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AN ANALYSIS OF (0,1;0) INTERPOLATION BASED ON THE
ZEROS OF ULTRASPHERICAL POLYNOMIALS

Yamini SINGH*! and R. SRIVASTAVA?

Abstract

The aim of this paper is to construct an interpolatory polynomial (0,1;0)
with special types of boundary conditions. Here the nodes {z;}?"; and
{x}7= are the roots of PT(Lk)(I) and Pék_tl) (x) respectively, where P,(lk)(:z:) is
the Ultraspherical polynomial of degree n. In this paper, we prove, existence,
explicit representation and order of convergence of the interpolatory polynomial.
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1 Introduction

The Ultraspherical polynomial P,Sk) (z) of degree n and order k is defined by

ooy D+2k)0 (k+3) (-D)" e
) = F(Qk)r(n+k+2%)2nn! x (1—a?) ™" dxn[(l 2yntk—3]

§

for n=0,1,2,... In 1979, J.S.Hwang [6] studied the Turan’s problem of (0,2)
interpolation on the zeros of Jacobi polynomials. Later, A.M.Chak and J.Szabados
[1] introduced the similar problem of (0,2) interpolation on the zeros of Laguerre
polynomials L;“) (z) (o > 1). He considered, the (0,2) interpolating polynomial
R, (f,z) of degree at most 2n — 1 associated with f(x),which are defined by the
relations.

Rm(f7 ':L'k) = f($k)7
Ry (f,zp) =0, k=1,2..,n
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Further, in (1995) I.Joo and L.Sizli [5] studied the problem in the case when the
fundamental points are the roots of Jacobi polynomials and considered the weight
function w(x)=(1 — x)aTH(l + x)% (re[-1,1;, 8 > —1). K.K. Mathur and
R.B. Saxena [7] have extended the study of weighted (0,2) interpolation due to
J.Balazs [2] and L. Sizli [8] to the case of weighted (0,1,3) interpolation on the zeros
of Hermite polynomials. Later, M. Lenard initiated the study of interpolation
[9],[10]. In paper [10] M. Lenard considered the function values are interpolated at
the zeros of the polynomial ng{l) (x) and the first derivative values are intepolated

at the zeros of the polynomial Prgk)(a:) with hermite conditions on the interval
[—1,1].

The convergence of this interpolation process was studied by Xie [11] for k=0,
if f € C"[-1,1] for x € [-1,1], then

(@) = Ranya (2 )] = O~y (f0; ). (1)

n
Xie and Zhou [12] proved for k=0, if f € C"[-1,1], r > 2, for x € [-1,1], then

5
7/(@) = By (@3 0)] = O (0 )0 2), 2)

1
also stated the above property of convergence if f € C?[—1,1], f? € Lipa , a > 3

sthen R, i (x; f) converges to f'(x) uniformly on [-1,1] . For k¥ > 1 Lenard [9]
proved that if f € C"[—1,1] for x € [-1,1] ,then

1£(@) ~ Bunla )] = Oyl £0); ), 3)
where w(f (), .) denotes the modulus of continuity of the r* derivative of the
function f(z).

The aim of this paper is to extend the study of (0;1) interpolation problem
of M.Lenard [10] to the case (0,1;0) interpolation with Hermite-type boundary
conditions on interval [—1,1].

We have given the following problem.

Problem:
Let the set of knots be given by
—l=z,<zp<zp 1 <Tp1<..,<z]<z1<z25=1 n>1, (4)

where {z;}" ; and {z} ?:_11 are the roots of ultraspherical polynomials quk) () and

Pélfgl)(m) respectively, on the knots (4) there exists a unique polynomial R, (x)

of degree at most m = 3n + 2k + 1 satisfying the interpolatory conditions.

Rm(ZEz) = Yi, (’L = 1, 2, ...,n), (5)
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Rm/(xl) = yi,? (Z = 1727 "'7”)7 (6)
Ry(z)=vy;, (1=12,..,n—-1), (7)

with (Hermite) boundary conditions.

ROy =4, 1=0,1,..k), (8)
RO—1)y=¢", (1=01,. k+1), (9)

where y; v, yF D and yg) are arbitrary real numbers and k is a fixed
Yi sYis Yy » Y1 1

non-negative integer.
In section 2, we gave some results of [3] and proved new results in section 3. The
order of convergence and main theorem of convergence have been proved in section

4.
2 Preliminaries:

We shall use well known properties and results [3] of the Ultraspherical polyno-
mials. Let P") (:c):Pék’k) (x) (k > —1,n > 0) denote the ultraspherical polynomial
of degree n. we refer to [3] (4.2.1).

(1—22)PP"(z) — 22(k + 1)P® () + n(n + 2k + 1)P¥) (z) = 0, (10)

refer to [3] (4.21.7)

P @) = R ), (1)
PO ()| = O(), e [-1,1], (12)
(1—22) 75 p®) (2| = O<¢15>. (13)

The fundamental polynomials of Lagrange interpolation are given by:

P (x)
li(z) = ; 14
" e e -y "

Pli+1)(x)
I (x nl : 15
T (a)(x — a7) .

(k) 7 (k) n—1

L) = — @ " L P2, PP (@), (16)
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22T (2(n+ k + 1))
F'n+1)I'(n+2k+1)

(k) — 22k+1 L 2v+k+1)) ~1 (v>0), (18)
v 2Ww4+2k+1T v+ )T (v+2k+1) | =C2 (v=0),
where the constants C7, Co depend only on k.
If 21 > a9 > ... ,> x, are the roots of PT(Lk) (), then the following relations
hold [3].
j2
a-a~e " (19)
g (25 < 0),
4 nk+2
[P (a5)] ~ (20)
nk+2

3 Explicit Representation of Interpolatory polynomials:

We shall write R,,(x) satistfying (5) - (9) as
n n n—1 k l k+1 l
() = >~ Aj(@)y; + Y Bila)y + Y Cila)y; + - Dyl + 3 By,
j=1 1 J=0 J=0

Jj=1 Jj=
(21)
where A;(z) and Cj(z) are the fundamental polynomials of first kind and
Bj(x) is the fundamental polynomial of second kind. Dj(z) and Ej(x) are the
fundamental polynomials which correspond to the boundary conditions each of
degree < 3n + 2k + 1, uniquely determined by the following conditions,
For j=1,2,.....;n

AJ(Z‘Z) = 5ji7 (Z = 1,2, ,TL)
Aj/(l‘i) = O, (Z = 1,2, .,n)
Aj(xr) =0, (i=1,2....,n—1) (22)
Afl(1)y=0, (1=0,1,.....k)
A1) =0, (1=0,1,....,k+1)
For j=1,2,.....;n
J(wl) :07 (121727 7”)
Bj'(z;) =6, (1=1,2,....,n)
Bj(z}) =0, (i=1,2..,n—1) (23)
Bii(1)=0, (1=0,1,....k)
Bi{(-1)=0, (1=0,1,...,k+1)
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Forj=1,2,....n—1

C'](xz) = 0, (7, = 1,2, . ,n)
Cj/(l‘i) = 0, (’L = 1,2, ,n)
CJ(CE: = 5ji; (Z = 1,2....,77, - 1) (24)
cil(y=0, (1=0,1,...,k)
Cil(-1)=0, (1=0,1,....;k+1)
For j =0,1,.....k
Dj(xz;) =0, (i=1,2,...,n)
Dj’(xi) = 0, (7, = 1,2, .,n)
Dj(z})=0, (i=12..,n-1) (25)
Dit1) =46, (1=0,1,.....k)
Dil{(-1)=0, (1=0,1,...k+1)
For j =0,1,....k+1
Ej(x,-):O, (i:1,2,....,n)
Ej/(l‘i) = O, (Z = 1,27 ,n)
Ej(z;)=0, (i=1,2..,n—-1) (26)
El(1)=0, (1=0,1,....k)

El(-1) =065, (1=0,1,.....,k+1)
We proved the Explicit forms which are given in the following Lemmas.

Lemma 1. The fundamental polynomial C;j(x), for j = 1,2,...,n — 1 satisfying
the interpolatory conditions (24) is given by:

—x ®) ()20 (2
¢ @ = L 2)k+14 pt <k>}2zj< ) )
(1+25)(1 - 22+ { P (a))2

Lemma 2. The fundamental polynomial Bj(x), for j = 1,2,...,n satisfying the
interpolatory conditions (23) is given by:

B (@) = QD)= 22)k+1p®) <w>P£’j”<w>zj<az>. o8)
(U a)(1 = a2 P ()2

Lemma 3. The fundamental polynomial Aj(x), for j = 1,2,...,n satisfying the
interpolatory conditions (22) is given by:

(1+a)(1 =22 PP (@) (@)} {1+20 +2,)l (@)} B ()

Ai(z) =
i) (1+a;)(1 — 22k P (2)) (1+ )

. (29)
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Lemma 4. The fundamental polynomial Dj(x), for j = 0,1, ...,k which corresponds
to the boundary condition, satisfying the interpolatory conditions (25) is given by:

Dj(x) =(1 — )/ (1 + 2)* 2 PP (@) {PF) (2)}?p; (x)

+(1+2)(1 — 22 PO (1) Pk () x {

where degree pj(x) <k —j+1 and degree q;(x) < k — j.

Lemma 5. The fundamental polynomial E;(x), for j = 0,1,....k + 1 which
corresponds to the boundary condition, satisfying the interpolatory conditions (26)
s given by:

For j=0,1...,k

Ej(z) =(1 — 2)2(1 + 2)' PV (2) { P (2) 12 ()

®) (NG (&) (N
/ Py (x)qj(x) — (1 —x)Py” (z)pj(x
(L= 2P ) P () (B O (R
(31)
where degree pj(x) < k —j+ 1 and degree gj(x) <k —j+1,
Forj=k+1
o 2\k+1g plk) 2 p(k)
L e (32)
(k + D121 P (=1)}2P," (—1)

Existence:

By Lemma 1 to Lemma 5, the polynomial Ry, (x) satisfies conditions (22)-
(26), so there exists an interpolatory polynomial R, (x) of degree 3n+2k+1.

4 Order of Convergence of the fundamental polynomials.

Theorem 1. Ifk > 0,n > 2, for the first derivative of the first kind fundamental
polynomials on [-1,1] holds

n—1

31— 22| Ci(2)| = Ok 7). (33)

j=1
Proof. Differentiating (27) , we get
n—1

ST (1= a2?)|Ch(@)| = 11 + e + s,
j=1
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where we use the decomposition (15) in n; for I3 (z), we have

2)RH1 g 20 (k + 1)(1 + 2)(1 — 22)F} [P (2) 2
2 n—1

n—1
m < Z{(l —

/
= (L)1 - 2R P @) 2 P ()

n J

n—2

1 x

<+ Y e PSR @),
v=1 "v

where v, is a constant which is independent of n.
By using (19) and (20) , we get

1 :O(l

;= 0(—), (34
(- e @l T

using (12), (13), (18), (19), (20) and (34) , we obtain
m = O(n’“‘g).

Again using decomposition (15) in 7y for [5(z), we have

S 20+ 1)1 — 22 P ()] PR ()]

* * k * k ! *
oL+ 21— )R PP @) 2P ()2

2 < X

n—2
1 x
x{y2 + Z WIPV(’““)(%)I!P,E’““)(w)IL
v=1"v

where 7» is a constant which is independent of n.
Using (12), (13), (18), (19), (20) and (34) , we get

e = O(nFt2).
Similarly using the above process, we can also find the order of 73, so
N3 = O(nkJr%).
Hence the theorem is proved. ]

Theorem 2. If kK > 0, n > 2, for the first derivative of the second kind
fundamental polynomials on [-1,1] holds

7

> IBj(x)| = O(n*+2). (35)
j=1
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Proof. Differentiating (28) , we get

n

Z |Bi(z)| = 1 + G2 + G,

Jj=1

where we use the decomposition (16) in ¢; for [;(z), we get

Ci<§:{1—x)ml+ldk+)ﬂ+$ﬂ )HP“(NU#y@”xﬁﬁ
= (1+x3){(1—x 2)5+3| BN ()}

x {73+ Z V[P ()1 = )M PV ()],
where 3 is a constant which is independent of n.
By using (19) and (20), then it holds

1

{(1—22) 53| PP (2}
using (11), (12), (13), (18), (19) and (36) , we have

=0(n)7?, (36)

¢ = O(nk*2).

Using the decomposition (16) in (3 for [;(z), we get

G < Z”:(l +a)(1— 22 P (@) 2 + \P(’“)((k DIPP (@) ¥ x b
(1+xj){(1—xj ) ‘p ()] }4

X {’74+Z V1P ()] (1 = )M PP ()],
where 74 is a constant which is independent of n,
by using (11) and (12), it holds
P (@)] = O(n*+), (37)
using (11), (12), (13), (18), (19), (36) and (37) , we obtain
(= O(nk+%).

Similarly using the above method, we can also determine the order of (3. So, we
have

5

(3 = O(nFT2).

Hence the theorem is proved. ]
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Theorem 3. Ifk >0, n > 2, for the first derivative of the first kind fundamental
polynomials on [-1,1] holds

(1 —2;%)| A (z)| = O(n*+7). (38)

M:

7j=1
Proof. Differentiating (29) , we get
n
> (=2 A(@)] =& + & + &,
j=1

where, we use the decomposition (16) for /;(z), we have

51si{u—m2>k+1+2”«“<’“+”<”"“")((k AP e
(1+xj>{(1—x) 2| B ()}

n—1n—1

xthZ — 2253 | P () 2(1 — 22 PO ()2},

llll/l

where 5 is a constant which is independent of n.
Using (19) and (20), it holds

1 —_5
k1 k)
{(1—22)5+3| P (2;)]}5

by using (11), (12), (13), (18), (19) and (39) , we obtain

fl = O(nk+%)

Using the decomposition (16) in ¢; for [;(z) and using (11) and (12), we get

i:(n+2k:+1)2(1+:n)(1 22k pRED) () 002

& < Bl
4<1+xj>{<1—x 2)5+3| P (1))
n—1n—1
{16+ Z — 2253 P () P(1 - 2| PO ()7},
v=1v= 1

where 75 is a constant which is independent of n.
By using (12), (13), (18), (19) and (39), we get

fg = O(nk+g)
By using the above procedure, we can also evaluate the order of 3, then we obtain

& = O(nh3)
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and
n

&= (1—a){1+2(1+ ;)| (2) ]} By ()],

j=1
using (11) and (12), it holds

(k}),/
P, ;
lj'(z5) = (k)/(x])
2P, ()
Futhermore,
1/ ()| = O(n?), (40)
using (19), (35) and (40) , we have
& =07, (41)
Hence the theorem is proved. ]

Main Theorem:

Let k > 0 be a fixed integer m=3n+2k+1 and let {z;}7_, and {z}}?" be
the roots of the Ultraspherical polynomials p¥ (x) and PT(Lk_J{l)(x) respectively, if
fecC [-1,1] (r > k+1,n>2r — k4 2), then the interpolational polynomial

n n n—1 k
Ro(w; f) =Y fla)As(@) + > f/(2:)Bilw) + > f(2)Cilw) + Y f9 (1) Dj(a)+
i=1 i=1 i=1 =0

k+1

+) O (-1)Ey(x)
=0

satisfies (43) for z € [—1,1],

f'(x) = Ry, (2 )] = w(f);

where the fundamental polynomials A;(z), B;(z), Ci(x), Dj(z) and Ej(z) are
given in (27) - (32).

Proof. For k=0 we refer to (1), proved by Xie and Zhou [12] and we prove the
case k > 1. Let f € C"[—1,1], then by the theorem of Gopengauz [4] for every
m > 4r + 5 there exists a polynomial p,,(z) of degree at most m such that for
7=0,...,7r

|f(j)(x) _p%)(x” < Mm(\/?)r_j w(f(r); ‘/7

); (44)

where w(f(");.) denotes the modulus of continuity of the function f")(z) and the
constants M, ; depend only on r and j. Furthermore,

FO(£1) = pW(£1) (j=0,....r).



An analysis of (0,1;0) interpolation 105

By the uniqueness of the interpolational polynomials R,,(x; f) it is clear that
Ry (2; pm)=pm(z).Hence for z € [—1,1]

/() = Ry (2 f)] < If’( ) = (@) + | By (w'pm)— Ry, (w3 f))
< |f'(x) |+Z\fﬁvg = () || A (= |+Z\f 25) = P (%) Bj ()| +

+Z|f zi)|IC5 ()],

using (42) and (44) , applying the estimates (33), (35) and (38), we obtain
1 _epla
|/ (@) = By )] = w(f0; )02, (45)

which is the proof of main theorem. O

By using, main theorem and (3) we can state the conclusion of the convergence
theorem.

Conclusion:

Let k > 0 be a fixed integer, m=3n+2k+1, n > k+4, let {z;}7; and {z}}}

be the roots of the ultraspherical polynomials P,Sk) () and PT(Lk_J; )( ) respectively.
If f € C*2[-1,1] , f**2? € Lipa ,o > 1 | then Ry, (x; f) and R}, (x; f) uniformly
converge to f(z) and f’(x) , respectively on [-1,1] as n — oo .
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