimension≥ 5 is a man-
ifold of quasi-constant curvature tensor.
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7 D-homotheƟc deformaƟon of paraSasakian manifolds

In this secƟon we recall a notoin of D-homotheƟc deformaƟon in paracontact ge-
ometry [41]. Let M(ϕ, ξ, η, g) be an almost paracontact metric manifold of dimension
2n + 1. The equaƟon η = 0 defines an 2n -dimensional distribuƟon D on M [34].
By a D-homotheƟc deformaƟon we mean a change of structure tensors of the form
η̄ = aη, ξ̄ = 1

aξ, ϕ̄ = ϕ, ḡ = ag + a(a − 1)η ◦ η, where a is a posiƟve constant.
If M(ϕ, ξ, η, g) is an almost paracontact metric structure with constant form η, then
M(ϕ̄, ξ̄, η̄, ḡ) is also an almost paracontact metric structure [33]. DenoƟng by W i

jk the
difference Γ̄i

jk − Γi
jk of Christoffel symbols we have in an almost paracontact metric

manifold [33]

W (X,Y ) = (1− a)[η(Y )ϕX + η(X)ϕY ]

+
1

2
(1− 1

a
)[(∇Xη)(Y ) + (∇Y η)(X)]ξ, (41)

for all X,Y ∈ χ(M), where χ(M) is the set of all differenƟable vector fields on M .
If R and R̄ denote respecƟvely the curvature tensor of the manifold M(ϕ, ξ, η, g) and
M(ϕ̄, ξ̄, η̄, ḡ), then we have [33]

R̄(X,Y )Z = R(X,Y )Z + (∇XW )(Z, Y )− (∇Y W )(Z,X)

+W (W (Z, Y ), X)−W (W (Z,X), Y ), (42)

for allX,Y, Z ∈ χ(M). Using (10) in (41) yields

W (X,Y ) = (1− a)[η(Y )ϕX + η(X)ϕY ]. (43)

DifferenƟaƟng it covariently we get

(∇XW )(Y, Z) = (1− a)[(∇Xη)(Z)ϕY + (∇Xη)(Y )ϕZ + η(Z)(∇Xϕ)Y

+η(Y )(∇Xϕ)Z]. (44)

With the help of (4) and (10), (44) reduces to

(∇XW )(Y, Z) = (1− a)[g(X,ϕZ)ϕY + g(X,ϕY )ϕZ − g(X,Y )η(Z)ξ

−g(X,Z)η(Y )ξ + 2η(Y )η(Z)X]. (45)

Puƫng the value of (45) in (42) and using (41) we get

R̄(X,Y )Z = R(X,Y )Z + (1− a)[g(X,ϕZ)ϕY − g(Y, ϕZ)ϕX

+2g(X,ϕY )η(Z)ξ + g(Y, Z)η(X)ξ

−g(X,Z)η(Y )ξ] + [2− (1− a)2][η(Y )η(Z)X − η(X)η(Z)Y ].(46)

Taking inner product withW in (46) , then puƫngX = W = ei, 1 ≤ i ≤ (2n+ 1) and
taking summaƟon over i, we have

S̄(Y, Z) = S(Y, Z) + 2n[2− (1− a)2]η(Y )η(Z). (47)
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Then from (47) it follows that

Q̄Y = QY + 2n[2− (1− a)2]η(Y )ξ. (48)

A plane secƟon in M is called a ϕ-secƟon if there exists a unit vector X in M or-
thogonal to ξ such that {X,ϕX} is an orthonomal basis of the plane secƟon. Then the
secƟonal curvature K(X,ϕX) = g(R(X,ϕX)ϕX,X) is called ϕ-secƟonal curvature
[3].
Taking inner product withW and then puƫng Y = Z = ϕX andW = X in (46) we get

g(R̄(X,ϕX)ϕX,X) = g(R(X,ϕX)ϕX,X).

Thus we can state the following:

Theorem7.1. Under aD-homotheƟc deformaƟon, theϕ-secƟonal curvature of a paraSasakian
manifold is invariant .

8 η-parallel Ricci tensor under D-homotheƟc deformaƟon

The Ricci tensor S of a paraSasakianmanifold is said to be η-parallel if it saƟsfies [21]

(∇XS)(ϕY, ϕZ) = 0,

for all vector fields X , Y and Z. DifferenƟaƟng covariently (47) with respect to Z we
get

(∇Z S̄)(X,Y ) = (∇ZS)(X,Y ) + 2n[2− (1− a)2][(∇Zη)(Y )η(X)

+(∇Zη)(X)η(Y )]. (49)

ReplacingX,Y by ϕX, ϕY respecƟvely we have

(∇Z S̄)(ϕX, ϕY ) = (∇ZS)(ϕX, ϕY ).

This leads to the following theorem:

Theorem 8.1. The η-parallelity of the Ricci tensor on paraSasakian manifolds is an in-
variant property under D-homotheƟc deformaƟon.

9 Locallyϕ-Ricci symmetric ParaSasakianmanifolds underD-homotheƟc
deformaƟon
Takahasi [35] introduced thenoƟonofϕ-symmetry. Recentlyϕ-Ricci symmetric Sasakian

manifolds have been studied by De and Sarkar [17]. A Para-Sasakian manifoldM2n+1 is
said to be ϕ-Ricci symmetric if the Ricci operator saƟsfies

ϕ2((∇XQ)Y ) = 0,
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for all vector fields X,Y ∈ M2n+1 and S(X,Y ) = g(QX,Y ). If X,Y are orthogonal
to ξ, then the manifold is said to be locally ϕ-Ricci symmetric.

Now differenƟaƟng (48) covariently with respect toX yields

(∇XQ̄)Y = (∇XQ)Y + 2n[2− (1− a)2][((∇Xη)(Y ))ξ + η(Y )∇Xξ]. (50)

With the help of (5) and (10), (50) reduces to

(∇XQ̄)Y = (∇XQ)Y + 2n[2− (1− a)2][g(X,ϕY )ξ − η(Y )ϕX]. (51)

OperaƟng ϕ2 on both sides of (51) yields

ϕ2((∇XQ̄)Y ) = ϕ2((∇XQ)Y )− 2n[2− (1− a)2]η(Y )ϕX. (52)

If we considerX,Y orthogonal to ξ then the last equaƟon becomes

ϕ2((∇XQ̄)Y ) = ϕ2((∇XQ)Y ).

Thus we can state the following theorem:

Theorem 9.1. Locally ϕ-Ricci symmetry on a paraSasakian manifold is an invariant prop-
erty under D-homotheƟc deformaƟon.

10 Gradient Ricci soliton on paraSasakian manifolds

EquaƟon (14) can be wriƩen as

∇X(grad f) = QX − λX (53)

for any vector fieldsX ∈ χ(M), where grad f is the gradient operator of g and g(QX,Y ) =
S(X,Y ). Using this we derive

R(X,Y )(grad f) = (∇XQ)Y − (∇Y Q)X, (54)

for any X,Y ∈ χ(M). Puƫng X = ξ in the above equaƟon and then taking inner
product with ξ yields

g(R(ξ, Y )(grad f), ξ) = g((∇ξQ)Y, ξ)− g((∇Y Q)ξ, ξ) (55)

for any Y ∈ χ(M). Using (1) and (9) in the last equaƟon we have

g(R(ξ, Y )(grad f), ξ) = 0. (56)

Using (7) it follows that

R(ξ, Y )grad f = −g(Y, grad f)ξ + η(grad f)Y. (57)

With the help of (56) and (57) we can write

grad f = (ξf)ξ. (58)
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From this equaƟon, we get
df = (ξf)η. (59)

Its exterior derivaƟve implies

0 = d(ξf)η(X) + (ξf)dη(X). (60)

PuƫngX = ξ in the above equaƟon we have ξf is constant.
From (58) it follows that

∇Y (grad f) = Y (ξf)ξ + (ξf)∇Y ξ. (61)

Using (10) in the above equaƟon we get

g(∇Y (grad f), X) = (ξf)g(ϕY,X), (62)

since Y (ξf) = 0.
Using (62), from (14) it follows that

S(X,Y ) = λg(X,Y )− (ξf)g(ϕY,X). (63)

InterchangingX and Y in the last equaƟon and then adding with (63) we have

S(X,Y ) = λg(X,Y ).

Hence the Ricci soliton is trivial. PuƫngX = Y = ξ and using (8) we get

λ = −2n.

Therefore, we can state the following:

Theorem 10.1. If a paraSasakian manifold admits a gradient Ricci soliton, then the Ricci
soliton is shrinking.

References

[1] AdaƟ, T., Matsumuto. K., On conformally recurrent and conformally symmetric P-
Sasakian manifolds, TRU Math. 13 (1977), 25-32.

[2] AdaƟ, T., Wang, Y. D.,Manifolds of quasi-constant curvature I. A manifold of quasi-
constant curvature and an S-manifold, TRU Math. 21 (1985), 95-103.

[3] Blair, D. E., Contact manifolds in Riemannian geomatry , Lecture notes in math.,
springer-verlag, 509 1976.

[4] Cappelleƫ Montano, B., Carriazo. A., MarƟn-Molina, V., Sasaki-Einstein and
paraSasaki-Einstein metrics form (κ, µ)-structures, J. Geom. Physics. 73 (2013), 20-
36.



Some results on ParaSasakian manifolds 61

[5] Calin, C., Crasmareanu, M., From the Eisenhart problem to Ricci solitons in f -
Kenmotsu manifolds, Bull. Malays. Math. Soc. 33 (2010), 361-368.

[6] Calvaruso, G., Homogeneous paracontact metric three-manifolds, Illinois J. Math.
55 (2011), 697-718.

[7] Calvaruso, G., Perrone, A., Ricci solitons in three-dimensional paracontact geome-
try, J. Geom. Phys. 98 (2015), 1-12.

[8] Cappelleƫ-Montano, B., Bi-paracontact structures and Legendre foliaƟons, Kodai
Math. J. 33 (2010), 473-512.

[9] Cappelleƫ-Montano, B., Küpeli Erken, I., Murathan, C., Nullity condiƟons in para-
contact geometry, Diff. Geom. Appl. 30(2012), 665-693.

[10] Cappelleƫ-Montano, B., L. Di Terlizzi, L., Geometric structures associated to a con-
tact metric (k, µ)-space, Pacific J. Math. 246(2010), 257-292.

[11] Chen, B. Y., Yano, K., Hypersurfaces of a conformally flat space, Tensor N. S. 26
(1972), 318-322.

[12] Cho, J. T., Ricci solitons in almost contact geometry, Proceeding of The Seventh-
teenth InternaƟonal Workshop on Diff. Geom. 17(2013), 85-95.

[13] Chow, B., Knopf, D., The Ricci flow: An introducƟon, Math. Surv. and Monogr. 110
(2004).

[14] De, U. C., Pathak, G., On P−Sasakian manifolds saƟsfying certain condiƟons, J.
Indian Acad. Math. 16 (1994), 72-77.

[15] De, U. C., Ozgur, C., Arslan, K., Murathan, C., Yildiz, A., On a type of P−Sasakian
maniholds,MathemaƟca Balkanica. 22(2008), 25-36.

[16] De, U. C., Ghosh, S., Some properƟes of Riemannian spaces of quasi-constant cur-
vature, Bull. Cal. Math. Soc. 93 (2001), 27-32.

[17] De, U. C., Sarkar, A., On ϕ-Ricci symmetric Sasakian manifolds, Proceedings of the
Jangjeon MathemaƟcal Society 11 (2008), 47-52.

[18] Hamilton, R. S., The Ricci flow on surfaces, Contemp. Math. 71 (1988).

[19] Kaneyuki, S., Willams, F. L., Almost paracontact and parahodge structures on man-
ifolds, Nagoya Math. J. 99 (1985), 173-187.

[20] Kaneyuki, S., Kozai, M., Paracomplex structures and Affine symmetric spaces, Tokyo
J. of Math. 08 (1985), 81-98.

[21] Kon, M., Ricci pseudo η-parallel real hypersurfaces of a complex space form, Ni-
honkai Math J. 24 (2013), 45-55.



62 U. C. De, Gopal Ghosh, J. B. Jun and Pradip Majhi

[22] MarƟn-Molina, V., Paracontact metric manifolds without a contact metric counter-
part, Taiwanese Journal of MathemaƟcs, 19 (2015), 175-191.

[23] MarƟn-Molina, V., Local classificaƟon and examples of an important class of para-
contact metric manifolds, Filomat 29 (2015), 507-515.

[24] Mirzoyan, V. A., Structure theorems on Riemannian Ricci semisymmetric
spaces(Russian), Izv. Vyssh. Uchebn. Zaved. Mat. 6 (1992), 80-89.

[25] Mihai, I and Rosca, R., On Lorentzian P -Sasakian manifolds, Classical Analysis,
World ScienƟfic Publ. (1992), 156-169.

[26] Mihai, I., Some structures defined on the tangent bundle of a P -Sasakian manifold,
Bull. Math. Soc. Sci. Math. R.S. Roumanie (N.S), 77 (1985), 61-67.

[27] Matsumuto. K., Ianus, S andMihai, I., On P-Sasakian manifolds which admit certain
tensor fields, Publ. Math. Debrecen., 33(1986), 61-65.

[28] Matsumuto. K., Mihai, I., Submanifolds of an almost r-paracontact Riemannian
manifold of P -Sasakian type, Tensor(N.S). 47(1988), 189-197.

[29] Sharma, R. Certain results on K-contact and (k, µ)-contact manifolds, J. Geometry.
89 (2008), 138-147.

[30] Ozgur, C., On a class of Para-Sasakian manifolds, Turkish. J. Math., 29(2005), 249-
257.

[31] Sato, I., On a structure similar to the almost contact structure, Tensor, N. S., 30
(1976) 219-224.

[32] Szabó, Z. I., Structure theorems on Riemannian spaces saƟsfyingR(X,Y ) ·R = 0,
The local version, J. Diff. Geom., 17(1982), 531-582.

[33] Tanno, S., The topology of contact Riemannian manifolds, Tohoku Math. J. 12
(1968), 700-717.

[34] Tanno, S., ParƟally conformal transformaƟons with respect to (m−1)-dimensional
distribuƟon of m-dimensional Riemannian manifolds, Tohoku Math. J. 17 (1965),
358-409.

[35] Takahashi, T., Sasakian ϕ-symmetric spaces, Tohoku Math. J. 29 (1977), 91-113.

[36] Turan, M., De, U.C., Yildiz, A., Ricci solitons and gradient Ricci solitons in three-
dimensional tran-Sasakian manifolds, Filomat. 26(2012), 363-370.

[37] Wang, Y., Liu, X., Ricci solitons on three-dimensional η-Einstein almost Kenmotsu
manifolds, Taiwanese J. of Math. 19(2015), 91-100.

[38] Wang, Y. D., On some properƟes of Riemannian spaces of quasi-constant curvature,
Tensor N. S. 35 (1981), 173-176.



Some results on ParaSasakian manifolds 63

[39] Welyczko, J., On Legendre curves in 3-dimensional normal almost paracontact met-
ric manifolds, Results Math., 54 (2009), 377-387.

[40] Yildiz, A., Turan, M., Acet, B. E., On Para-Sasakian manifolds, Dumlupinar Univer-
sitesi. 24 (2011), 27-34.

[41] Zamkovoy, S., Canonical connecƟon on paracontact manifolds, Ann Glob Anal
Geom. 36 (2009), 37-60.

[42] Zamkovoy, S., Tzanov, V., Non-existence of flat paracontact metric structures in di-
mension greater than or equal to five, Annuaire Univ. Sofia Fac. Inform. 100 (2011),
27-34.



64 U. C. De, Gopal Ghosh, J. B. Jun and Pradip Majhi


