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ON THE QUATERNIONIC W-CURVES IN THE SEMI-EUCLIAN SPACES

Özgür BOYACIOĞLU KALKAN1

Abstract

In this paper, the posiƟon vector of the semi-real spaƟal quaternionic W-curve
inE3

1 and the posiƟon vector of the semi-real quaternionicW-curve inE4
2 are given

and we obtain some characterizaƟons for the semi-real spaƟal quaternionic W-
curve inE3

1 and the semi-real quaternionicW-curve inE4
2 by using posiƟon vectors.

Also, we characterize unit semi-real quaternionic curveswith respect to second cur-
vature k(s) and third curvature (r − εtεT εN1

K)(s).

2000MathemaƟcs Subject ClassificaƟon: 14H45, 14H50, 11R52, 53A04
Key words: curves, W-curves, real quaternion, posiƟon vector

1 IntroducƟon

The quaternion was defined by Hamilton in 1843. His iniƟal aƩempt was to gen-
eralize the complex numbers by introducing a three-dimensional object failed in the
sense that the algebra he constructed for these three dimensional object did not have
the desired properƟes. Hamilton discovered that the appropriate generalizaƟon is one
in which the scalar (real) axis is leŌ unchanged whereas the vector (imaginary) axis is
supplemented by adding two further vector axes. There are different types of quater-
nions, namely: real, complex dual quaternions. A real quaternion is defined as q =
q0 + q1e1 + q2e2 + q3e3 is composed of four units {1, e1, e2, e3} where e1, e2, e3 are
orthogonal unit spaƟal vectors, qi (i = 0, 1, 2, 3) are real numbers and this quaternion
can be wriƩen as a linear combinaƟon of a real part (scalar) and vectorial part (a spaƟal
vector) [4, 8, 17].

In 1985, the Serret-Frenet formulas for a quaternionic curve in Euclidean spaces E3

and E4 are given by Bharathi and Nagaraj [1]. By using these formulas Karadağ and
Sivridağ gave some characterizaƟons for quaternionic inclined curves in terms of the
harmonic curvatures in Euclidean spaces E3 and E4 [9] . The Serret-Frenet formulae
for the quaternionic curves in the semi-Euclidean space E4

2 are given in [4]. The semi-
real quaternionicB2 slant helices in four dimensional space E4

2 are studied in [8].
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A curveα is calledW-curve (or a helix), if it has constant Frenet curvatures. W-curves
in the Euclidean space En have been studied intensively. The simplest examples are
circles as planar W-curves and helices as non-planar W-curves in E3.

All W-curves in the Minkowski 3-space are completely classified by Walrave in [16].
For example, the only planar spacelikeW-curves are circles and hyperbolas. All spacelike
W-curves in the Minkowski space-Ɵme E4

1 are studied in [13]. The examples of null W-
curves in theMinkowski space-Ɵme are given in [2]. TimelikeW-curves in the same space
have been studied in [15]. The posiƟon vectors of a spacelike W-curve (or a helix), i.e.,
curve with constant curvatures, with spacelike, Ɵmelike and null principal normal in the
Minkowski 3-spaceE3

1 are given in [6]. The posiƟon vectors of a Ɵmelike and a null helix
in Minkowski 3-space are studied in [7].

In this paper, we obtain posiƟon vectors of the spaƟal semi-real quaternionic W-
curves in E3

1 and by using posiƟon vectors we give some characterizaƟons for semi-
real spaƟal quaternionic W-curves whose image lies on the semi-real spaƟal quater-
nionic sphere S2

1 , semi-real spaƟal quaternionic hyperbolical space H2
0 in E3

1 . Then we
obtain the posiƟon vector of the semi-real quaternionic W-curve in E4

2 and by using
the posiƟon vector we give some characterizaƟons for semi-real quaternionic W-curve
whose image lies on the semi-quaternionic sphere S3

2 , semi-quaternionic hyperbolical
space H3

1 and semi-real quaternionic null cone C(m) in E4
2 . Also, we characterize unit

semi-real quaternionic curves with respect to second curvature k(s) and third curvature
(r − εtεT εN1K)(s).

2 Preliminaries

To meet the requirements in the next secƟons, the basic elements of the theory of
quaternions in the Euclidean space are briefly presented in this secƟon. Amore complete
elementary treatment can be found in [17].

A real quaternion is defined with q = a−→e1 + b−→e2 + c−→e3 + d−→e4 or (q = Sq +
−→
Vq where

the symbols Sq = d and
−→
Vq = a−→e1 + b−→e2 + c−→e3 denote scalar and vector part of q) such

that

i) −→ei ×−→ei = −ε(−→ei ), 1 ≤ i ≤ 3, ε(−→ei ) = ±1

ii) −→ei ×−→ej = ε(−→ei )ε(−→ej )−→ek , inR3
1

−→ei ×−→ej = −ε(−→ei )ε(−→ej )−→ek , inR4
2

where ε(−→ei ) = hν(
−→ei ,−→ei ) and (ijk) is an even permutaƟon of (123) [4]. NoƟce here

that we denote the set of all semi-real quaternions byQν

Qν = {q | q = a−→e1 + b−→e2 + c−→e3 + d−→e4 ; a, b, c, d ∈ R, −→e1 ,−→e2 ,−→e3 ∈ R3
1}

where ν is an index ν = 1, 2. If−→ei is spacelike or Ɵmelike vector, then ε(−→ei ) = +1 or−1
respecƟvely.

Using these basic products we can now expand the product of two quaternions (as-
suming for the moment that the product is distribuƟve with respect to addiƟon):

p× q = SpSq +
⟨−→
Vp,

−→
Vq

⟩
+ Sp

−→
Vq + Sq

−→
Vp +

−→
Vp ∧

−→
Vq, ∀p, q ∈ Qv,
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where we have used the scalar and cross products in semi-Euclidean space E3
1 [4]. The

conjugate of the semi-quaternion q is denoted by q and defined αq = Sq −
−→
Vq. This

defines the symmetric real-valued, non-degenerate, bilinear form hν as follows:

hν : Qν ×Qν → R, ν = 1, 2;

h1(p, q) =
1

2
[ε(p)ε(q)(p× αq) + ε(q)ε(p)(q × αp)] for every p, q ∈ R3

1,

h2(p, q) =
1

2
[−ε(p)ε(q)(p× αq)− ε(q)ε(p)(q × αp)] for every p, q ∈ R4

2.

Hence it is called semi-real quaternion inner product [4]. The normof a semi-real quater-
nion q = (q1, q2, q3, q4) ∈ Qv is

∥q∥2 = |hν(q, q)| = |ε(q)(q × αq)| =
∣∣−q21 − q22 + q23 + q24

∣∣ .
If hν = (p, q) = 0 then semi-real quaternions p and q are called h-orthogonal. If

∥q∥ = 1 then q is called a semi-real unit quaternion [12]. q is called a semi-real spaƟal
quaternion whenever q + αq = 0 [1]. Moreover, the quaternionic product of two semi-
real spaƟal quaternions is p× q = ⟨p, q⟩+ p ∧L q. q is a semi-real temporal quaternion
whenever q − αq = 0. Any general q can be wriƩen as
q = 1

2(q + αq) + 1
2(q − αq) [4].

It is known that the groups of unit real quaternions and unitary matrices SU(2) are
isomorphic. Thus, spherical concepts in S3 such as meridians of longitude and parallels
of laƟtude are explained with assistance elements of SU(2). Furthermore, the element
of SO(3) can match with each element of S3 [11].

The four-dimensional Euclidean spaceE4 is idenƟfied with the space of unit quater-
nions. A semi-real quaternionic sphere with originm and radiusR > 0 in E4

2 is

S3
2(m,R) = {p ∈ Qν : h(p−m, p−m) = R2}

and the semi-real quaternionic hyperbolical space is defined by

H3
1 (m,R) = {p ∈ Qν : h(p−m, p−m) = −R2}.

The semi-real quaternionic null cone with the vertex at a pointm in E4
2 is defined by

C(m) = {p ∈ Qν : h(p−m, p−m) = 0}.

Theorem 1. The three-dimensional semi-Euclidean spaceE3
1 is idenƟfied with the space

of spaƟal quaternions {p ∈ Qp | p + γp = 0} in an obvious manner. Let I = [0, 1]
denote the unit interval of the real line R and

α : I → Qp, s → α(s) =
3∑

i=1

αi(s)ei, 1 ≤ i ≤ 3,

be the parameter along the smooth curve. Let the parameter s be chosen such that

the tangent t = α′(s) =
3∑

i=1
α

′
i(s)ei has unit magnitude and {t, n1, n2} be the Frenet
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trihedron of the differenƟable semi-Euclidean space curve in the semi-Euclidean space
E3

1 . Then the Frenet equaƟons are

t′ = εn1kn1

n
′
1 = −εtkt+ εn1rn2

n
′
2 = −εn2rn1

(1)

where k is the principal curvature, r is torsion of α and h(t, t) = εt, h(n1, n1) = εn1

h(n2, n2) = εn2 [4].

Theorem 2. The 4-dimensional semi-Euclidean space R4
2 is idenƟfied with the space of

unit semi-quaternions which is denoted byQv. Let

β : I ⊂ R → Qv

s → β(s) =
4∑

i=1
βi(s)

−→ei , (1 ≤ i ≤ 4), −→e4 = 1

be a smooth curve defined over the interval I . Let the parameter s be chosen such that

the tangent T = β′(s) =
4∑

i=1
β

′
i(s)

−→ei has unit magnitude. Let {T,N1, N2, N3} be the

Serret-Frenet frame in the point β(s) of the semi-real quaternionic curve β and s be the
arc-length parameter of the semi-real quaternionic curve β. Then the Frenet equaƟons
are

T ′ = εN1KN1

N ′
1 = −εtεN1KT + εn1kN2

N
′
2 = −εtkN1 + εn1 (r − εtεT εN1K)N3

N ′
3 = −εn2(r − εtεT εN1K)N2

(2)

where

K = εN
∥∥T ′∥∥ , N1 = εt(t× T ), N2 = εt(n1 × T ), N3 = εt(n2 × T ),

h(T, T ) = εT , h(N1, N1) = εN1 , h(N2, N2) = εT εn1 , h(N3, N3) = εT εn2 , [4].

The Serret-Frenet formulae of the semi-real quaternionic curve β = β(s) is obtained
by making use of the Serret-Frenet formulae of the semi-real spaƟal quaternionic curve
α = α(s) where α is a semi-real spaƟal quaternionic curve associated with the semi-
real quaternionic curve β and {t, n1, n2} is the Frenet frame of the semi-real spaƟal
quaternionic curve α in R3

1. Moreover, there are relaƟonships between curvatures of
the curves β and α. These relaƟons can be explained because the torsion of β is the
principal curvature of the curve α. Also, the bitorsion of β is (r − εtεT εN1K), where
r is the torsion of α and K is the principal curvature of β. These relaƟons are only
determined for quaternions, [4].

3 PosiƟon Vectors of Semi-real SpaƟal QuaternionicW-curves in
E3

1

Let α = α(s) be unit speed semi-real spaƟal quaternionic W-curve in E3
1 with non-

zero curvatures k and r. Then the posiƟon vector of the curveα(s) saƟsfies the equaƟon

α(s) = λ(s)t(s) + µ(s)n1(s) + ν(s)n2(s) (3)
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for some differenƟable funcƟons λ(s), µ(s), ν(s). Then differenƟaƟng (3) with respect
to s and using the corresponding Frenet equaƟons (1), we obtain

λ′ − εtkµ− 1 = 0 (4)
εn1kλ+ µ′ − εn2rν = 0

εn1rµ+ ν ′ = 0

From these equaƟons in (4) we get

µ′′ + εn1(εn2r
2 + εtk

2)µ+ εn1k = 0 (5)

Here we have disƟnguished the following cases:
Case 1. When α(s) is a semi-real spaƟal quaternionic W-curve with spacelike princi-

pal normal n1. Thus εn1 = 1, therefore from (5) we get

µ′′ + (εn2r
2 + εtk

2)µ+ k = 0 (6)

In this case we have the following subcases.
Case 1.1. If εn2r

2 + εtk
2 = 0, (6) takes the form µ′′ + k = 0. Then the soluƟon of

this equaƟon is
µ(s) = −k s2

2 + c1s+ c2 (7)

where c1, c2 ∈ R. By using (7), from (4) we get

λ(s) = −εtk
2 s3

6 + εtc1k
s2

2 + (εtc2k + 1)s,

υ(s) = rk s3

6 − c1r
s2

2 − c2rs.

Thus we find the posiƟon vector as;

α(s) =
[
k s2

2 + (εtc2k + 1)s
]
t(s) +

[
−k s2

2 + c1s+ c2

]
n1(s)

+
[
rk s3

6 − c1r
s2

2 − c2rs
]
n2(s)

(8)

Case 1.2. If εn2r
2 + εtk

2 > 0, then the soluƟon of the equaƟon (5) is

µ(s) = c1 cos(
√

εn2r
2 + εtk2s) + c2 sin(

√
εn2r

2 + εtk2s)− k
εn2r

2+εtk2
(9)

where c1, c2 ∈ R. By using (9), from (4) we get

λ(s) = (1− εtk2

εn2r
2+εtk2

)s+ εtc1k√
εn2r

2+εtk2
sin(

√
εn2r

2 + εtk2s)

− εtc2k√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s)

υ(s) = − c1r√
εn2r

2+εtk2
sin(

√
εn2r

2 + εtk2s)

+ c2r√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s) +
rks

εn2r
2+εtk2
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Thus we find the posiƟon vector as;

α(s) =

[
(1− εtk2

εn2r
2+εtk2

)s+ εtc1k√
εn2r

2+εtk2
sin(

√
εn2r

2 + εtk2s)

− εtc2k√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s)

]
t(s)

+
[
c1 cos(

√
εn2r

2 + εtk2s) + c2 sin(
√

εn2r
2 + εtk2s)− k

εn2r
2+εtk2

]
n1(s)

+

[
− c1r√

εn2r
2+εtk2

sin(
√
εn2r

2 + εtk2s)

+ c2r√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s) +
rks

εn2r
2+εtk2

]
n2(s)

(10)
Case 1.3. If εn2r

2 + εtk
2 < 0, we get

µ(s) = c1e
−s
√

−εn2r
2−εtk2 + c2e

s
√

−εn2r
2−εtk2 − k

εn2r
2−εtk2

(11)

where c1, c2 ∈ R. By using (11), from (4) we get

λ(s) = (1− εtk2

εn2r
2+εtk2

)s− εtc1k√
−εn2r

2−εtk2
e−s

√
−εn2r

2−εtk2

+ εtc2k√
−εn2r

2−εtk2
es
√

−εn2r
2−εtk2

υ(s) = c1r√
−εn2r

2−εtk2
e−s

√
−εn2r

2−εtk2

− c2r√
−εn2r

2−εtk2
es
√

−εn2r
2−εtk2 + rks

εn2r
2+εtk2

Thus we find the posiƟon vector as;

α(s) =

[
(1− εtk2

εn2r
2+εtk2

)s− εtc1k√
−εn2r

2−εtk2
e−s

√
−εn2r

2−εtk2

+ εtc2k√
−εn2r

2−εtk2
es
√

−εn2r
2−εtk2

]
t(s)

+
[
c1e

−s
√

−εn2r
2−εtk2 + c2e

s
√

−εn2r
2−εtk2 − k

εn2r
2−εtk2

]
n1(s)

+

[
c1r√

−εn2r
2−εtk2

e−s
√

−εn2r
2−εtk2

− c2r√
−εn2r

2−εtk2
es
√

−εn2r
2−εtk2 + rks

εn2r
2+εtk2

]
n2(s)

(12)

Case 2. Whenα(s) is a semi-real spaƟal quaternionicW-curvewith Ɵmelike principal
normal n1. Thus εn1 = −1 and so εn2 = εt = 1. In that case r2 + k2 > 0 and (5) takes
the form µ′′ − (r2 + k2)µ− k = 0. Then the soluƟon of this equaƟon is

µ(s) = c1e
−s

√
r2+k2 + c2e

s
√
r2+k2 − k

r2+k2
(13)
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where c1, c2 ∈ R. By using (13), from (4) we get

λ(s) = (1− k2

r2+k2
)s− c1k√

r2+k2
e−s

√
r2+k2 + c2k√

r2+k2
es

√
r2+k2 ,

υ(s) = − c1r√
r2+k2

e−s
√
r2+k2 + c2r√

r2+k2
es

√
r2+k2 − rks

r2+k2
.

Thus we find the posiƟon vector as;

α(s) =
[
(1− k2

r2+k2
)s− c1k√

r2+k2
e−s

√
r2+k2 + c2k√

r2+k2
es

√
r2+k2

]
t(s)

+
[
c1e

−s
√
r2+k2 + c2e

s
√
r2+k2 − k

r2+k2

]
n1(s)

+
[
− c1r√

r2+k2
e−s

√
r2+k2 + c2r√

r2+k2
es

√
r2+k2 − rks

r2+k2
.
]
n2(s)

(14)

Corollary 1. Let α = α(s) be a unit speed semi-real spaƟal quaternionic W-curve in
E3

1 with spacelike principal normal n1 and the curvatures k(s) > 0, r(s) ̸= 0 for each
s ∈ IR.

a) If εn2r
2 + εtk

2 = 0, then the posiƟon vector of the curve is given by the equaƟon
(8).

b)If εn2r
2 + εtk

2 > 0, then the posiƟon vector of the curve is given by the equaƟon
(10).

c)If εn2r
2 + εtk

2 < 0, then the posiƟon vector of the curve is given by the equaƟon
(12).

Corollary 2. Let α = α(s) be a unit speed semi-real spaƟal quaternionic W-curve in E3
1

with Ɵmelike principal normaln1 and the curvatures k(s) > 0, r(s) ̸= 0 for each s ∈ IR.
Then the posiƟon vector of the curve is given by the equaƟon (14).

4 Semi-Real SpaƟal Quaternionic W-curves on S2
1 andH2

0 in E3
1

In this secƟon we give some characterizaƟons for the semi-real spaƟal quaternionic
W-curveswhose image lies on the semi-real spaƟal quaternionic sphereS2

1 and semi-real
quaternionic hyperbolic spaceH2

0 .

Theorem 3. Let α = α(s) be a unit speed semi-real spaƟal quaternionic W-curve in E3
1

with the spacelike principal normal n1 and non-zero curvatures k(s), r(s).
a) If εn2r

2 + εtk
2 = 0, then α lies on a semi-real spaƟal quaternionic sphere S2

1 if
and only if for each s ∈ I ⊂ R the curvatures saƟsfy the following equaliƟes:

0 = −εtk
2 s3

6 + εtc1k
s2

2 + εt(c2ks+ 1)s (15)

− εt
k = −k s2

2 + c1s+ c2

0 = rk s3

6 − c1r
s2

2 − c2rs
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b) If εn2r
2 + εtk

2 > 0, then α lies on a semi-real spaƟal quaternionic sphere S2
1 if

and only if for each s ∈ I ⊂ R the curvatures saƟsfy the folowing equaliƟes:

0 = (1− εtk2

εn2r
2+εtk2

)s+ εtc1k√
εn2r

2+εtk2
sin(

√
εn2r

2 + εtk2s)

− εtc2k√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s)

− εt
k = −c1 cos(

√
εn2r

2 + εtk2s)− c2 sin(
√
εn2r

2 + εtk2s) +
k

εn2r
2+εtk2

0 = − c1r√
εn2r

2+εtk2
sin(

√
εn2r

2 + εtk2s)

+ c2r√
εn2r

2+εtk2
cos(

√
εn2r

2 + εtk2s) +
rks

εn2r
2+εtk2

c) If εn2r
2 + εtk

2 < 0, then α lies on a semi-real spaƟal quaternionic sphere S2
1 if

and only if for each s ∈ I ⊂ R the curvatures saƟsfy the folowing equaliƟes:

0 = (1− εtk2

εn2r
2+εtk2

)s− εtc1k√
−εn2r

2−εtk2
e−s

√
−εn2r

2−εtk2

+ εtc2k√
−εn2r

2−εtk2
es
√

εn2r
2+εtk2

− εt
k = c1e

−s
√

−εn2r
2−εtk2 + c2e

s
√

−εn2r
2−εtk2 − k

εn2r
2+εtk2

0 = c1r√
−εn2r

2−εtk2
e−s

√
εn2r

2+εtk2

− c2r√
−εn2r

2−εtk2
es
√

−εn2r
2−εtk2 + rks

εn2r
2+εtk2

Proof. a)Let us first suppose that α lies on a semi-real spaƟal quaternionic sphere S2
1

with centerm

h(α−m,α−m) = a2 (16)

for every s ∈ I ⊂ R. DifferenƟaƟon in s gives

h(t, α) = 0 (17)

By a new differenƟaƟon, we find that

h(n1, β) = − εt
k . (18)

Then one more differenƟaƟon in s gives

h(n2, β) = 0. (19)

By using Eqs. 16, 17, 18 and 19 in Eq. 8 , we find equaƟons in 15. Conversely, we assume
that equaƟons in 15 holds for each s ∈ I ⊂ R then from Eq. 8 we find the posiƟon
vector of the curveα = − εt

k n1 which saƟsfies the equaƟon h(α, α) =
(
1
k

)2
= a2 which

means that the curve lies in S2
1 . The proofs of (b) and (c) are analogous to the proof of

(a).
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Theorem 4. Let α = α(s) be a unit speed semi-real spaƟal quaternionic W-curve in E3
1

with the Ɵmelike principal normal n1 and non-zero curvatures k(s), r(s). Then α lies on
a semi-real spaƟal quaternionic hyperbolic space H2

0 if and only if for each s ∈ I ⊂ R
the curvatures saƟsfy the following equaliƟes:

0 = (1− k2

r2+k2
)s− c1k√

r2+k2
e−s

√
r2+k2 + c2k√

r2+k2
es

√
r2+k2

− 1
k = c1e

−s
√
r2+k2 + c2e

s
√
r2+k2 − k

r2+k2

0 = − c1r√
r2+k2

e−s
√
r2+k2 + c2r√

r2+k2
es

√
r2+k2 − rks

r2+k2

Proof. The proof is analogous to the proof of Theorem 3.

Corollary 3. There is no semi-real spaƟal quaternionic W-curve with the spacelike princi-
pal normal n1 and non-zero curvatures k(s) and r(s) whose image lies on the semi-real
spaƟal quaternionic hyperbolic spaceH2

0 in E3
1 .

Corollary 4. There is no semi-real spaƟal quaternionicW-curvewith the Ɵmelike principal
normal n1 and non-zero curvatures k(s) and r(s) whose image lies on the semi-real
spaƟal quaternionic sphere S2

1 in E3
1 .

Corollary 5. Let α(s) be a unit speed semi-real spaƟal quaternionic W-curve in E3
1 with

spacelike or Ɵmelike principal normal n1 and non-zero curvatures k(s) and r(s). If α is
a semi-real spaƟal quaternionic spherical curve or semi-real spaƟal quaternionic hyper-
bolical curve, then the radius of S2

1 orH2
0 is r = 1

k .

5 PosiƟon Vector of Semi-Real Quaternionic W-curve in E4
2

Let β = β(s) be unit speed semi-real quaternionic W-curve in E4
2 with non- zero

curvaturesK, k and (r−εtεT εN1K). Then the posiƟon vector of the curve β(s) saƟsfies
the equaƟon

β(s) = λ(s)T (s) + µ(s)N1(s) + γ(s)N2(s) + σ(s)N3(s) (20)

for some differenƟable funcƟons λ(s), µ(s), γ(s), σ(s). These funcƟons are called com-
ponent funcƟons (or simply components) of the posiƟon vector.

Then differenƟaƟng (20) with respect to s and using the corresponding Frenet equa-
Ɵons (2), we obtain

λ′ − εtεN1Kµ− 1 = 0, (21)
εN1Kλ+ µ′ − εtkγ = 0,

εn1kµ+ γ′ − εn2 [r − εtεT εN1K]σ = 0,

εn1 [r − εtεT εN1K]γ + σ′ = 0.

From the first three equaƟons in (21) we get

µ =
εtεN1

(λ′−1)

K (22)
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γ =
εtεN1
kK (K2λ+ εtλ

′′) (23)

and

σ =
εtεn2εN1

kK[r−εtεT εN1
K]

[
εtλ

′′′
+ (εn1k

2 +K2)λ′ − εn1k
2
]
. (24)

By using (24) in the last equaƟon in (21) we easily obtain the differenƟal equaƟon

λ(4) −
[
εn2k

2 − εtK
2 + εt[r − εtεT εN1K]2

]
λ′′ −K2[r − εtεT εN1K]2λ = 0. (25)

The soluƟon of the previous equaƟon is

λ(s) = c1 cos(Q1s) + c2 sin(Q1s) + c3 cosh(Q2s) + c4 sinh(Q2s) (26)

where

Q2
1 =

1

2

(
C +

√
C2 + 4K2[r − εtεT εN1K]2

)
,

Q2
2 =

1

2

(
C −

√
C2 + 4K2[r − εtεT εN1K]2

)
and

C = εn2k
2 − εtK

2 + εt[r − εtεT εN1K]2.

Then using (26) in (22), (23) and (24) we get

µ =
εtεN1
K [Q1(−c1 sin(Q1s) + c2 cos(Q1s)) ,

+Q2(c3 sinh(Q2s) + c4 cosh(Q2s))− 1]

γ =
εtεN1
kK

[(
K2 − εtQ

2
1

)
(c1 cos(Q1s) + c2 sin(Q1s))

+
(
K2 + εtQ

2
2

)
(c3 cosh(Q2s) + c4 sinh(Q2s))

]
and

σ = A
[
−εn1k

2 + (εn1k
2 +K2)Q1 − εtQ

3
1) (−c1 sin(Q1s) + c2 cos(Q1s))

+
(
(εn1k

2 +K2)Q2 + εtQ
3
2

)
(c3 sinh(Q2s) + c4 cosh(Q2s))− εn1k

2
]
.
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whereA =
εtεn2εN1

kK[r−εtεT εN1
K] . Thus we find the posiƟon vector as;

β(s) = [c1 cos(Q1s) + c2 sin(Q1s) + c3 cosh(Q2s) + c4 sinh(Q2s)]T (s)

+
εtεN1
K [−c1Q1 sin(Q1s) + c2Q1 cos(Q1s)

+c3Q2 sinh(Q2s) + c4Q2 cosh(Q2s)− 1]N1(s)

+
εtεN1
kK

[(
K2 − εtQ

2
1

)
(c1 cos(Q1s) + c2 sin(Q1s))

+
(
K2 + εtQ

2
2

)
(c3 cosh(Q2s) + c4 sinh(Q2s))

]
N2(s)

+A
[
−εn1k

2 + (εn1k
2 +K2)Q1 − εtQ

3
1) (−c1 sin(Q1s) + c2 cos(Q1s))

+
(
(εn1k

2 +K2)Q2 + εtQ
3
2

)
(c3 sinh(Q2s) + c4 cosh(Q2s))

]
N3(s).

(27)

Theorem 5. Let β = β(s) be a unit speed semi-real quaternionic W-curve in E4
2 with

non-zero curvaturesK(s), k(s) and (r− εtεT εN1K)(s) for each s ∈ IR. Then posiƟon
vector of the curve is given by the equaƟon (27).

Next, the following theorems characterize unit semi-real quaternionic curves with
respect to second curvature k(s) and third curvature (r − εtεT εN1K)(s).

Theorem 6. Let β = β(s) be a unit speed semi-real quaternionic curve in E4
2 with non-

zero curvature K(s). Then β has k(s) = 0 if and only if β lies fully in a 2-dimensional
quaternionic hyperplane of E4

2 , spanned by {T,N1}.

Proof. If β has k(s) = 0, then by using the Frenet equaƟons we obtain β′ = T, β′′ =
εN1KN1, β

′′′ = εtK
2T + εN1K

′N1. Next, all higher order derivates of β are combina-
Ɵons of vectors β′ and β′′, so by using the MacLaurin expansion for β given by

β(s) = β(0) +
.
β(0)s+

..
β(0)

s2

2!
+

...
β(0)

s3

3!
+ ...,

we conclude that β lies fully in a quaternionic hyperplane ofQv, spanned by {T,N1}.
Conversely, assume that β saƟsfies the assumpƟons of the theorem and lies fully

in a quaternionic hyperplane π of Qv. Then there exist points p, q ∈ E4
2 , such that β

saƟsfies the equaƟon of π given by h(β(s) − p, q) = 0, where q ∈ π⊥. DifferenƟaƟng
the last equaƟon yields h(T, q) = h(N1, q) = 0. Next differenƟaƟon of the equaƟon
h(N1, q) = 0 gives εn1kh(N2, q) = 0. SinceN2 is the unit semi-real quaternionic vector
perpendicular to {T,N1}, it follows that h(N2, q) ̸= 0. Therefore k = 0.

Theorem 7. Let β = β(s) be a unit speed semi-real quaternionic curve in E4
2 with

non-zero curvature K, k. Then β has r = εtεT εN1K if and only if β lies fully in a 3-
dimensional quaternionic hyperplane of E4

2 , spanned by {T,N1, N2}.

We omit the proof, as it is similar to the proof of Theorem 7.
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6 Semi-real quaternionic W-curves on S3
2 , H

3
1 and C(m) in E4

2

In this secƟonwe give some characterizaƟons for the semi-real quaternionicW-curve
whose image lies on the semi-real quaternionic sphereS3

2 , semi-real quaternionic hyper-
bolic spaceH3

1 and semi-real quaternionic null cone C(m).

Theorem 8. Let β = β(s) be a unit speed semi-real quaternionic W-
curve in E4

2 with non-zero curvatures K(s), k(s), (r − εtεT εN1K)(s) and

εN1

(
1
K

)2
> εT εn2

(
k

K(r−εtεT εN1
K)

)2
. The imageof the curve lies on a semi–real quater-

nionic sphere S3
2 if and only for each s ∈ I ⊂ R the curvatures saƟsfy the following

equaliƟes:

0 = c1 cos(Q1s) + c2 sin(Q1s) + c3 cosh(Q2s) + c4 sinh(Q2s),

−εtεT εN1 = c1Q1 sin(Q1s)− c2Q1 cos(Q1s)− c3Q2 sinh(Q2s)− c4Q2 cosh(Q2s)− 1,

0 =
[(
K2 − εtQ

2
1

)
(c1 cos(Q1s) + c2 sin(Q1s))

+
(
K2 + εtQ

2
2

)
(c3 cosh(Q2s) + c4 sinh(Q2s))

]
,

−εn1k
2 =

[
(εn1k

2 +K2)Q1 − εtQ
3
1) (−c1 sin(Q1s) + c2 cos(Q1s))

+
(
(εn1k

2 +K2)Q2 + εtQ
3
2

)
(c3 sinh(Q2s) + c4 cosh(Q2s)) + εn1k

2
]
.

(28)

Proof. Let us first suppose that β lies on a semi-real quaternionic sphere S3
2 with

centerm
h(β −m,β −m) = a2 (29)

for every s ∈ I ⊂ R. DifferenƟaƟon in s gives

h(T, β) = 0. (30)

By a new differenƟaƟon, we find that

h(N1, β) = − εT εN1
K (31)

Then one more differenƟaƟon in s gives

h(N2, β) = 0 (32)

and
h(N3, β) = −εtεn1εT εN1

k

K(r − εtεT εN1K)
. (33)

By using Eqs. (30), (31), (32) and (33) in Eq. (27), we find equaƟons in (28).
Conversely, we assume that equaƟons in (28) hold for each
s ∈ I ⊂ R then from Eq. (27) we find the posiƟon vector of the curve
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β = − εtεN1
K N1 − εtεn1εT εN1

k
K(r−εtεT εN1

K)N3 which saƟsfies the equaƟon

h(β, β) = εN1

(
1
K

)2
+ εT εn2

(
k

K(r−εtεT εN1
K)

)2
= a2 which means that the curve

lies in S3
2 .

Theorem 9. Let β = β(s) be a unit speed speed semi-real quaternionic W- curve
in E4

2 with non-zero curvatures K(s), k(s), (r − εtεT εN1K)(s) and

εN1

(
1
K

)2
< εT εn2

(
k

K(r−εtεT εN1
K)

)2
. The imageof the curve lies on a semi-real quater-

nionic hyperbolic space H3
1 if and only if for each s ∈ I ⊂ R the curvatures saƟsfy the

equaliƟes (28).

Theorem 10. Let β = β(s) be a unit speed semi-real quaternionic W-
curve in E4

2 with non-zero curvatures k(s), K(s), (r − εtεT εN1K)(s) and

εN1

(
1
K

)2
= εT εn2

(
k

K(r−εtεT εN1
K)

)2
. The imageof the curve lies on a semi-real quater-

nionic null cone C(m) if and only if for each s ∈ I ⊂ R the curvatures saƟsfy equaliƟes
(28).

The proof of the Theorem 9 and Theorem 10 is analogous with the proof of Theorem
8.

Corollary 6. Let β(s) be a unit speed semi-real quaternionic W-curve in E4
2 with non-

zero curvatures K(s), k(s) and (r − εtεT εN1K)(s) for each s ∈ I ⊂ R. If β is a
semi-real quaternionic spherical curve, then the radius of S3

2 is

a =

√
εN1

(
1
K

)2
+ εT εn2

(
k

K(r−εtεT εN1
K)

)2
.

Corollary 7. Let β(s) be a unit speed semi-real quaternionic W-curve in E4
2 with non-

zero curvatures K(s), k(s) and (r − εtεT εN1K)(s) for each s ∈ I ⊂ R. If β is a
semi-real quaternionic hyperbolical curve, then the radius of H3

1 is

a =

√
−
(
εN1

(
1
K

)2
+ εT εn2

(
k

K(r−εtεT εN1
K)

)2
)
.
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