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HANKEL DETERMINANT FOR A CERTAIN SUBCLASS OF
ANALYTIC FUNCTIONS

Andreea-Elena NISTOR-SERBAN !

Abstract

In this paper, we investigate the bound of the second Hankel determi-
nant Hy(2) = azay — a3 for the coefficients of a function f belonging to the
class W, g(¢) of all normalized analytic functions in the open unit disk U,
satisfying the following differential subordination:

f(2)

(1= a+20)" 2 1 (0= 20)(2) + B2f"(2) < 0(2)
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1 Introduction

Let A denote the class of analytic function f(z) of the form:
f(z)=z+ Zanz”, ze U,
n=2

where U = {z € C: |z| < 1} is the open unit disk.

We denote by P the class of analytic functions which satisfies the conditions:
p(0) =1 and R(p(z)) >0, z € U.

We also denote by B the class of analytic functions which satisfies the condi-
tions: w(0) =0 and |w(z)| <1, z€U

Suppose that functions f and ¢ are analytic in U. We say that function f is
subordinated to function g, denoted by f < g, if there exists a function w € B,
such that

J(2) = g(w(2)), 2 €.

Let ¢ : U — C be a function with positive real part,
¢(z) = 1—|—A12+A22’2+A32’3+~~- , A1 >0, Ay, Ay, A3, --- €R. (1)
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Definition 1. A function f € A is in the class Wy, (¢), «, B € [0,1], if it satisfies
the following differential subordination:

f(z)

(1= a+20) "2 4 (0= 20) () + B2f"(2) < 9(2) 2)

We denote by W, g(A), 0 < A < 1, the class of analytic functions satisfying:

RI(A—a+ Q,B)Jc(;) + (. =20)f'(2) + Bzf"(2)| > A
Clearly, for ¢(z) = 1—#(11_—22)\)27 the class W, g(¢) becomes Wy, g(\).

The gth Hankel determinant, for ¢,n € N = {1,2,3,---}, is defined as follows:

Gnp, Qp+1 *° Aniqg—1

an+1 (n42 " Oniq
Hq(n) =1. . .

an+g—1 Qn+q - Q(n42g—2

Pommerenke [8] investigated the Hankel determinant of areally mean p-valent
functions, univalent and starlike functions. Hankel determinants have been stud-
ied by several authors for different classes of analytic, univalent or bi-univalent
functions, see [1, 2, 5, 6, 7, 9] In these papers, the most discussed determinants
were H(2), Hs(1) and |H2(1)| which is the well-known Fekete-Szegd problem.

In this paper, we investigate the second Hankel determinant for a function f
belonging to the class W, g(¢) and, for particular cases, we obtain well-known
results.

In order to prove our main result, we will need the following lemmas:

Lemma 1. /3] If function
p(z) =1+ anz”, z€U (3)
n=2

is in P, then |py,| <2, n=1,2,---.
The result is sharp.

Lemma 2. [4] If function p(z) given by (3) is in P, then

2py =p} + (4 — p}),

(4)
dps =p} +2(4 — ph)prz — p1(4 — p})a* +2(4 — p1)(1 — |z]*)y

for some x,y with |x| <1 and |y| < 1.
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2 Main results
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Theorem 1. Let f(z) = z + a22® + azz® + -+ be in the class W g(¢), where

a, B €10,1].

1. If (2 — 2m)|A2| < (2m — 1)A; and ‘Ag fm':—ﬂ < mA; then the second

Hankel determinant satisfies:

A

2
_ < 1
(20 = 3| < G5 gy

2. If (2 — 2m)|As| > (2m — 1)A; and ‘Ag —ma2

(2 2m)| 42| < (2m—1)A; and | A3 — m%?

determinant satisfies:

A A2
lazas — 2] < ! \ 2

14+ a)(1+3a+6p3) A

3. If (2 — 2m)|Ag| > (2m — 1) Ay and ‘Ag —m42

second Hankel determinant satisfies:

|agay — a3| <

Ay (2 — 2m)| As| + (1 — 2m) Ay)?

> (1—m)As+ 14 or

()

> mA; then the second Hankel

< (1 —m)Ay + $A;then the

mA1 —

<
T (I4+a)(1+3a+65) 4‘A3—m2—§

where

(14 a)(1+3a+6p)
(14+2a+26)2

Proof. Let f € W(«, 8). Then, there exists w € B such that

(1-a+ QB)JC(ZZ) + (@ =2B)f'(2) + Bzf"(2)) = p(w(2))
We define
p(z) = iggz; =14 prz4pz®+psz+--.

Since w € B, it follows that p € P,thus

2 2 2 2 4

1 1 1 1 1
w(z) = sprz+ = <p2 — p?) 24z (pg —pip2 + pi”) FAR N

— (1 —m)(8|Az| +441)

(11)
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From (1) and (11), we obtain

1 1 1 1
$(w(z)) =1+ S A1z + [4A21ﬁ +54 <P2 - 219%)] 2+

1 1 1 1 1
+ [2141 <p3 —pip2 + p?) + §A2p1 (pz - 21?%) + 8A3pﬂ 2B

4
(12)
Also, the Taylor expansion of f gives
. f(2) . / 1 _
(-av2lr@-2mro+a:r =
1+ (14 a)agz + (1 +2a +2B8)azz® + (1 + 3o+ 68)agz® + - -
Then, from (9), (12) and (13), we have
Aip
= P 14
2= 51+ a) (14)
=— [ =A — 1
as 1+2a+25<2 1p2 + 1 101> (15)
an — 1 Aips Ay — Ay Ay —2A5 + Ag 3 (16)
YT 1 30168\ 2 g PPz 8 P1
Therefore,
o | A1(A1 —2A4As + A3) (Ay — Ap)? 4
204 — a3 = - b1
16(1+ a)(1+3a+68)  16(1+ 2a + 28)2
A1(As — Ay) Ai1(A2 — Ay) 2
— 17
+ [4(1+o¢)(1+3a+66) A1+ 2a +28)2 | P1P? (17)
A? A?
1 1 2

p1p3 —
)

It a) (I +3a+068 A1+ 2a 1 2527

We can assume that p; = p > 0. Substituting the values of po and ps from
Lemma 2 in the above expresion, we obtain

ez — ) = |( A1y )
TSI \T6( )1 +3a 1 68)  16(1+2a +25)2) "
A4y A1As 9 )
i <8(1+a)(1+3a+6,8) - 8(1+2a+25)2>1’ (4—p7)z N
+ [< —Atp® _ A4 —p?) >}(4_ 2)2 (18)
16(1 +a)(1+3a+63) 16(1 4+ 2a + 20)? p
AQ
+ ! pld— ) (1 - x|2>y‘

8(1+ a)(1+3a+6p3)
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Replacing |z| by ¢ and |y| <1 in the above equality, we obtain

4

2
—azl <
(204 = a5) S G T T+ 3a 5 69)

2 _
(14 a)(1+3a+6p)
(14 2a+25)?

+241p(4 — p*)} = F(p, p).

Ay ~ (I+a)(1+3a+6p) A3
8 1+2a+282 A7

+2

(19)

- 24 Ay )yt

In order to maximize function F(p,u), for p € [0,2] and p € [0,1], we shall
differentiate it partially with respect to p as follows:

oF _ A1 {2(a+6)2+ﬁ(3ﬁ—2)

Op  16(1+ a)(1 + 3a+68) (14 2a + 28)2

(1+a)(1+3a+603)
(1+2a+23)?

| Ag|p?(4 — p?)
(20)

F e - 24 24,(4 p2)u}

F
We observe that ((?9 > 0 for p € [0,1] and p € [0, 2], thus F(p, u) is an increasing
w

function of y, having its maximum value:
max F(p, u) = F(p,1) = G(p). (21)
Afer some computation, we have:

~ (I+a)(1+3a+68) A3
s (1+2a+28)?2 A4

Aq
) =0+ o)1 + 30 1 65) { [

a 2 35 —2
- A D el + )t
(a+8)*+8(36-2)
(14 20 + 28)2 ’A2|+4<12
(1+a)(143a+6p)
(1+ 20 + 2B)? 1}
Aq

_ ) -
=6 T a)113a e L TQHR), p=te04]

+ |8

(1+a)(1+3a+6p3)
(1+2a +25)? ) 1]p2

+ 16

(22)
where
A2
P = A3—’mf — (L —m) (2[A2] + A1),
1
2
Q = 8(1 — m)|As| + 441 (1 — 2m), (23)

R= 16mA1

and m is given by (8).
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We know that

R, Q<0, P< —g;
16P+4Q+R, Q>0, P>—= or
max (Pt* + Qt+ R) = 5 (24)
Osis4 Q<0, P>-——;
—_— ) P 4 )
4PR — Q? Q
Sl p<-—=<.
\ 4P @>0, P= 8
Thus, after a simple computation, we obtain the result stated in the theorem. [
1 1—2\
For ¢(z) = M, we obtain the following corollary:

1—=2

Corollary 1. Let f(z) = z + a22® + azz® + -+ be in the class Wo g(N), where
a, B, A €10,1].

1. If m > %, then the second Hankel determinant satisfies:

2 —2)\)2
TP ) o 25
4204 — a3] < (1+2a+258)? (25)
2. If m< %, then the second Hankel determinant satisfies:
2 —2))2 1
T - 26
201 =051 S G T a6 (S —m) L™ (26)
where m is given by (8).
1
Remark 1. For o« = 1,8 =0 and ¢(z) = %, Theorem 1 reduces to the result
—z

stated in [5], that is: |agas — a3| < %.
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