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CONFORMAL CHANGE OF FINSLER SPACE WITH
(ov, )-METRIC

P. N. PANDEY! and Ganga Prasad YADAV*?

Abstract

In this paper, we discuss the necessary and sufficient conditions for a

2
Finsler space with (a, 8)-metric of type L = k(a + ) + e% (where x and
€ are non zero constants) which is the sum of constant multiple of Randers

metric and metric %2 to be a Douglas space and also to be a Berwald space,
where « is Riemannian metric and f is differential 1-form. In second part of
this paper, we discuss about conformal change of Douglas space with («, 3)-
metric.
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1 Introduction

M. Matsumoto [7] introduced the concept of («, 5)-metric on a differentiable
manifold M", where a? = a;j(z)y’y’ is a Riemannian metric and 8 = b;(z)y’ is a
1-form. The Matsumoto metric is an interesting («a, 3)-metric introduced by using
the gradient of slope, speed and gravity [8]. This metric formulates the model of a
Finsler space. Many authors [1, 8, 12] studied this metric by different perspectives.
The theory of Finsler space with («, #)-metric has been developed into the faithful
branch of Finsler geometry. Finsler space with («, 8)-metric was studied by many
authors and it is an quite old concept, but it is a very important aspect of Finsler
geometry and its application to physics. S. Bacso and Matsumoto [3] introduced
the notion of Douglas space as a generalization Berwald space from the view point
of geodesic equation. M. Matsumoto [9] obtained the condition for some Finsler
space with an («, 5)-metric to be Douglas space. H. S. Park and E. S. Choi [12]
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worked on Finsler space with the 2" approximate Matsumoto metric. H. S. Park
and E. S. Choi [13] worked on Finsler space with an approximate Matsumoto
metric of Douglas type.

The conformal change was introduced by M. S. Kneblman [6] and deeply
investigated by many authors. The conformal theory of Finsler metric based on
the theory of Finsler space was developed by M. Matsumoto and M. Hasiguchi [4,
10] and studied the conformal change of a Finsler metric. S. K. Narasimhamurthy
[11] worked on conformal change of Douglas space with special (¢, )-metric. In
this paper, we discuss the necessary and sufficient conditions for a Finsler space
with (a, §)-metric of type L = r(a + 5) + 6%2 (where k and € are constants)

which is the sum of constant multiple of Randers metric and metric % to be a
Douglas space and also to be a Berwald space, where « is Riemannian metric and
B is differential 1-form. In second part of this paper, we discuss about conformal
change of Douglas space with («, 5)-metric.

2 Preliminaries

Definition 1. A Finsler metric on M is a function L : TM — [0,00) with the
following properties:

o L is C* on T My,

e [ is positively 1-homogeneous on the fiber of tangent bundle T M ,

92 F?

e the Hessian of F? with element g;j(x,y) = %8yi6yj

det(gij) # 0.

The pair (M"™, L) is called a Finsler space. L is called fundamental function and
gij is called fundamental tensor.

s regular on T My, i.e.,

Definition 2. Let (M",L) be a Finsler space, where M™ is an n-dimensional
C* manifold and L(z,y) is a Finsler metric function. If o(x) is a function in
each coordinate neighborhood of M™, the change L(x,y) — e”®L(x,y) is called
a conformal change.

Let o = +/a;;(z)y’y? be a Riemannian metric, 8 = by’ is a 1-form and let

F = a¢(s), s = g, where ¢ is a positive C'*° function defined in a neighborhood

of the origin s = 0. It is well known that F' = a¢ <§) is a Finsler metric for any
a and B with b = ||8||a < bo if and only if

B(s) >0, ¢(s) —s¢'(s) + (b* — s2)¢"(s) > 0, (|s| <b < by).
For a given Finsler metric L = L(x,y), the geodesic of L is given by

d*z’ i, dx
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where G' = G(z,y) are called the geodesic coefficients, which are given by

& = L (W - 71} 2

A Finsler space F" is said to be Douglas space [3] if
DY =Gz, y)y’ — G (z,9)y", (3)

where D% are homogeneous polynomial in (y°) of degree 3. In [3] it is proved that
the Finsler space F' is of Douglas type if and only if the Douglas tensor

1
D}y =Cly — m(%’kyh + Gy + Gjid)' + Grid})

vanishes identically, where G?j = 8kij is the hv-curvature tensor of the Berwald
connection BT'.

Let Cij, = %% be the Cartan tensor. Consider the Finsler space F™ =
(M™, L) equipped with an («a, §)-metric L(c, 3). Let ’y;-k denote the Christoffel
symbols in the Riemannian space (M™, «). Denote b;); the covariant derivative of

the vector field b; With respgct to Riemannian connection fy]i.k, ie., by = :9923'
bk’yfj. Let VB = b;;dz" ® dz’ be the covariant derivative of 8 with respect to a.

Denote

1 1
rij = 5 iy +bji) sij = 5(biy = bjji).
BA is cl‘os‘ed if and only jf Sij = 0 [14]. Let s; = b's;j, s? = ailslj, so = sy,
sy = s3y? and roo = ‘Tijyzyj.
The functions G* of F™ with an («, §)-metric are written in the form [7]

2G" =~y + 2B, (4)
) Lg . Lg . L 1 . ;
it () o
«a el
af(rooLa—2asoLg)

provided 82+ Lo +ay?Laa # 0, where 42 = b?a? — 32 and C* = (P2 Loty Lan)
The subscript 0 means contraction by 3’. We shall denote the homogeneous
polynomials in (y*) of degree r by hp(r) for brevity.

From (4) the Berwald connection BI' = ( ;k, Gé-, 0) of F™ with an («, 5)-metric
is given by [7]

Gl = 0,G' = ~,; + Bi, (6)

where B;- = 0;B" and B; p = 8kB; On account of [7], B;-k is determined by
LaB]]‘Ciyjyt + O‘L/B(Bgl?ibt - bj;i)yj =0, (8)

where vy, = a1y’
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A Finsler space F™ with an («, )-metric is a Douglas space if and only if
BY = B'y) — By is hp(3) [3].
From (5) BY is written as follows
BY — SZJ—S]Z—l— aa
Lo, (soy 0Y") BLa
Lemma 1. [5] If o® = 0(modp), i.e., a;j(z)y'y’ contains by’ as a factor, then the

dimension is equal to 2 and b* vanishes. In this case, we have 1-form § = d;(z)y’
satisfying a® = B6 and d;b* = 2.

Cr(b'y — Vy). (9)

3 Finsler Space with («, §)-metric of Berwald Type

In this section, we establish a condition for a Finsler space F™ with the metric
2
L=k(a+p)+ 6% to be Berwald space.
For the (o, 8)-metric L = k(a+ ) + 6%2, we have

_ B2
Lo =k —e€,

Lg = I€+26§, (10)
2
Loo = 26%.
In view of (8) and (10), we have
(ka? — €6%)Bjriyly" + o?(ka + 2€8)(Bjxib" — by’ =0, (11)
where Bjj; = akTB;i.
According to [2], we suppose that F" is a Berwald space, then B;k and bj;
are functions of position alone. Then (11) is separated as rational and irrational
terms in (y') as follows

(ka? — €8%) By + 26 B(Bjrib® — by’

+ a|ka? (Bjpib® — by’ | =0, (12)

which yields two equations
(ka? — €8%)Bjriy’y" + 2ea” B(Bjrib™ — bjy;)y’ = 0, (13)
ko (Bjuib" — bj)y’ = 0. (14)

Using (14) in (13), we have Bjkiyjyk = 0 and hence Bji; + Byj; = 0. Since Bjy;
is symmetric in (j,4), we get Bji; = 0 easily and from (13) or (14), we have
Conversely, if bj; = 0, then Bj; = 0 are uniquely determined from (11).

Thus we have

Theorem 1. A Finsler space with («, B)-metric of type L = ﬁ(a+5)+6%2, where
k and € are non zero constants, is a Berwald space if and only if b;; = 0.
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4 Finsler Space with (a, §)-metric of Douglas Type

In this section, we give a necessary and sufficient condition for a Finsler space
F™ with a (a, 8)-metric to be Douglas space. In view of (9) and (10), we have

(ke — 6,32){062(:% + 2eb?) — 3652}Bij — o?(ka + 2€0)
X {aQ(K + 2eb?) — BEBZ}(séyj — 56) - 6042{7‘00(/{0[2 —€f3?) (16)
— 2a’%sg(ka + 266)}(biyj —y') =0

Suppose that F™ is a Douglas space, then B% are hp(3). Separating the rational
and irrational terms of y* in (16), gives

{aZ(n + 26b2) — 36,62} [(mf — 652)Bij — 26a2ﬂ(séyj — S%yi)]
— az{eroo(/@a2 — 6/32) — 462042580}(biyj - bjyi) (17)

-« |:/€Oé2{042(1€ + 2eb?) — 3662}(56yj - s{)yi) — 2kea’tso(b'y) — b]yz)] =0,

or

U+aV =0, (18)

where

U= {(12(/{ + 2eb2) - 36B2} |:(H,CM2 - 6,82)Bij - 26a2ﬁ(sf)yj — sgyi)]
(19)
— az{eroo(ﬂa2 — eﬂ2) - 462042ﬁ80}(biyj - bjyi)a

V= OZQ{OP(FL + 2¢b?) — 3652}(36yj — shy') — 2eatso(b'y? — Vy). (20)

The left hand side of (18) is a polynomial in y¢, such that U and V are rational
in y* and « is irrational. Therefore we must have

U=0 and V=0
which implies that
{oﬂ(/@ + 2eb?) — 3652} [(/@OP — €8*)BY — 2ea”B(spy’ — Sgyi)
(21)

042{0[2(& + 2eb?) — 36ﬁ2}(56yj - Sgyi) — 2eatsy(b'y! — by') = 0. (22)
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Using (22) in (21), we get
o?(k + 2eb?) — 3¢8%| BY — aergg(bly? — by') = 0. (23)

Only the term 3¢3*B% of (23) does not contain . Hence, we must have véj of
hp(5), satisfying -
3¢8*BY = vy, (24)

Case-(i): a? # 0(mod j)
In this case (24) reduces to BY = o?v¥/, where v% are hp(1). Thus (23), gives

[aQ(m + 2eb?) — 3652:| v — 1o (bly! — Blyt) = 0. (25)
Transvecting (25) by b;y; and using y; = ajkyk, we get
az{(m + 2eb*) v by, — 621“00} = B2(3evbiy; — r00)- (26)

Since o? # 0(mod B), there exists a function h(z) satisfying
(k4 2eb*) v by — bProo = h(x)B?, (27)

and
3ev?byy; — roo = h(z)a’. (28)

Eliminating v“/b;y; from (27) and (28), we have

(eb® — K)rgo = h(a:){(f@ + 2eb?)a’ — 3662}. (29)
From (29), we get
bi|j = k‘{(/ﬁ + 26()2)&1']' — 3€bibj}, (30)
where k = 522(2{' Here h(z) is a scalar function.

Conversely, if (30) holds, then s;; = 0 and we get (29). Therefore (16) is written
as follows

B = k{oﬂ(biyf — bjyi)}, (31)

where BY are hp(3), i.e., F" is a Douglas space.

Case-(ii) a? = 0(mod j3)

In this case o = ¢4, b> = 0 and dimension two by Lemma 1. Therefore (24)
reduces to B = §W,’, where w2 are hp(2). Hence (22) leads to

26650 (b'y’ — by') — (k6 — 3€B) (sbhy’ — sgyi) =0. (32)
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Transvecting (32) by b;y;, we have sg = 0. Using sg = 0 in (32), we get

(s4y’ — sy') =0.

415

(33)

Transvecting (33) by y;, we get sh = 0, implies s;; = 0. Therefore (23) reduces to

(ko — 36,8)ng — ergo(b'y’ — by') = 0.
Transvecting (34) by b;y;, we get
(ko — 36B)w;jbiyj + ergo% = 0,

which is written as - .
Kowy biy; = B(3ews biy; — eBroo).
Therefore, there exists an hp(2), A = \;;y'y’ such that

wéjbiyj = B, Bewéjbiyj — €f8rog = KOA.
Eliminating w;j b;y; from the above equations, we get
efroo = A(3e8 — KI),
which implies that there exists an hp(1), vo = v;(z)y’, such that
ro0 = Uo(3€8 — KJ), A= evpf.

From (37) and s;; = 0, we get

1
bi\j = 2{vi<36bj — de) + 1)j(36b2' — Hdz‘)},

where b; is the gradient vector.

(34)

(35)

(38)

Conversely, if (38) holds, then s;; = 0 and 799 = vo(3€¢f — k6). Therefore, (16)

written as follows
BY = —ved(b'y? — by'),

which are hp(3). Therefore F™ is a Douglas space.
Thus, we have

(39)

Theorem 2. A Finsler space with a («, 3)-metric of type L = r(a + ) + e’%?,

where Kk and € are constants, is a Douglas space if and only if

o a2 Z0(mod ), 1> # 5: b,

;j 48 written in the form (30),

e a? =0(mod (), n = 2; b;; is written in the form (38),

)

i

where o = 63, § = di(x)yi} vo = v;(x)y
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5 Conformal Change of Douglas Space with («, )-metric

Let F* = (M™ L) and F' = (M",L) be two Finsler spaces on the same
underlying manifold M™ If the angle in F™ is equal to that in ' for any tangent
vectors, then F™ is called conformal to F'* and the change L — L of the metric
is called a conformal change. In other words, if there exists a scalar function
o = o(x) such that L = e’ L, then the change is called conformal change.

For an (o, 8)-metric L = e L(a, 3) is equivalent to L = (e« e?3) by homo-
geneity. Therefore, according to [4]:

a5 = 62UCLU, Ez = e%b;, Eij = 6_2aaij, b = e_"bi, I aijbibj = aijgigj. (40)
From (40), it follows that, the conformal change of Chritoffel symbols is given by
Ve = Aig + Siow + 0joj — olagy, (41)

where 0; = dj0 and o = a”c;. From (41) and (5), we get the following conformal
change:

bij = € (by; + paij — oibj),

Tij = €°[rij + paij — 5 (bioj + bjoi)],

5ij = ¢%[sij + 3 (bioj — bjoy)], (42)
gé- = 6_0[83- + %(bin — bjai)],

5 = s+ 5(0%0; — pb)),

where p = 0,0".
Since a Finsler space with (o, 8)-metric of type L = k(a+ ) + €
space if and only if

B2
- 1s a Douglas
bij; = k‘{(/{ + 2¢b%)a;j — 3ebibj}.

By [15], for a conformal change, Finsler space with the (a,()-metric of type
L=kr(a+p8)+ 2 is a Douglas space if and only if there exists a function k(z)

«

such that H;; = 0, where
Hyj = by — k{(/i + 2eb*)a;; — 36bibj}. (43)
From (40), (42) and (43), we get
Hy = by — k:{ (1 + 25 )as; — 3€b,-bj}
(44)

=e? I:b”j — k{(fi + 2eb2)aij — 36bz‘bj} + P — Uib':| s

where k = ¢=7. From (44), we get

Fij = e”[Hij + pai; — O'ibj]. (45)
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Hence, the Douglas space with the metric L = k(a + ) + 6%2 is conformally
transformed to a Douglas space if and only if a;; = o;b; i.e.,

1
pai; = i(aibj + O’jbi). (46)

Transvecting (46) by b/, we have

In view of (46) and (47), we have
1

Transvecting (48) with yy/, we get b?a? = B2. If a? # 0(mod ), then (46) is
possible only when p = 0 and o; = 0. Thus, the transformation is homothetic.
Then we state:

Theorem 3. If o® # 0(mod (), then a Douglas space with a («, B)-metric of type
L =kr(a+p8)+ e'%Q is accordingly transformed to a Douglas space if and only if
the transformation is homothetic.

6 Conclusion

An n-dimensional Finsler space is a Douglas space or Douglas type if and only
if the Douglas tensor vanishes identically. Also, it is well known that a Douglas
space is a generalization of a Berwald space from the view point of a geodesic
equation. In Finsler Geometry, we generalized the various types of changes; con-
formal change, c-conformal change, Randers change, 8-conformal change etc. The
important examples of Finsler space are different types of (a, 8)-metric, Randers
metric, Kropina metric and other special (o, 3)-metric. Many authors have shown
the condition for the above spaces to be a Douglas space or Douglas type.

In this paper, we consider one of the («, §)-metrics of type L = x(a+ 3) +e%2,
in the first step we prove that L is Douglas type. Further, we apply the conformal
change and obtain L is a Douglas metric if and only if the conformal change is
homothetic.

References

[1] Aikou T., Hashiguchi M. and Yamaguchi K., On Matsumoto’s Finsler space
with time measure, Rep. Fac. Sci. Kagoshima Univ. 23 (1990), 1-12.

[2] Aldea Nicoleta and Munteanu Gheorghe, On complex and Landsberg spaces,
Journal of Geometry and Physics. 62 (2012), no. 2, 368-380.



418

[3]

P. N. Pandey and Ganga Prasad Yadav

Bacso S. and Matsumoto M., On a Finsler space of Douglas type: a gener-
alization of the notion of Barwald space, Publ. Math. Debrecen. 51 (1997),
no. 3, 385-406.

Hashiguchi M., On conformal transformation of Finsler space, J. Math. Ky-
oto Univ. 16 (1976), no. 1, 25-50.

Hashiguchi M., Hojo S. and Matsumoto M., On Landsberg space of dimension
two with (a, B)-metric, Tensor, N. S. 57 (1996), no. 2, 145-153.

Kneblman M. S., Conformal geometry of generalized metric space, Proc. Nat.
Acad. Sci. 15 (1929), no. 4, 376-379.

Matsumoto M., Projective flat Finsler spaces with («, [3)-metric, Rep. on
Math. Phy. 30 (1991), no. 1, 15-20.

Matsumoto M., A slope of a mountain is a Finsler space with respect to time
measure, J. Math. Kyoto Univ. 29 (1989), no. 1, 17-25.

Matsumoto M., On a Finsler space with (o, B)-metric of Douglas type, Ten-
sor, N. S. 60 (1998), 123-134.

Matsumoto M., Theory of Finsler space with (a, 3)-metric, Rep. on Math.
Phy. 31 (1992), no. 1, 43-83.

Narsimhamurthy S. K., Vasantha D. M. and Ajith, Conformal hhange of
Douglas space with special (v, §)-metric, Investigations in Mathematical Sci-
ences. 2 (2012), no. 1, 290-301.

Park H. S., Lee I. Y. and Park C. K., Finsler space with the general approz-
imate Matsumoto metric, Indian J. Pure and Appl. math. 34 (2002), no. 1,
59-77.

Park H. S. and Choi Eun Seo, Finsler space with an approximate Matsumoto
metric of Douglas type, Comm. Korean Math. Soc. 14 (1999), no. 3, 535-544.

Shen Z., On Landsberg («, )-metrics, preprint, (2006).

Thakur D., Conformal Randers change of a Finsler space with («, 8)-metric
of Douglas type, International Journal of Mathematics Research. 6 (2014),
no. 1, 7-14.



