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HYPERSURFACE OF A FINSLER SPACE WITH DEFORMED
BERWALD-MATSUMOTO METRIC
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Abstract

In the present paper we have studied the Finslerian hypersurfaces of a Finsler
space with the special deformed Berwald-Matsumoto metric. We also examined
the hypersurfaces of this special metric as a hyperplane of first, second and third
kinds.
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1 Introduction

P. Finlser was the first who introduced the slope of a mountain with respect to time
measurement but he thought that (as he mentioned in his letter [9] to Matsumoto) it was
a typical model of Finsler mertric. Further in 1989, Matsumoto [9] worked on the above
problem and introduced the concept of slope metric which is defined as m"fwﬁ where

o = a;;(x)y'y’ is a Riemannian metric, 3 = b;(z)y’ is a 1— form on n-dimensional
manifold M™, v and w are the non-zero constants. In 1990 Aikou and coauthors [1]
studied the above metric in detail and named it Matsumoto metric and obtained very
interesting results for this metric in stand point of Finsler metric.

In 1929 Berwald [2] introduced a very famous Finsler metric which was defined on
unit ball B™(1) with all the straight line segments. Its geodesics has constant flag curva-
ture K = 0 in the form of

:{\/1—|x|2|y!2 (z,9)? + (z,9)}?
(1= [2[?)2y/1 = [2y? + (2, y)?

From a modern point of view the above Berwald’s metric belongs to a special kind of
Finsler metric called Berwald type metric and defined as a+5 [12] and the authors of
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the papers introduced very interesting results in the field of Finsler geometry.

The concept of Finslerian hypersurface was first introduced by Matsumoto in 1985
and further he defined three types of hypersurfaces that were called a hyperplane of the
first, second and third kinds. Further, many authors studied these hyperplanes in differ-
ent changes of the Finsler metric [3, 4, 5, 6, 10, 11] and obtained different results. In the
present paper we combine the Berwald and Matsumoto metric and obtain a new metric
named deformed Berwald-Matsumoto metric. We also examine the hypersurfaces of
this special metric as a hyperplane of first, second and third kinds.

2 Preliminaries

In the present paper we consider an n-dimensional Finsler space
F* ={M", L(a, )}, that s, a pair consisting of an n- dimensional differentiable man-
ifold M™ equipped with a Fundamental function L as a special Finsler Space with the

metric ( 6)2 )
o+ «
L(a, B) = t ) (2)

i.e. the combination of Berwald and Matsumoto metric named deformed Berwald-Matsu-

moto metric and the Finsler space F equiped with this metric is known as Berwald-
Matsumoto Finsler space.

Differentiating equation (2) partially with respect to « and 3 we get

_ (@tB)(0-f)*+0}(a-29) _ 2atB)(ap)ta?
La="""00pr » L8=7 atpp

_ 2{a3+(a—@)3}

_ 2{aP+(a—p)?} B2
G a(a—B)?

Loo = a3 (a—

Lgg

—2{a3+(a—pB)*}8
Lag = {am—fm}

where Lo = & L5 =85 Lo =92, Lgg=5%%, Lag= %%

In Finsler space F"* = {M", L(«, 3)} the normalized element of support /; = oL
and angular metric tensor h;; are given by [7]:

li=a 'L.Y; + Lgb;
hij = paij + qobibj + q-1(b:;Y; + b;Yi) + q-2Y;Y;
where Y; = al-jyj. For the fundamental metric function (2) the above constants are

40" 4+ B7 — 6088 — 60°B% — 6018 + 4038t — 3028° — B
p= 1 3
at(a—p)

(3)
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88 —8afd + 2028 4 8233 — 2a* 5% — 6a° + 23°

9 = 2o — B)] :
B —8a88 + 8a3% — 2a2B° — 8a3p4 + 2043 + 60° 5% — 287

q-1 = at(a— By )

q—2 =

_ —4a® — 4a°B% + 17a38% — 260° 3% + 1207 + 1008 — 40285 — 687 + 33°

N ab(a —p)t

Fundamental metric tensor g;; = %a'iéjL2 and its reciprocal tensor g% for L = L(a, j3)
are given by [7]

9ij = paij + pobibj + p—1(b;Y; + b;Y;) + p2YiY; (5)
where

po=qo+ L3, (6)
B
p_1=q-1+L "pLg
p_o=q_o+p?L72

The reciprocal tensor g/ of g;; is given by
¢9 =pta — sob't’ — s_l(biyj + bjyi) — s_oy'y’ (7)
where b* = aijbj and b? = aijbibj
1
so.= - {ppo + (pop-2 —p2)a’}, (8)
1 2
5.1 = E{prl + (pop—2 — p=1)B},
1 2 \p2
o= — _ _9 — b
S_2 Tp{pp 2+ (pop—2 — p* 1)b°},
_ 2 2 2,2 92
T = p(p + pob” + p-18) + (pop—2 — p=1)(“b* — 57)

The hv-torsion tensor Cj;, = %6}99@ is given by [11]

2pCiji = p—1(hiymy + hjrm; + hgimyj) + yimmjmy, (9)
where, 5
"= P% — 3p-14o, m; = b; — a ?BY; (10)

Here m, is a non-vanishing covariant vector orthogonal to the element of support 1.

Let {;k} be the component of christoffel symbols of the associated Riemannian space

R™ and sy, be the covariant derivative with respect to 2% relative to this christoffel sym-
bol. Now we define,

2Eij = bij + bji, 2Fij = bij — bji (12)
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where bij = ijz

Let OT = (T}, TGt T'%;) be the Cartan connection of F. The difference tensor

Dj.k = 1‘;‘}g - ;k} of the special Finsler space I is given by

'y = B'Eji, + F{B; + F By, + Biboy, + Biboj — bomg"™ Bj, (12)
—Cl AR — Ol AT + Cirm AT g™ + N (CL, Ot +

where
By = pob +p-1Yr, B'=g"Bj, Ff=g"Fj (13)
{p_1(aij — a2Y;Y)) + Fomimy) :
Bij = 2 - , Bf = 4" By,

A" = B™Eg + 2BoFy",  Bo = Biy'

where 0’ denotes contraction with * except for the quantities pg, ¢o and s,.

3 Induced Cartan Connection

Let F™~! be a hypersurface of F" given by the equation 2 = x%(u®) where

{ae = 1,2,3...(n — 1)}. The element of support 3 of F" is to be taken tangential to
F™1 thatis [8],

Yl = Bé(u)va (14)

the metric tensor g,z and hv-tensor C 3 of F"~ ! are given by

9op = 9iBLBL,  Cagy = Cijp BLB,BE

and at each point (u®) of F™"~!, a unit normal vector N'(u, v) is defined by
g”{x(u, U)v y(u’ U)}BCZXN] = 05 gl]{‘r(uv U)7 y(ua 'U)}NZN] =1

Angular metric tensor h, of the hypersurface are given by

hag = hijBLB%,  hiyBLN' =0,  hyiN'NT =1 (15)
(B, N;) inverse of (B:, N*) is given by

B = ¢*°g;B}, BLB] =&, B{N'=0, BiN;=0

N; = gijNI,  BF =g By, BB + N'N;j = ¢
The induced connection ICT = (FE‘;, Gg, ng of F™"~! from the Cartan’s connection

CT = (I‘;};, Iy CJ*;) is given by [8].
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I‘lg = Bf‘(B’B7 + ijgBéBv) + MEHA,

G4 = B} (Bjz +It:B), Cg = B{Cl BLBY

0j7p
where
Mg, = NiCJ?kBéB’j, Mg =g“"Mp,, Hg= Ni(Béﬁ + FZ;B%)
and
. OB? . .
By, = s Byg = B pv®

The quantities Mg, and Hpg are called the second fundamental v-tensor and normal
curvature vector respectively [8]. The second fundamental h-tensor Hp., is defined as
[8] |

Hg, = Ni(Bj, + 5, ByBY) + MgH, (16)

where
Mg = N;Cj BLN* (17)

The relative h and v-covariant derivatives of projection factor Bg with respect to ICT
are given by

Bys =HapN',  Bils = MagN'
It is obvious form equation (15) that H g, is generally not symmetric and
Hpy — Hyp = MpHy — My Hg (18)
The above equation yields
Hoy=H,, H, =H,+M,H (19)
We shall use the following lemmas which are due to Matsumoto [8] in the coming section

Lemma 1. The normal curvature Hy = Hﬁvﬁ vanishes if and only if the normal curvature
vector Hpg vanishes.

Lemma 2. A hypersurface F=1) s g hyperplane of the first kind with respect to con-
nection CT ifand only if H, = 0.

Lemma 3. A hypersurface F=1) js g hyperplane of the second kind with respect to
connection CT' if and only if H, = 0 and H,g = 0.

Lemma 4. A hypersurface F=1) s g hyperplane of the third kind with respect to con-
nection CT"ifand only if H, = 0 and H,g = M,z = 0.



42 V. K. Chaubey and Brijesh Kumar Tripathi

4 Hypersurface "~V (c) of a deformed Berwald-Matsumoto Finsler

space

Let us consider a Finsler space with the deformed Berwald-Matsumoto metric L(«, 3)

2 ..
(O‘J;B) + (aofﬁ), where, a? = a;;(z)y'y’ is a Riemannian metric and vector field b;(x) =
(%’i is a gradient of some scalar function (). Now we consider a hypersurface ("~ (¢)
given by equation b(z) = ¢, a constant [11].

From the parametric equation z° = z*(u®) of F"~1(c), we get

ob(z) _
Bui =0

ob(z) ozt 0
ort Ou™

b;Bi, =0

Above it is shown that b;(x) are covarient components of a normal vector field of

hypersurface F~!(c). Further, we have

bB. =0 and by' =0 ie [=0 (20)
and induced matric L(u,v) of F"~(c) is given by
L(u,v) = aagvavﬂ, Aop = aingBé (21)
which is a Riemannian metric.
Writing 8 = 0 in equations (3), (4) and (6) we get
p=4 @=8 q¢1=0 go=-4a"’ (22)
po=17 p_1=6a"! p_o=0 7=16(1+2b%),
1 3 —9b?
S)=—————+ S 1=—————— S . 9—=—————
0721 +22) TN T Ba(l+202) T 1602(1 + 20?)
from (5) we get,
1 1 . 3 o o 9h? o
ijilj_ b’L _ b’L] b]l ’L] 23
9774 T oy 22 sa( £ 208 Y V) F ey (23)

thus along F™"~1(c), (22) and (19) lead to

So we get
b(a:(u)) =4/————N; b2 = ab;b; (24)
7 ](] 2l2) (3 1]
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where b is the length of vector b

Again from (22) and (23), we get

_ . ) b2t
b = a'b; = \/A02(1 + 262)N' + 307y (25)

2x
thus we have,

Theorem 1. /n a deformed Berwald-Matsumoto Finsler hypersurface F(n=1) (¢), the In-
duced Riemannian metric is given by (20) and the scalar function b(x)is given by (23) and
(24).

Now the angular metric tensor h;; and metric tensor g;; of I are given by
4 6
hij = 4az~j + 8bibj — gYinj and gij = 4aij + 17bibj + a(sz} + b]Y;) (26)
From equation (19), (25) and (14) it follows that if hgtﬁ) denote the angular metric tensor

of the Riemannian a;;(x), then we have along F(’Z)_l, hog = h((fﬁ)

-1 9
thus along F7) L o _ 2

from equation (9) we get

T = —TIO, m; = bz
then hv-torsion tensor becomes
3 5
Cijk = E(hijbk + hjkbi + hiibs) — 10, b3k (27)
in the deformed Berwald-Matsumoto Finsler hypersurface F((S_l). Due to facts from

(14), (15), (17), (19) and (26) we have

3 |
Mg = 2| —2__p, d M, = 28
T ta\ A+ a2)e? 0 (28)

Therefore, from equation (18) it follows that H,g is symmetric. Thus we have

Theorem 2. The second fundamental v-tensor of the deformed Berwald-Matsumoto Finsler

hypersurface F((Sfl) is given by (27) and the second fundamental h-tensor H g is sym-
metric.

Now from (19) we have b; B!, = 0. Then we have

by B +biBl 5 =0

a
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Therefore, from (17) and using bi‘ﬁ = bz‘|jBé + bi|ijH5, we have

bit; BL B + by BLNI Hg + biHogN' = 0 (29)
since b;|; = —thZhj, we get

Therefore from equation (28) we have,

b2 o
because b;|; is symmetric. Now contracting (29) with v” and using (13) we get

Again contracting by v equation (4.12) and using (13), we have
Py + b9’y =0 (32)
4(1 +2b2) 0 ’L|]y y -

From lemma (1) and (2), it is clear that the deformed Berwald-Matsumoto hypersuface
F((S_l) is a hyperplane of first kind if and only if Hy = 0. Thus from (31) it is obvious that
F(Té)’l is a hyperplane of first kind if and only if biniyj = 0. This bi‘j being the covariant
derivative with respect to CT of F™ defined on y%, but b;; = 7,b; is the covariant
derivative with respect to Riemannian connection {’, } constructed from a;;(z). Hence

bi; does not depend on y*. We shall consider the difference b;); — bi; where b;; = 7 ;b;
in the following. The difference tensor D;'.k = F}"}C — {;k} is given by (11). Since b; is a
gradient vector, then from (10) we have

Ejj=bj F;=0 and F/=0
Thus (11) reduces to
CimAT + Citm AT'g" + X*(Ch,, T +

where
B; = 17b; + 6a"'Y;, B'=( 2 )b+ ’ y' (34)
‘ ! " 1+ 2b2 2a(1 + 262)7
3 Y;Y; 13

A™ = B"boo, Bij = —(aij — 7;2]) + - bib,

s 7 , (9 + 39v%) ,

Bl = (5% — a2y ‘b — byt

= 1% T YD e T sy Y

AZ’L = B]Tboo + meko
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In view of (21) and (22), the relation in (12) becomes equation (33). Further we have
Bl =0, Bio = 0 which leads AJ* = B™by.

Now contracting (32) by y* we get
D;O = Bibjo + B;-boo - BmC;mboo
Again contracting the above equation with respect to 7/ and we have

DéO = Biboo = {(H_%w)bl + myi}boo

Paying attention to (19), along F((S_l), we get
: 22 (3 + 13p2) 2 ,
Dio— o 2T g O
b D% = jo + 4a(1+262)b3b00+ (1+262)bb Cimboo (35)
Now we contract (34) by 3/ we have
. 202
b;Dhy = ———=<b 36
00 (1 + 2b2) 00 ( )

From (15), (23), (24), (27) and M, = 0, we have
bib™Cl Bh = My =0

Thus the relation b;; = b;; — er;j equations (34) and (35) give

¥
by’ = boo — brDfy = 155z boo

Consequently (30) and (31) may be written as

b2

—  __H,+——bjB’ =0, 37
M1 208 T T a2 00 57)

bQ

A(1 + 202) boo =0

1
H -
0t T op

Thus condition Hy = 0 is equivalent to bgg = 0. Using the fact that 3 = b;y* = 0 the
condition bpy = 0 can be written as b;;4'y’ = b;y'b;y’ for some ¢;j(z). Thus we can
write,

2bij = biCj + bjCi (38)

Now from (19) and (37) we get

boo = 0, me&Bé = O, bijBéyj =0
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Hence from (36) we get H,, = 0, again from (37) and (33) we get b;pb’ = %, AT =
0, A%B} = 0and B;; B, Bj = 2hog.

T«

Now we use equations (15), (22), (23), (24), (27) and (32) then we have

oD B gl — Sl (39)
rHTeTE T TR (1 4 202) P
Thus equation (29) reduces to
b2 3b2
T Hupt+— hys =0 40
21+ 267) 8 T Ba(t 1 202) P (40)

Hence the hypersurface F(";)_l is umbilic.

Theorem 3. The necessary and sufficient condition for a deformed Berwald-Matsumoto

hypersurface F((Sfl) to be a hyperplane of first kind is (37). In this case the second fun-

damental tensor of F(ch)_l is proportional to its angular metric tensor.

Now from lemma (3), F((S_l) is a hyperplane of second kind if and only if H, = 0
and H,3 = 0. Thus from (38), we get

co=ci(x)y* =0

Therefore there exists a function () such that

Therefore from (37) we get

2bij = bi(z)(x)bj(w) + bj(z)(2)bi(x)

This can also be written as

bij = (2)bib;

Theorem 4. The necessary and sufficient condition for a deformed Berwald-Matsumoto

hypersurface F((S_l) to be a hyperplane of second kind is (39).

Again lemma (4) and with equation (27) and M, = 0 show that F(Z)_l does not become
a hyperplane of third kind.

Theorem 5. The deformed Berwald-Matsumoto hypersurface F((Sfl) is not a hyperplane
of the third kind.
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