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MORE ON η-RICCI SOLITONS IN (LCS)n-MANIFOLDS

Kanak KanƟ BAISHYA 1

Abstract

Theobject of the present paper is to study generalizedweakly symmetric (LCS)n-
manifolds whose metric tensor is η-Ricci soliton. The paper also aims to bring out
curvature condiƟons for which η-Ricci solitons in (LCS)n-manifolds are some-
Ɵmes shrinking or expanding and some other Ɵme remain steady.

2010MathemaƟcs Subject ClassificaƟon: 2010, 53C15, 53C25.
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1 IntroducƟon

The noƟon of Lorentzian concircular structuremanifolds (briefly (LCS)n-manifolds)
has been iniƟated by Shaikh [26]. ThereaŌer, a lot of study has been carried out. For
details, we refer [27], [28], [30], [31] and the references therein.

ThenoƟonofweakly symmetric Riemannianmanifolds has been introducedby Tamássy
and Binh [32]. ThereaŌer, it became focus of interest for many geometers. For details,
we refer to see [14], [18], [19], [21], [22], [24], [25], [29] and the references therein.

Keeping the spirit of Dubey [16], recently the present author has introduced a new
type of space called generalized weakly symmetric manifold[6] which is abbreviated
hereaŌer as (GWS)n-manifold). An n-dimensional Riemannian manifold is said to be
(GWS)n-manifold, if it admits the equaƟon

(∇XR̄)(Y, Z, U, V )

= A(X)R̄(Y, Z, U, V ) +B(Y )R̄(X, Z,U, V ) +B(Z)R̄(Y,X,U, V )

+D(U)R̄(Y, Z,X, V ) +D(V )R̄(Y, Z, U, X) + α(X)Ḡ(Y, Z, U, V )

+β(Y )Ḡ(X, Z,U, V ) + β(Z) Ḡ(Y,X,U, V )

+γ(U) Ḡ(Y, Z,X, V ) + γ(V ) Ḡ(Y, Z, U,X ) (1)

where
Ḡ(Y, U, V, W ) = [g(U, V )g(Y, W )− g(Y, V )g(U, W )] (2)
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and A, B, D, α, β, & γ are non-zero 1-forms defined by A(X ) = g(X,σ1), B(X) =
g(X, ϱ1), D(X) = g(X,π1), α(X) = g(X, θ2), β(X) = g(X, ϱ2) and γ(X) =
g(X,ϕ2). The beauty of such (GWS)n-space is that it has the flavour of

(i) symmetric space[11] (forA = B = D = α = β = γ = 0),
(ii) recurrent space[35] (forA ̸= 0 andB = D = α = β = γ = 0),
(iii) generalized recurrent space[16] (forA ̸= 0, α ̸= 0, B = D = β = γ = 0),
(iv) pseudo symmetric space[12] (for A

2 = B = D = δ ̸= 0, α = β = γ = 0),
(v) generalized pseudo symmetric space[3] (for A

2 = B = D = δ ̸= 0 & α
2 = β =

γ = µ),
(vi) semi-pseudo symmetric space[34] (forB = D = δ, A = α = β = γ = 0),
(vii) generalized semi-pseudo symmetric space[4] (for A = 0 = α,B = D = δ &

β = γ = µ),
(viii) almost pseudo symmetric space[13] (forA = E +H,B = D = H & α = β =

γ = 0),
(ix) almost generalized pseudo symmetric space[5] (forA = E +H,B = D = H &

α = λ+ ψ, β = γ = λ) and
(x) weakly symmetric space [32](forA,B,D ̸= 0 & α = β = γ = 0).
Analogously, we have defined generalized weakly Ricci symmetric (LCS)n-manifold

which is defined as follows
An n-dimensional Riemannian manifold is said to be generalized weakly Ricci sym-

metric if it admits the equaƟon

(∇XS)(Y, Z) = A∗
1(X)S(Y, Z) +B∗

1(Y )S(X,Z) +D∗
1(Z)S(Y,X)

+A∗
2(X)g(Y, Z) +B∗

2(Y )g(X,Z) +D∗
2(Z)g(Y,X) (3)

where A∗
i , B

∗
i & D∗

i are non-zero 1-forms which are defined as A∗
i (X) = g(X, θi),

B∗
i (X) = g(X,ϕi), D

∗
i (X) = g(X,πi) for i = 1, 2. The beauty of generalized weakly

Ricci symmetric manifold is that it has the flavour of Ricci symmetric, Ricci recurrent,
generalized Ricci recurrent, pseudoRicci symmetric, generalized pseudoRicci symmetric,
semi-pseudo Ricci symmetric, generalized semi-pseudo Ricci symmetric, almost pseudo
Ricci symmetric, almost generalized pseudo Ricci symmetric and weakly Ricci symmetric
space as special cases.

The study of theRicci solitons in contact geometry has begunwith thework of Ramesh
Sharma [17], Cornelia Livia Bejan andMirceaCrasmareanu [9] and the references therein.
Ricci solitons are defined as triples (g, V, λ), where (M, g) is a Riemannianmanifold and
V is a vector field (the potenƟal vector field) so that the following equaƟon is saƟsfied

1

2
$V g + S + λg = 0 (4)

where $ denotes the Lie derivaƟve, S is the Ricci tensor and λ a constant onM . A Ricci
soliton is said to be shrinking, steady or expanding according to λ negaƟve, zero and
posiƟve respecƟvely. A Ricci soliton with V zero is reduced to Einstein equaƟon.

During the last two decades, the geometry of Ricci solitons has been the focus of
aƩenƟon of many mathemaƟcians ([1], [2], [8], [15]).
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η-Ricci solitons (M, g, λ, µ) is the generalizaƟon of Ricci solitons (M, g, λ) which is
defined as[10]

Lξg + 2S + 2λg + 2µη ⊗ η = 0, (5)

where Lξ is the Lie derivaƟve operator along the vector field ξ, S is the Ricci curvature
tensor field of themetric g,λ andµ are real constants. In [7], authors have studied η-Ricci
solitons in (LCS)n-manifold saƟsfying semi-symmetric type of curvature restricƟon.

Our paper is structured as follows. SecƟon 2 is concerned with (LCS)n-manifolds
and some known results. Generalized weakly symmetric (LCS)n-
-manifold whose metric tensor is η-Ricci soliton, was studied in secƟon 3. It is observed
that (i) Ricci soliton in each of locally symmetric, locally recurrent and generalized recur-
rent (LCS)n-manifold is expanding, steady or shrinking accordingly as (n− 1)(α2 − ρ) T
α, (ii) Ricci soliton in each of pseudo symmetric, semi-pseudo symmetric, almost pseudo
symmetric and weakly symmetric (LCS)n-manifold is expanding, steady or shrinking
accordingly as (n − 2)

(
α2 − ρ

)
α T [α+B(ξ)]

[
α+ (α2 − ρ)

]
& (iii) Ricci soliton in

each of generalized pseudo symmetric, generalized semi-pseudo symmetric and almost
generalized pseudo symmetric (LCS)n-manifold is expanding, steady or shrinking ac-
cordingly as (n − 2)

[
(α2 − ρ)α− β(ξ)

]
T

[
α+ (α2 − ρ)

]
[α+B(ξ)] . In secƟon 4,

we studied generalized weakly Ricci-symmetric (LCS)n-manifolds whose metric tensor
is η-Ricci soliton and we obtained some interesƟng results.

2 (LCS)n-manifolds and some known results

Anndimensionally LorentzianmanifoldM is a smooth connectedparacompactHaus-
dorff manifold with a Lorentzian metric g, that is,M admits a smooth symmetric tensor
field g of type (0, 2) such that for each point p ∈ M , the tensor gp : TpM × TpM
→ R is a non-degenerate inner product of signature (−,+, ....,+), where TpM de-
notes the tangent vector space ofM at p and R is the real number space. A non-zero
vector v ∈ TpM is said to be Ɵmelike (resp., non-spacelike, null, spacelike) if it saƟsfies
gp(U,U) < 0 (resp, ≤ 0, = 0, > 0)[23]. The category into which a given vector falls is
called its causal character.

LetMn be a Lorentzian manifold admiƫng a unit Ɵmelike concircular vector field ξ,
called the characterisƟc vector field of the manifold. Then we have

g(ξ, ξ) = −1. (6)

Since ξ is a unit concircular vector field, there exists a non-zero 1-form η such that for

g(X, ξ) = η(X) (7)

the equaƟon of the following form holds

(∇Xη)(Y ) = α{g(X,Y ) + η(X)η(Y )} (α ̸= 0) (8)
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for all vector fieldsX, Y where∇ denotes the operator of covariant differenƟaƟon with
respect to the Lorentzian metric g and α is a non-zero scalar funcƟon saƟsfies

∇Xα = (Xα) = α(X) = ρη(X), (9)

ρ being a certain scalar funcƟon. If we put

ϕX =
1

α
∇Xξ, (10)

then from (8) and (10), we have

ϕX = X + η(X)ξ, (11)

from which it follows that ϕ is a symmetric (1, 1) tensor. Thus the Lorentzian mani-
foldMntogether with the unit Ɵmelike concircular vector field ξ, its associated 1-form η
and (1,1) tensor field ϕ is said to be a Lorentzian concircular structure manifold (briefly
(LCS)n-manifold) [5]. In a (LCS)n-manifold, the following relaƟons hold [26]:

η(ξ) = −1, ϕ ◦ ξ = 0, (12)
η(ϕX) = 0, g(ϕX, ϕY ) = g(X,Y ) + η(X)η(Y ), (13)

η(R(X,Y )Z) = (α2 − ρ)[g(Y, Z)η(X)− g(X,Z)η(Y )], (14)
R(X,Y )ξ = (α2 − ρ)[η(Y )X − η(X)Y ], (15)
S(X, ξ) = (n− 1)(α2 − ρ)η(X) (16)

for any vector fieldsX,Y, Z.
Let (M,ϕ, ξ, η, g) be an (LCS)n manifold saƟsfying (4). WriƟng Lξg in terms of the

Levi-Civita connecƟon∇, we obtain from (4) that,

2S(X,Y ) = −g(∇Xξ, Y )− g(X,∇Y ξ)− 2λg(X,Y )− 2µη(X)η(Y ), (17)

for anyX,Y ∈ χ(M). As a consequence of (10) and (11), the above equaƟon becomes

S(X,Y ) = −(λ+ α)g(X,Y )− (µ+ α)η(X)η(Y ). (18)

In the sequel we shall use the following Lemma.

Lemma 1. Let (Mn, g) be an (LCS)n-manifold. Then for any X; Y ; Z the following
relaƟon holds:

(∇US)(X, ξ) = (n− 1)[α(α2 − ρ)g(X,U)

+(2αρ− β)η(X)η(U)]− αS(X,U). (19)

Proof. By virtue of (8), (9) and (10) we can easily get (16).
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3 Generalized weakly symmetric (LCS)n -manifolds
whose metric is η-Ricci soliton

A non-flat n-dimensional (LCS)n-manifold (Mn; g) (n > 2), is termed as gener-
alized weakly symmetric manifold, if its Riemannian curvature tensor R̄ of type (0; 4) is
not idenƟcally zero and admits the idenƟty

(∇XR̄)(Y, Z, U, V ) = A(X)R̄(Y, Z, U, V ) +B(Y )R̄(X, Z,U, V )

+B(Z)R̄(Y,X,U, V ) +D(U)R̄(Y, Z,X, V )

+D(V )R̄(Y, Z, U,X ) + α(X)G(Y, Z, U, V )

+β(Y )G(X, Z,U, V ) + β(Z)G(Y,X,U, V )

+γ(U)G(Y, Z,X, V ) + γ(V )G(Y, Z, U, X) (20)

where

G(Y, Z, U, V ) = [g(Z,U)g(Y, V )− g(Y, U)g(Z, V )] (21)

and A, B, D, α, β & γ are non-zero 1-forms which are defined as A(X) = g(X, θ1),
B(X)=g(X,ϕ1), D(X) = g(X,π1), α(X) = g(X, θ2), β(X) = g(X,ϕ2) and γ(X) =
g(X,π2). Now, contracƟng Z over U in both sides of (20) we find

(∇XS)(Y, V ) = A(X)S(Y, V ) +B(Y )S(X, V ) +D(V )S(Y, X)

−B(R(Y,X)V ) +D(R(X, V )Y ) + (n− 1)[α(X)

g(Y, V ) + β(Y )g(X, V ) + γ(V )g(Y,X )]

−β(Y ) g(X,V ) + [β(X) + γ(X)] g(Y, V )− γ(V )g(X, Y ).(22)

As a consequence of (16), (19) and (22) we obtain

(n− 1)[α(α2 − ρ)g(X,V ) + (2αρ− β)η(V )η(X)]− αS(X,V )

= (α2 − ρ)[(n− 1){A(X)η(V ) +D(V )η(X)}+ η(V )B(X)

−g(X,V )B(ξ) + η(V )D(X)− η(X)D(V )] +B(ξ)S(X,V )

+(n− 1)[α(X)η(V ) + β(ξ)g(X, V ) + γ(V )η(X )]

−β(ξ) g(X,V ) + [β(X) + γ(X)] η(V )− γ(V )η(X) (23)

for Y = ξ. Furthermore, seƫngX = V = ξ in the foregoing equaƟon we get

−(2αρ− β) = (α2 − ρ)[A(ξ) +B(ξ) +D(ξ)]

+[α(ξ) + β(ξ) + γ(ξ)]. (24)

Again, in aweakly symmetric (LCS)n-manifoldwe have the relaƟon (23). SeƫngX = ξ
in (23) we get

(n− 2)[(α2 − ρ)D(V ) + γ(V )]

= [(n− 1){(2αρ− β) + (α2 − ρ){A(ξ) +B(ξ)}}+ (α2

−ρ)D(ξ)]η(V ) + [(n− 1){α(ξ) + β(ξ)}+ γ(ξ)]η(V ). (25)
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In view of (24), the relaƟon (25) reduces to

[(α2 − ρ)D(V ) + γ(V )] = −[(α2 − ρ)D(ξ) + γ(ξ)]η(V ) (26)

Again, contracƟng over Y and V in (??) we get

(∇XS)(Z,U) = A(X)S(Z,U) +B(R(X,Z)U) +B(Z)S(X,U)

+D(U)S(Z,X) +D(R(X,U)Z) + (n− 1)[{α(X)g(Z,U)

+β(Z)g(X,U) + γ(U)g(X,Z)}] + [γ(X)g(Z,U)

−γ(U)g(Z,X) + β(X)g(Z,U)− β(Z)g(X,U). (27)

Seƫng U = ξ in (27) and using (16) and (19) we get

(n− 1)[α(α2 − ρ)g(X,Z) + (2αρ− β)η(X)η(Z)]− αS(X,Z)

= (α2 − ρ)[(n− 1){A(X)η(Z) +B(Z)η(X)}+B(X)η(Z)−B(Z)η(X)

+D(X)η(Z)−+D(ξ)g(X,Z)] +D(ξ)S(Z,X) + (n− 1)[{α(X)η(Z)

+β(Z)η(X) + γ(ξ)g(X,Z)}] + [γ(X)η(Z)

−γ(ξ)g(Z,X) + β(X)η(Z)− β(Z)η(X). (28)

which yields

[(α2 − ρ)B(Z) + β(Z)] = −[(α2 − ρ)B(ξ) + β(ξ)]η(Z) (29)

forX = ξ and

[(α2 − ρ)A(X) + α(X)] = −[(α2 − ρ)A(ξ) + α(ξ)]η(X) (30)

for Z = ξ. In view of (24), (26), (29) and (30), we have

(2αρ− β)η(X) = (α2 − ρ)[A(X) +B(X) +D(X)]

+[α(X) + β(X) + γ(X)]. (31)

Now, making use of (29)-(31) in (23), we find that

S(X,W ) =

[
(α2 − ρ) + (n− 2)

(
(α2 − ρ)α− β(ξ)

α+B(ξ)

)]
g(X,W )

−(n− 2)[(α2 − ρ)D(ξ) + γ(ξ)]

[α+B(ξ)]
η(W )η(X) (32)

for any Y, W ∈ χ(M). Comparing (32) and (18), we obtain,

λ = −
[
α+ (α2 − ρ) + (n− 2)

(
(α2 − ρ)α− β(ξ)

α+B(ξ)

)]
(33)

This leads to the following:
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Theorem 1. The Ricci soliton in each of the locally symmetric, locally recurrent and gen-
eralized recurrent (LCS)n-manifold is expanding, steady or shrinking accordingly as
(n− 1)(α2 − ρ) T α.

Theorem 2. The Ricci soliton in each of the pseudo symmetric, semi-pseudo symmetric,
almost pseudo symmetric and weakly symmetric (LCS)n-manifold is expanding, steady
or shrinking accordingly as (n − 2)α

(
α2 − ρ

)
T [α+B(ξ)]×

×
[
α+ (α2 − ρ)

]
.

Theorem 3. The Ricci soliton in each of the generalized pseudo symmetric, generalized
semi-pseudo symmetric, almost generalized pseudo symmetric (LCS)n -manifold is ex-
panding, steady or shrinking accordingly as (n − 2)

[
(α2 − ρ)α− β(ξ)

]
T [α+B(ξ)]

[
α+ (α2 − ρ)

]
.

4 Generalized weakly Ricci-symmetric (LCS)n-
-manifolds whose metric is η-Ricci soliton

A non-flat n-dimensional (LCS)n-manifold (Mn; g) (n > 2), is said to be a gener-
alized weakly Ricci symmetric manifold, if its Ricci tensor S of type (0, 2) is not idenƟcally
zero and admits the idenƟty

(∇XS)(Y, Z) = A∗
1(X)S(Y, Z) +B∗

1(Y )S(X,Z) +D∗
1(Z)S(Y,X)

+A∗
2(X)g(Y, Z) +B∗

2(Y )g(X,Z) +D∗
2(Z)g(Y,X) (34)

where A∗
i , B

∗
i & D∗

i are non-zero 1-forms which are defined as A∗
i (X) = g(X, θi),

B∗
i (X) = g(X,ϕi), D

∗
i (X) = g(X,πi) for i = 1, 2.

Seƫng, Y = ξ in (34) and then making use of (19), we have

(n− 1)[α(α2 − ρ)g(X,Z) + (2αρ− β)η(Z)η(X)]− αS(X,Z)

= (α2 − ρ)(n− 1)[A∗
1(X)η(Z) +D∗

1(Z)η(X)] +B∗
1(ξ)S(X,Z)

+A∗
2(X)η(Z) +B∗

2(ξ)g(X,Z) +D∗
2(Z) η(X) (35)

which yields

(α2 − ρ)(n− 1)[A∗
1(ξ) +B∗

1(ξ) +D∗
1(ξ)] + [A∗

2(ξ) +B∗
2(ξ) +D∗

2(ξ) ]

= −(n− 1)(2αρ− β). (36)

forX = Z = ξ

Seƫng Z = ξ in (35) we obtain

(n− 1)(α2 − ρ)[A∗
1(X) +A∗

1(ξ)] = −[A∗
2(X) +A∗

2(ξ)η(X)] (37)

Proceeding in a similar manner we can find

(α2 − ρ)(n− 1)[B∗
1(X) +B∗

1(ξ)] = −[B∗
2(X) +B∗

2(ξ)η(X)] (38)
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(α2 − ρ)(n− 1)[D∗
1(X) +D∗

1(ξ)] = −[D∗
2(ξ) +D∗

2(X)η(X)] (39)

From the above relaƟons, aŌer a rouƟne calculaƟon one can easily bring out the follow-
ing

S(X,Z) =

[
(n− 1)α(α2 − ρ)−B∗

2(ξ)

α+B∗
1(ξ)

]
g(X,Z)

−
[
(α2 − ρ)(n− 1)B∗

1(ξ) +B∗
2(ξ)

α+B∗
1(ξ)

]
η(X)η(Z) (40)

Now, comparing (18) and (40) we have

λ = −
[
α+

(n− 1)α(α2 − ρ)−B∗
2(ξ)

α+B∗
1(ξ)

]
This leads to the following:

Theorem 4. The Ricci soliton in each of the Ricci symmetric, Ricci recurrent and gener-
alized Ricci recurrent (LCS)n-manifold is expanding, steady or shrinking accordingly as
(n− 1)(α2 − ρ) T α.

Theorem 5. The Ricci soliton in each of the pseudo Ricci symmetric, semi-pseudo Ricci
symmetric, almost pseudo Ricci symmetric andweakly Ricci symmetric (LCS)n-manifold
is expanding, steady or shrinking accordingly as
(n− 1)α(α2 − ρ) T α [α+B∗

1(ξ)] .

Theorem 6. The Ricci soliton in each of the generalized pseudo Ricci symmetric, gener-
alized semi-pseudo Ricci symmetric, almost generalized pseudo Ricci symmetric (LCS)n-
manifold is expanding, steady or shrinking accordingly as[
(n− 1)α(α2 − ρ)−B∗

2(ξ)
]
T α [α+B∗

1(ξ)].
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