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Abstract
In this paper we introduce a new type of implicit relation and we prove
a general fixed point theorem in G - metric spaces using two auxiliary func-
tions, generalizing Theorem 3.3 [1].
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1 Introduction

In [2], [3] Dhage introduced a new class of generalized metric space, named D -
metric spaces. Mustafa and Sims [5], [6] proved that most of the claims concerning
the fundamental topological structures on D - metric spaces are incorrect and
introduced an appropriate notion of generalized metric space, named G - metric
space.

In fact, Mustafa, Sims and other authors studied many fixed point results for
self mappings in G - metric spaces.

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit function [7], [8] and in
other papers. The study of fixed points for mappings satisfying implicit relations
in G - metric spaces is initiated in [9] - [11] and in other papers.

Recently, in [1], new fixed point results for mappings in G - metric spaces
using a new type of auxiliary mappings are obtained.

M. S. Khan et al. [4] introduced the notion of altering distance. Some results
using altering distance in metric spaces are obtained in [13], [14] and in other
papers. Recently results in G - metric spaces are obtained in [12].

The purpose of this paper is to introduce a new type of implicit relation and
to prove a general fixed point theorem using two auxiliary functions, generalizing
Theorem 3.3 [1].
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2 Preliminaries

Definition 1 ([6]). Let X be a nonempty set and G : X3 — R, be a function
satisfying the following conditions:

(G1) : G(z,y,2) =0 forx =y =z,

(G2) : G(z,x,y) >0 for all z,y € X with x # vy,

(Gs3) : G(z,y,y) < G(z,y,z) for all z,y,z € X with y # z,

(Gq) : G(z,y,2) = Gy, z,x) = ... (symmetry in all three variables),

(Gs) : G(z,y,2) < G(z,a, a)—i—G(a,y, z) for all x,y,z,a € X (triangle inequality).

The function G is called a G - metric on X and (X, G) is called a G - metric
space.

Note that if G(z,y,2) =0, then x =y = 2.

Remark 1. Let (X, G) be a G - metric space. If y = z, then G(x,y,y) is a quasi
- metric on X. Hence, (X,Q), where Q (z,y) = G (z,y,y), is a quasi - metric
space and since every metric space is a quasi - metric space it follows that the
notion of G - metric space is a generalization of metric space.

Definition 2 ([6]). Let (X,G) be a G - metric space. A sequence {x,} in X is
said to be:

a) G - convergent if for € > 0, there exist x € X and k € N such that for all
m,n € Nym,n >k, G(zp, Tm,x) < €.

b) G - Cauchy if for € > 0, there exists k € N such that for all m,n,p € N,
m,n,p >k, G(xn,Tm,xp) < €, that is G(xy, Tm,zp) = 0 as n,m,p — oco.

c) A G - metric space is said to be G - complete if every G - Cauchy sequence in
X is G - convergent.

Lemma 1 ([6]). Let (X,G) be a G - metric space. Then, the following conditions
are equivalent:

1) {xn} is G - convergent to x;

2) G(xy, Tn,x) = 0 as n — 0o;

3) G(xn,z,z) = 0 as n — oo;

4) G(xp, T, x) — 0 as n,m — co.

Lemma 2 ([6]). Let (X,G) be a G - metric space. Then, the function G(x,y, z)
is jointly continuous in all three of its variables.

Definition 3 ([6]). A G - metric on a nonempty set X is said to be symmetric
if G(z,y,y) = G (y,z,x) for all z,y € X. Then, (X,QG) is said to be symmetric
G - metric space.

Lemma 3 ([1]). Let (X,G) be a G - metric space and {z,} be a sequence in X
such that G (Tp, Tni1, Tni1) 18 decreasing and limy, o0 G (T, Tpy1, Tpy1) = 0. If
{z2,} is not a Cauchy sequence, then there exists € > 0 and two sequences {my}
and {ny} of positive integers such that

lim G (z T T =c
oo (an+1’ 2my ka) )
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nh_{glo G (z2n,,, Toamp—1, L2my—1) = €,

JLHSOG (T2mg—1> Tonpt1, L2np+1) = €,

nlggo (Z2n,, s T2my, > T2m,,) = €.

Definition 4 ([4]). An altering distance is a function ¢ : [0,00) — [0,00) satis-
fying:
(1) : ¢ is increasing and continuous;

(2) : ¢ (t) =0 if and only if t = 0.

The set of all altering distances is denoted by W.
In the following we denote by ® the set of all continuous nondecreasing func-
tions ¢ : [0, 00) — [0, 00).

Lemma 4 ([1]). If ¢ € ® and ¢ € V such that 1 (t) > ¢ (t) for t > 0, then
¢ (0) =0.

The following theorem is proved in [1].

Theorem 1 ([1]). Let (X,G) be a complete G - metric space and T : X — X be
a mapping. If there exist p € ® and ¢ € ¥ with condition ¥ (t) > ¢ (t) fort >0
such that

G(z,y,y),G(x, Tz, Tx),
Gy, Ty, Ty),G(2,T2,Tz),
oG (y, Tx,Tz)+ (1 —a)G (2, Ty, Ty),
/BG ([IZ,TQ?, Tx) + (1 - B) G (yaTy7Ty) )

V(G (Tx,Ty,Tz)) < pmax

for all x,y,z € X, where o, 8 € (0,1). Then T has a unique fized point.
Remark 2. Since
BG (z, T2, Tx) + (1 - B)G (v, Ty, Ty) < max{G (2, Tz,Tz),G (y, Ty, Ty)},

then BG (x, Tz, Tx) + (1 — B) G (y, Ty, Ty) is redundant in the inequality (1).

3 Y — ¢— implicit relations

Let 35 be the set of all continuous functions F' : Ri — R such that:
(F1) : F is decreasing in variables to and 4,
(Fy) : for all u,v >0, F(u,v,v,u,0) <0 implies u < v,
(F3) : F(t,t,0,0,¢') <0 implies t < ¢ for t,t' > 0.

Remark 3. 1) In the following examplesy € U, ¢ € ® and ) (t) > ¢ (t),Vt > 0.
2) Since ¢ (t) is nondecreasing, then

¢ (max {t1,t2,t3,t4}) = max{¢ (t1), ¢ (t2), ¢ (t3), & (ta)} -

3) In the following examples, the proofs of property (F1) is obviously.
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Example 1. F(t1,...,t5) = ¢ (t1) — ¢ (max {t2, 3,14, 15}) -

(F») Let u,v > 0 be and F (u,v,v,u,0) = 1 (u) — ¢ (max{u,v}) <0. If u > v,
then ¢ (u) — ¢ (u) < 0. Hence, 1/1( ) < ¢(u) < ¢ (u), a contradiction. Hence,
u <.

(F3) Let ¢t,t/ > 0 and F (t,¢,0,0,t') = ¢ (¢)
¥ (t) — ¢ (t') < 0, which implies ¥ () <
t<t.

— (max {t,t'}) < 0.If ¢t > t/, then
¢ (t) < 1 (t), a contradiction. Hence,

Example 2. F(ty,....t5) = 9 (t1) — ¢ (max {ta,t3,ts, at5 + (1 — ) t4}), where
€(0,1).

P (tl) — ¢(max {tg,tg,t4,0ét5 + (1 - 04) t4}> <0
implies
w (tl) S ¢ (max {t2,t3,t4, max {t4,t5}}) = gf) (max {tg,tg, t4,t5}) .

So, Example 2 is reduced to Example 1.

t t
Example 3. F(t1,....,t5) =¥ (t1) — ¢ <max {tg, 3;4,155}) .

t3 + 14

Since < max {t3,t4}, Example 3 is reduced to Example 1.

Example 4. F(t1,...,t5) = ¥ (t1) — ¢ (aty + bts + cty + dts), where a,b,c,d > 0
anda+b+c+d < 1.

Since ¢ (ata + bts + cty + dts) < ¢ ((a + b+ ¢+ d) max {tz, t3,t4,t5}), the study
of Example 4 is reduced to the study of Example 1.

Example 5. F(ty,...,t5) = [1 (t1)]* —ad (t2) ¢ (t3) — b (t3) ¢ (t4) —cd? (t5), where
a,b,c>0anda+b+c<1.

(Fy) Letu,v > 0beand F (u,v,v,u,0) = [t (u)]*—ap (u) ¢ (v)—bo (u) ¢ (v ) 0.

If u > v, then [¢) (u)]*—(a + b) [¢ (w)]? < 0, which implies [¢) (u)]* < (a + b) ¢2 (u) <
#? (u) < ? (u), a contradiction. Hence, u < v.

(F3) Let t,t’ > 0 and F (t,t,0,0,#') = 2 (t) — c¢? (#') < 0. If t > ¢/, then

P (t) < Vep (') < ¢ (t) < (t), a contradiction. Hence, ¢t < t/.

Example 6. F(ty,...,t5) = ¢ (t1) — amax {¢ (t2), ¢ (t3), ¢ (t1)} — b (t5), where
a,b>0anda+b< 1.

(F) Let u,v > 0 be and F (u,v,v,u,0) = ¢ (u )—amax{cf)(u),d)(v)} < 0.

If w > v, then 9 (u) — a¢ (v) < 0, which implies ¥ (u) < ap(u) < ¥ (u), a
contradiction. Hence, u < v.

(F3) Let t,t' > 0 and F (t,t,0,0,t') = ¥ (t) —ad(t) —bop (') < 0. It > t/,
then ¢ (t) — (a +b) ¢ (t) <0, wh1ch1mphesz/1()§(a b) ¢ ()§¢() Y (t), a

contradiction. Hence, t < t'.
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Example 7. F(t1,....,t5) = ¢ (t1) —a¢ (t2) —bmax {26 (t3) , ¢ (t4) + ¢ (t5)}, where
a,b>0 and a+ 2b < 1.

(Fy) Letu,v > 0beand F (u,v,v,u,0) =9 (u)—a¢p (v)—bmax {2¢ (v), ¢ (u)} <
0. If u > v, then ¢ (u) < (a+2b) ¢ (u) < ¢ (u) < 9 (u), a contradiction. Hence,
u <.

(F3) Let t,t' >0 and F(t,t,0,0,¢') = (t) —ad (t) —bp (t') < 0. If t > ¢/, then
() <(a+Db)o(t) <o(t) <(t), acontradiction. Hence, t < t'.

Example 8. F(t1,...,t5) = ¥ (t1) —a¢ (t2) —bmax {¢ (t3) + ¢ (ta) , 2¢ (t5)}, where
a,b>0 and a+ 2b < 1.

The proof is similar to the proof of Example 7.

4 Main results

Theorem 2. Let (X,G) be a complete G - metric spaces and

F< V(G(fz, fy, [y), 0 (G, 1)), ¢ (Glz, fz, fr)), > <0 @)
o (G(y, fy, fy)), 0 (Gly, fz, fz)) 7
forallz,y e X, eV, ¢ € & with(t) > ¢(t) fort>0.
Then f has a unique fixed point.
Proof. Let xg € X be and x,, = fa,—1 for n = 1,2,... . If there exists ng such

that ©p, = Tno+1, then z,, is a fixed point of f. We suppose that x,, # x,41 for
all n € N. Then, by (2) we obtain

(G (G(fxn—l) fan, fxn)) O (G(.Tn_l, Tn,s xn)) )
F ¢ (G(xn-1, frn-1, frn-1)), <0,
¢ (G(xn, fon, fzn)), ¢ (G(Tn, fTn—1, fTn-1))

F < 1/) (G(mnaxn—&-lvxn-l—l))7¢(G(mn—1a$n7xn))7 ) <0
¢ (G(xnflv Tn, ':UTL)) 7¢ (G(xna Tn+1, anrl)) aO -

Since ¢ (G(zn, Tnt1, Tnt1)) < Y (G(Tn, Tpt1, Tnt1)), then by (F1) we obtain

F( 1[J(G(l’n,l‘n+1,{£n+1)),Qb(G(l’nfl,IL‘n,iL'n)), ><0
¢ (G(Tn—1,Zn, Tn)) , ¢ (G(Tn, Tnt1,Tny1)),0 ) =

By (F») we obtain
U (G(@n, Tnt1, Tn1)) < @ (G(n—1,Tn, Tn)) <Y (G(@n-1,Tn,2n)) .  (3)
Since 1) is nondecreasing we obtain
G(xn, Ty, Tny1) < G(Tp—1,Tn, Ty).

Hence {G(zy, Tn+1,Tn+1)} is a decreasing positive sequence and then
{G(xpn, Tp+1,Tn+1)} is a convergent sequence. Hence, there exists 7 > 0 such that
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lim, 00 G (Tp, Tpt1, Tny1) = r. We prove that » = 0. If » > 0, then letting n tend
to infinity in the first part of (3) we obtain ¢ (r) < ¢ (r) < ¢ (r), a contradiction.
Hence, limy, o0 G (21, 41, Tnt+1) = 0. We prove that {x,} is a Cauchy sequence
in X. Suppose that {x2,} is not a Cauchy sequence. By Lemma 3, there exists
e > 0 and two sequences {ny} and {my} of positive integers such that

lim G (x T T =€
el (2nk+17 2my ka) )

nlggo G (z2an,,, Toamp—1, L2my—1) = €,

lim G (xom, -1, T =ec.
oo ( 2mp—1s L2np+1 27’Lk+1)

By (2) we obtain

1/] (G(fx2nk7 fl‘ka,l, fx2mk71)) ’ ¢ (G(.’L‘an, T2my—1, I‘ka,l)) )
F ¢(G(x2nk7fm2nkvfx2nk)) ) S 0 )
(;5 (G(mekfla f$2mk7 f$2mk)) ) ¢ (G({L‘ka,h fonka f$2nk))

(0 (G(xanJrlv JT2m,—1, fSUkafl)) N0 (G(Sﬂ2nk, T2my—15 952mk71)) )
F ¢<G(x2nk7x2nk+17x2nk+l)) 3 S 0.
¢ (G(anmk—lv x?mk-‘rla mek-f—l)) 9 ¢ (G(:’UQTYL]C—].’ =T2nk+17 $2nk+l))

Letting n tend to infinity we obtain

F(i(e),9(e),0,0,¢(e)) <0

Since ¢ (¢) > ¢ (¢), by (F1) we obtain

F (), (),0,0,4(¢)) 0.

By (F3) we obtain
P (e) <o(e) <v(e),

a contradiction.

Hence {z2,} is a Cauchy sequence of (X,G), which implies that {z,} is a
Cauchy sequence in (X, G). Since (X, G) is complete, there exists u € X such
that lim,, o £, = u. We prove that u is a fixed point of f.

By (2) for z = x,, and y = u we obtain

w (G(fx'm fua fu>) 7¢ (G(.’L‘n, u? ’LL)) 7¢ (G(l’n, fx'm fxn)) 9
F < 6(Glu, fu, fu)) , & (G (1, [z, f1n) > =0,

1/} (G(xn-i-l’ fu7 fu)) ) ¢ (G(xm u, u)) ) ¢ (G(xm Tn+1, xn-‘rl)) ,
E ( 6 (Gu, fu, fu)) , ¢ (Gt Tnt1, Tns1)) > =0

Letting n tend to infinity we obtain

F () (G(u, fu, fu)),0,0,¢ (G(u, fu, fu)),0) <0.
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By (F1) we obtain

F(Qz) (G(u7fu7fu)) 70707¢(G(u7 fu7fu)) 70) S 07

which implies v = fu and u is a fixed point of f.

Suppose that there exists another fixed point v # u. By (2) for x = w and
Yy = v we obtain

F @ (G(fu, fo, fv)), ¥ (G(u,v,0)),0,0,¢ (G(v, fu, fu))) <0,
F (¢ (G(u,v,v)), ¢ (G(u,v,v)),0,0,¢ (G(v,u,u))) <0.
By (F1) we obtain
F (¢ (G(u,v,v)),% (G(u,v,v)),0,0,0 (G(v,u,u))) <O0.
By (F3) we have
¥ (G(u,v,v)) < ¢ (G(v,u,u)).
Similarly we obtain
¥ (G(v,u,u) < ¢ (G(u,v,v)).
Then

¥ (G(u,v,0)) < ¢ (G(v,u,u) <P (Gv,u,u)) < ¢ (G(u,v,0)) < (G(u,v,0)),
a contradiction. Hence, u = v and v is the unique fixed point of f. O

Corollary 1. Let (X,G) be a complete G - metric spaces and f : X — X be a
mapping. If there exists v € ¥ and ¢ € ® with 1) (t) > ¢ (t) for t > 0, such that

Y (G(fz, fy, f2))
¢ (max{G (z,y,v),G (=, fz, fx),G (y, fy, fy) , G (y, fz, fr)})
= max{¢(G(z,y,9)),¢(G(z, fz, fx)), ¢ (G(y, fy, fy)), ¢ (G(y, fz, fz))}

for all x,y € X, then f has a unique fized point.

IN

Proof. The proof it follows by Theorem 2, Example 2 and by the fact that ¢ is
nondecreasing. OJ

Example 9. Let X = [0,00) and G : X® — Ry be a G - metric on X defined
by G (z,y,2) = max{|z —y|,|z — 2|, |y — 2|}, for all z,y,z € X. Then (X,G) is

a complete metric space. Let ¢ (t) =t, ¢ (t) = %t, then ¢ (t) € ¥, ¢(t) € ¢ and

o (t) < (t), forallt >0. Let T : (X,G) = (X,G) with Tx = %3: Then

1
G (T2, Ty, Ty) = [Te — Ty| = S [z~ y|
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and
G(z,y,y) =z -yl
Hence
1 3 3
G(Te, Ty, Ty) = Sle—yl < le—yl=7G(yy)
3 G(xuy7y)7G($7T$7Tm)7
< - .
-4 max{ Gy, Ty,Ty),G (y, Tz, Tx)
Hence,

U (G(Tz, Ty, Ty)) < ¢ <max{ GG(@(/HS;JZ; yjzz;fga(j?ijz;) }) .

By Corollary 1, f has a unique fized point x = 0.
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