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SOME FIXED POINT RESULTS FOR A MODIFIED
F-CONTRACTIONS VIA A NEW TYPE OF (¢, 5)-CYCLIC
ADMISSIBLE MAPPINGS IN METRIC SPACES

A. A. MEBAWONDU*! and O. T. MEWOMO *2

Abstract

The aim of this paper is to define the new type of mappings which is
called modified Suzuki-Berinde F-contraction mapping in the frame work of
metric spaces. Fixed point theorems for such mappings in complete metric
spaces are established. Furthermore, we present examples to support our
main results, using this examples, we establish that our main results is a
generalization of the fixed point result of Wardowski [Fixed points of a new
type of contractive mappings in complete metric spaces, Fixed Point Theory
and Appl., 94, (2012)], Piri and Kumam [Some fixed point theorems con-
cerning F-contraction in complete metric spaces, Fixed Point Theory and
Appl.,210, (2014)] and a host of others in the literature.
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1 Introduction and Premilinaries

The theory of fixed point plays an important role in nonlinear functional analysis
and known to be very useful in establishing the existence and uniqueness theorems
for nonlinear differential and integral equations. Banach [2] in 1922 proved the
well celebrated Banach contraction principle in the frame work of metric spaces.
The importance of the Banach contraction principle cannot be over emphasized
in the study of fixed point theory and its applications. Due to its importance and
fruitful applications, researchers in this area generalize the concept by considering
classes of nonlinear mappings and spaces which are more general than contraction
mappings and metric spaces respectively (see [1, 13, 11, 21, 19] and the references
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therein). For example, Khan et al. [12] introduced the concept of alternating
distance function, which is defined as follows: A function v : RT™ — R™ is called
an alternating distance function if the following conditions are satisfied:

L 4(0) =0,
2. 1 is monotonically nondecreasing,
3. 1) is continuous.

They established the following result.

Theorem 1.1. Let (X, d) be a complete metric space, 1) be an alternating distance
function and T : X — X be a self mapping which satisfies the following condition

Y(d(Tz, Ty)) < 0y(d(z,y))
for all z,y € X, where § € (0,1). Then, T has a unique fized point.

Remark 1.2. Clearly, if we take ¢(z) = x, for all x € X, we obtain the Banach
contraction mapping.

More so, Berinde [5, 6] introduced and studied a class of contractive mappings.
In particular, he gave the following definition:

Definition 1.3. Let (X, d) be a metric space. A mapping 7 : X — X is said to
be a generalized almost contraction if there exist § € [0,1) and L > 0 such that

d(Tz,Ty) < dd(z,y) + Lmin{d(z, Tx),d(y, Ty),d(x,Ty),d(y, Tz)},
for all z,y € X.

Furthermore, in 2008, Suzuki [22] introduced a class of mappings satisfying con-
dition (C') which is also known as Suzuki-type generalized nonexpansive mapping
and he proved some fixed point theorems for this class of mappings.

Definition 1.4. Let (X, d) be a metric space. A mapping 7" : X — X is said to
satisfy condition (C) if for all z,y € X,

1

S (e, T2) < d(w,y) = d(Tx, Ty) < d(zy)
Theorem 1.5. Let (X, d) be a compact metric space and T : X — X be a mapping
satisfying condition (C) for all x,y € X. Then T has a unique fized point.

In 2012, Wardowski [25] introduced the notion of F-contractions. This class of
mappings is defined as follows:

Definition 1.6. Let (X, d) be a metric space. A mapping 7 : X — X is said to
be an F-contraction if there exists 7 > 0 such that for all z,y € X;

d(Tx,Ty) >0=71+ Fd(Tx,Ty)) < F(d(z,vy)), (1)
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where F : RT — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing;

(Fy) for all sequences {a,,} C RT, lim, oo o = 0 if and only if lim,, oo F(ay,) =
(F3) there exists k € (0,1) such that lim,_,q+ o*F(a) = 0.

He also established the following result:

Theorem 1.7. Let (X,d) be a complete metric space and T : X — X be an
F-contraction. Then T has a unique fized point x* € X and for each xg € X, the
sequence {T"xo} converges to x*.

Remark 1.8. [25] If we suppose that F'(t) = Int, an F-contraction mapping be-
comes the Banach contraction mapping.

In [15], Piri et al. used the continuity condition instead of condition (F3) and
proved the following result:

Theorem 1.9. Let X be a complete metric space and T : X — X be a selfmap
of X. Assume that there exists T > 0 such that for all x,y € X with Tx # Ty,

%d(x,Tx) <d(z,y) =17+ F(d(Tz,Ty)) < F(d(z,y)),

where F : RY — R is continuous strictly increasing and inf F = —oco. Then T has
a unique fixed point z € X, and for every x € X, the sequence {T"x} converges
to z.

Secelean in [18] proved the following lemma.

Lemma 1.10. [18] Let F : RT — R be an increasing mapping and {a,} be a
sequence of positive integers. Then the following assertion hold:

1. if lim, oo F(ay) = —00 then limy, o0 iy = 0;
2. ifinf F' = —o00 and lim,, o0 oy = 0 then limy, o0 F(ay,) = —00.

Furthermore, the authors in [18] replaced the condition F in the definition of
F-contraction with the following condition.
(Fy) inf FF = —o0
or, also by
(Fix) there exists a sequence {«a,} of positive real numbers such that
lim F(a,) = —oc.
n—oo
We denote by JF the family of all functions F' : R™ — R which satisfy conditions
(F}) F is strictly increasing,
(Fy) inf F = —oo0,
or, also by,
(F3) there exists a sequence {a,,} of positive real numbers such that

lim F(a,) = —oo,
n—oo
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(F,) F is continuous on (0, 00).
Samet et al. [20] introduced the notion of a-admissible mapping and obtain some
fixed point results for this class of mappings.

Definition 1.11. [20] Let oo : X x X — [0,00) be a function. We say that a self
mapping T : X — X is a-admissible if for all z,y € X,

alz,y) > 1= a(Tz,Ty) > 1.

Definition 1.12. [11] Let T: X — X and a: X x X — [0, 00) be mappings. We
say that T is a triangular a-admissible if

1. T is a-admissible and
2. a(z,y) > 1land a(y,z) > 1= a(x,z) > 1 for all x,y,z € X.

Theorem 1.13. [20] Let (X, d) be a complete metric space and T : X — X be
an a-admissible mapping. Suppose that the following conditions hold:

1. for all x,y € X, we have o(z,y)d(Tz, Ty) < ¥(d(x,y)), where 1) : [0,00) —
[0,00) is a nondecreasing function such that Y -2 " (t) < oo for all t > 0;

2. there exists xog € X such that a(xo, Txo) > 1;

3. either T is continuous or for any sequence {x,} in X with o(xy,Tps1) > 1
for alln >0 and z, — = as n — oo, then oy, z) > 1.

Then T has a fixed point.

In 2016, Chandok et al. [7] introduced another class of mappings, called the TAC-
contractive and established some fixed point results in the frame work of complete
metric spaces.

Definition 1.14. Let T : X — X be a mapping and let a, 3 : X — RT be two
functions. Then T is called a cyclic («, §)-admissible mapping, if

1. a(z) > 1 for some x € X implies that (Tz) > 1,
2. f(z) > 1 for some x € X implies that a(T'z) > 1.

Definition 1.15. Let (X, d) be a metric space and let o, 5 : X — [0,00) be two
mappings. We say that T is a TAC-contractive mapping, if for all z,y € X,

a(x)By) =2 1= ¢(d(Tz,Ty)) < f(¥(d(,y)), p(d(x,y))),

where 1 is a continuous and nondecreasing function with ¢ (¢) = 0 if and only if
t =0, ¢ is continuous with lim,, s ¢(t,) = 0 = lim,, 0 t, = 0 and f : [0,00)? —
R is continuous, f(a,t) <a and f(a,t) =a=a=0ort=0 for all s,t € [0, 00).

Theorem 1.16. Let (X,d) be a complete metric space and let T : X — X be a
cyclic (o, B)-admissible mapping. Suppose that T' is a TAC contraction mapping.
Assume that there exists xg € X such that a(xo) > 1, B(xo) > 1 and either of the
following conditions hold:
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1. T s continuous,

2. if for any sequence {x,} in X with f(x,) > 1, for alln >0 and x,, — = as
n — oo, then f(x) > 1.

In addition, if a(x) > 1 and S(y) > 1 for all x,y € F(T) (where F(T) denotes
the set of fized points of T'), then T' has a unique fized point.

Lemma 1.17. [}] Suppose that (X,d) is a metric space and {x,} is a sequence
in X such that d(zy, Tnt1) = 0 asn — oo. If {zn} is not a Cauchy sequence then
there ezists an € > 0 and sequences of positive integers {zp, } and {x,,} with
ng > my > k such that d(m,,, T, ) > €,d(Tm,, Tn, ,) < € and

1. limy oo d(Tpmy, Ty, ) = €,

2. limp o0 d(Tpy, Ty yy) = €

d(
d(
3. limg o0 d(Zpmy_, s Tn,) = €,
4. limyg o0 d(

Tny> Ty, ) = €.

Inspired by the work of Wardowski [25], Piri et al. [15], Samet et al. [20] and
Chandok et al. [7], we introduce the concept of («, 5)-cyclic admissible mapping
and modified Suzuki-Berinde F-contraction mappings in the frame work of metric
spaces. In addition, we establish the existence and uniqueness theorems of fixed
points for such mappings in the frame work of complete metric spaces and present
some examples to support our main results.

2 Main Result

In this section, we introduce the concept of («, 3)-cyclic admissible mapping,
modified Suzuki-Berinde F-contraction and modified F-contraction mappings in
the frame work of complete metric spaces and prove the existence and uniqueness
theorems of fixed points for such mappings.

Definition 2.1. Let X be a nonempty set, 7' : X — X be a mapping and
a,B: X x X — RT be two functions. We say that T is an («a, 3)-cyclic admissible
mapping, if for all z,y € X

1. a(z,y) > 1= p(Tx,Ty) > 1,
2. B(z,y) > 1= a(Tz,Ty) > 1.
Remark 2.2. Clearly, if 8(x,y) = a(z,y), we obtain Definition 1.11.

Lemma 2.3. Let X be a nonempty set and T : X — X be an («a,f3)-cyclic
admissible mapping. Suppose that there exists xy € X such that a(xg, Txo) > 1
and B(xo,Txo) > 1. Define the sequence xpi1 = Txy, then a(Tpy,Tme1) > 1
implies that B(xy, Tp+1) > 1 and B(Tm, Tmy1) > 1 implies that oz, Tpy1) > 1,
for all n,m € NU{0} with m < n.
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Proof. Using the fact that T is an («, 3)-cyclic admissible mapping and our hy-
pothesis, we have that there exists x¢g € X such that
a(zg, Txo) = a(xg,z1) > 1= B(Txo, Tx1) = B(x1,22) > 1
and
B(x1,22) > 1= a(Tr1,Txs) = a(we, x3) > 1.
Continuing this way, we obtain that
a(Ton, Tont+1) > 1 and B(zon41, Tant2) > 1, Vn € N.
Using similar approach, we obtain
B(xan, on+1) > 1 and a(zon+1, Tont2) > 1,Vn € N.
In similar sense, we obtain the same result for all m € N. That is
a(zom, Tom+1) = 1 and B(zomt1, Tami2) > 1
and
B(xam, Tam+1) > 1 and a(x2m41, Tam+2) > 1,Vm € N.
In addition, since
(T, Tmt1) = 1= B(Tmt1, Tma2) = 1 = a(Tmy2, Tmgs) > 1---

with m < n, we deduce that

(T, Tmt1) = 1= B(apn, xpy1) > 1

Using similar approach, we have that

B(xmvxm—i-l) Z 1 = a(xn7.'['n+1) 2 ]_
O

Definition 2.4. Let (X,d) be a metric space, a, 3 : X x X — [0,00) be two
functions and 7' be a self map on X. The mapping T is said to be a modified
Suzuki-Berinde F-contraction mapping, if there exists ' € F,7 > 0and L > 0
such that for all z,y € X with Tx # Ty

o, Ta)(5, Ty) > 1 and Sd(z,Tx) < d(zy)

=717+ F(d(Tz,Ty)) < F(d(z,y)) + Lmin{d(z, Tx),d(y, Ty),d(x, Ty), d(y, Tar()})
2
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Example 2.5. Let X = [0,00) and d : X x X — [0,00) be defined as d(z,y) =
|z —y| for all z,y € X. It is clear that (X,d) is a metric space. We defined
T: X —- X by

Tw— 5 if xel0,1]
9z if ze€(1,00),

(1) 1 if x,y€]0,1]
alz,y) =
Y 0 if =,y € (1,00),

2 if z,yel0,1
0 if z,y€(1,00),

and F(t) = =2 +t. Then T is a modified Suzuki-Berinde F-contraction but not
an F-contraction as defined by Wardowski [25] and Piri et al. [15].

Proof. It is easy to see that for any z,y € [0,1], we have that a(z,Tz) = 1 and
B(y, Ty) = 2 as such we have that a(x, Tx)5(y, Ty) > 1. Since a(x, Tx)5(y, Ty) >
lifz,y € [0, 1], we need to show that T"is a modified Suzuki-Berinde F-contraction
mapping for any z,y € [0,1] with %d(l‘,TﬁL‘) < d(z,y). Let z,y € [0,1] and
without loss of generality we suppose that x < y. We then have that %d(x, Tx) =
tlz—&| = Y. Thus for 3d(z,Tz) < d(z,y), we must have that 322 < y. Observe
that, for 7 =1 and L > 0, it is easy to see that

_ y_r
T+ F(d(Tw, Ty) =1+ F(2 - 7))
B 1 B ly — x| 12
—1+F(12|y z|) =1+ 12 v —al
1
S |y - $| -t LHllH{d(i’,Tl’),d(y,Ty),d(:E,Ty),d(y,T(L‘)}

ly — |
= F(d(z,y)) + Lmin{d(z,Tz),d(y, Ty),d(xz,Ty),d(y, Tz)}.
Thus, T is a modified Suzuki-Berinde F' contraction.

However to show that 7' is not an F-contraction as defined by Wardowski [25]
and Piri et al. [15]. Suppose z = 0 and y = 2. Observe that

d(Tz,Ty) =18 > 0,

but

1 1 1
T+ F(d(Te,Ty)) =1+ F(|0—18)=14+18 — — =19 — — >2— -

18 18 2
= F(d(z,y)).
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In addition, we have that
1
id(x, Tz) =0<2=d(z,vy),

but

1 1 1
T4+ F(d(Tz,Ty) =1+ F(0—18)) =1+18 - — =19 — — >2— —

18 18 2
= F(d(z,y))-
O

Theorem 2.6. Let (X, d) be a complete metric space andT : X — X be a modified
Suzuki-Berinde F-contraction mapping. Suppose the following conditions hold:

1. T is a (o, B)-cyclic admissible mapping,
2. there ezists xy € X such that a(xo, Txo) > 1 and B(zo, Txo) > 1,
3. T 1is continuous.

Then T has a fixed point.

Proof. We define a sequence {x,,} by z,+1 = Tz, for all n € NU{0}. If we suppose
that x,411 = x,,, we obtain the desired result. Now, suppose that x,+1 # z, for all
n € NU{0}. Since T is a («a, 3)-cyclic admissible mapping and «(xg,x1) > 1, we
have B(T'zg,Tz1) = B(x1,x2) > 1 and this implies that a(z2, x3) = a(Tx1, Txa) >
1, continuing the process, we have

a<$2k,$2k+1) >1 and ﬂ<$2k+1,a}2k+2> >1V keNU {0} (3)
Using similar argument, we have that
B(zok, Tog1) > 1 and  o(@ori1, Tokq2) > 1 V ke NU{0}. (4)

It follows from (3) and (4) that a(xy,xnr1) > 1 and B(zp, Xpe1) > 1 for all n €
N U {0}. Since a(zpn, Zn41)B(Tnt1, Tnr2) > 1 and 3d(2y, Tzn) = 3d(25, Tni1) <
d(Zpn, Tpy1), we obtain from (2)

T+ F(d(zpy1, Tpyo)) =7+ F(d(Txn, Txpiq))
< F(d(zy, Tnt1)
+Lmin{d(zn, Tn+1), d(Tnt1, Tnt2), d(@n, Tnta), d(Tnt1, Tnt1)})
= F(d(zn, Tn+1)) + L.0
= F(d(zpn, Zns1)), (5)

which implies that

F(d(tns1,042)) < F(d(@n, 2011)) - 7.
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Using similar approach, it is easy to see that
F(d(zn,nt1)) < F(d(zp—1,2n)) — T.
Thus by inductively, we obtain
F(d(zn,nt+1)) < F(d(zg,z1)) —n1, ¥V neNU{0}. (6)
Since F' € ¥, taking limit as n — oo in (6), we have

nhﬁn;() F(d(zp, Tpt+1)) = —o0. (7)

It follows from (F3) and Lemma 1.10 that
lim d(xy, zp4+1) = 0. (8)

n—oo

In what follows, we now show that {z,} is a Cauchy sequence. Suppose that
{z,} is not a Cauchy sequence, then by Lemma 1.17, there exists an € > 0 and
sequences of positive integers {z,, } and {z,,} with ny > my > k such that
d(xpm,,, Tn, ) > €. For each k > 0, corresponding to my, we can choose nj to be the
smallest positive integer such that d(x,, , zn,) > €, d(Tm,, Tn, ,) < € and (1)—(4)
of Lemma 1.17 hold. Since a(xg, Txo) > 1 and S(xg, Txo) > 1, using Lemma 2.3,
we obtain that a(zm,, Tm,,,)B(Tn,, Tn,,,) > 1 and we can choose ng € NU {0}

such that 1
€
§d(xmk,Tmmk) < 5 <€ < d(Tmy,, Ty )-

Hence, for all k& > ng, we have

T+ F(d(xmk+l7xnk+l)) <7+ F(d(Twm,, Tn,))
< Fd(zmy, Tny))

+ Lmin{d(zm,,, Tmy,, ), A Zny, Trgr), ATy, Trg 1), ATy T 1) 3o (9)
Using Lemma 1.17, (F}) and (8), we have that
T+ F(e) = klirilo[T + F(d(Tzm,,, Txn,))]
< lim [F(d(zpm,, Zn,))

T k—oo
+ L min{d(mmk, xmk+1)’ d(xnk’ $nk+1)’ d(xmk ’ mnkJrl)v d(‘rnk ) xmk+1)H .

< F(e).
That is
T+ F(e) < Fe)
which is a contradiction. We therefore have that {z,} is Cauchy. Since (X,d) is
complete, it follows that there exists € X such that lim,,_ o x, = x. Since T is
continuous, we have that

z= lim z, = lim xpy1 = lim Tx, =T lim x, = Tz.
n—o0 n—oo n—oo n—oo

Thus, T has a fixed point. O
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Theorem 2.7. Let (X, d) be a complete metric space andT : X — X be a modified
Suzuki-Berinde F-contraction mapping. Suppose the following conditions hold:

1. T is a (o, B)-cyclic admissible mapping,

2. there exists xy € X such that a(xo, Txg) > 1 and B(xo, Txo) > 1,

3. if for any sequence {x,} in X such that x,, — x as n — oo, then B(x,Tx) >

1 and a(x,Tx) > 1.
Then T has a fized point.

Proof. We define a sequence {x,,} by x,41 = Tz, for all n € NU{0}. In Theorem
2.6, we have establish that {z,} is Cauchy. Now suppose hypothesis (3) holds.

We now establish that 7" has a fixed point.
Claim: We claim that

1
§d(xn,xn+1) < d(zp, )
or
1
§d<$n+17xn+2> < d<$n+1,$).

Proof of claim.
Suppose on the contrary that there exists m € NU {0}, such that

1
id(flfm,xm_t'_l) > d(xpm, x)
1
§d(xm+la$m+2> > d(Tm+1, 7).
Now observe that

2d(zpm, x)

< d(xmp xm—&-l)
< d(xm, ) + d(z, Tm+1),
which implies that d(z,,x) < d(z, Tpm41).

It follows from (10) and (11), that

1
d(xm, ) < d(x, myr) < id(«rm—f—l?mm—&—Z)‘

(10)

(11)

(12)

Since o, Tm+1)B(Tm+1, Tmy2) > 1 and %d(:cm,acmﬂ) < d(Tp, Tmy1), we have

that

T+ F(d(@me1, Tms2)) =7+ F(d(Txpm, TTmt1))
< F(d(@m, m1)

+ Lmin{d(zm, Tm+1), A@m+1, Tmy2), A(Tm, Tmp2), ATmp1, Tmi1) b
= F(d(m, Tm+1))-

(13)
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It follows that
7+ F(d(Tmi1, Tmr2)) < F(d(Tm, Tmr1))- (14)
Using the fact that F' is strictly increasing, we have that
Ad(Tmt1, Tma2) < AT, Ting1)-

Using this fact, (12) and (10), we have

ATy, Tmt1)

d(xm, ) + d(x, Tmi1)
1
2
= d(Tm+1, Tm2),

d($m+1, xm+2) <
<

1
< sd(Tmr1; Tma2) + §d<l’m+1a Tmt2) (15)

which is a contradiction. Thus we must have that

1
§d(xn,xn+1) < d(zp,x)

or
1
id(«rn—i-ly xn—&—?) < d($n+17 {L’)

Hence, we have

T+ F(d(zps1,T2)) =7+ F(d(Txyn, Tx))
< F(d(zn, 1))
+ Lmin{d(zn, 2n+1),d(z, Tx),d(zn, Tx), d(x, Tx,)}.

Using the fact that F' € F and Lemma 1.10, we have that

lim F(d(Txy,Tx)) = —o00

n—0o0

and so

lim d(Tx,,Tx)=0.

n—o0

Now, observe that

d(z,Tx) = li_)m d(xpy1,Tx) = lim d(Tzy,,Tz) =0.

n—oo
Clearly, we have that
dz,Tz) =0= o =Tux.

Hence, T" has a fixed point. O
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We present the an example to support the above results.

Example 2.8. Let X = [0,00) and d : X x X — [0,00) be defined as d(z,y) =
|z — y| for all z,y € X. It is clear that (X,d) is a complete metric space. We
defined T : X — X by

T — zif 2€]0,2)
2x

— 3B if x€2,0),

a,f: X x X —[0,00) by

(1) 2 if z,y€l0,1]
alz,y) =
Y 0 if z,ye(1,00),

15 if a,ye0,1]
B(x,y) = :
0 if z,y€(1,00),

and F(t) = =t +1.

Proof. 1t is easy to see that for any z,y € [0, 1], we have that a(x,y) > 1, 8(z,y) >
1, where Tz = % and Ty = % are in [0,1], as such we have that a(z,y) = 2 >
1= BTz, Ty)=15>1and f(z,y) =1.5>1= a(Tz,Ty) =2 > 1. Therefore,
T is («, B)-cyclic admissible mapping. It is easy to see that for any xq € []0, 1],
we have that a(zg,Tp) > 1 and S(zo, Txo) > 1.

We now establish that T is a modified Suzuki-Berinde F'-contraction. Since
alz, Tx)B(y, Ty) > 1if z,y € [0, 1], we need to show that T is a modified Suzuki-
Berinde F-contraction mapping for any z,y € [0, 1] with %d(x, Tz) < d(z,y). Let
x,y € [0,1] and without loss of generality we suppose that x < y. We then have
that $d(z,Tz) = 3|z — £| = %2 Thus for 1d(z, Tz) < d(z,y), we must have that

-2 14

% < y. Observe that, for 7 =1 and L > 0, it is easy to see that

7+ F(d(Tz,Ty)) =1+ F(I% - ?I)

ly—=a 7
7 ly — z|

:1+F(%|y—x|) =1+
1

|y — 2|
+ Lmin{d(z,Tx),d(y, Ty),d(z, Ty),d(y, Tx)}

< F(d(z,y)) + Lmin{d(z,Tx),d(y,Ty),d(x,Ty),d(y, Tz)}.

<ly—=| -

Thus T is a modified Suzuki-Berinde F' contraction. It is easy to see that T satisfy
all the hypothesis of Theorem 2.6, Theorem 2.7, and x = 0 and x = ‘%5 are the

two fixed points of T O

Remark 2.9. As established in the above example, T has two fixed points x = 0
and r = %. Thus, for the uniqueness of fixed point of T, we need additional
condition.



Some fixed point results for a modified F'-contractions in metric spaces 89

Theorem 2.10. Suppose that the hypothesis of Theorem 2.7 holds and in addition
suppose oz, Tx) > 1 and S(y,Ty) > 1 for all z,y € F(T'), where F(T) is the set
of fixed point of T. Then T has a unique fized point.

Proof. Let z,y € F(T), that is Tx = x and Ty = y such that x # y. Since,
oz, Tz) > 1 and B(y,Ty) > 1, we have a(z,Tz)B(y, Ty) > 1 and d(z,Tx) =
0 < d(z,y), we obtain that

F(d(z,y)) = F(d(Tz,Ty)) <7+ F(d(Tx,Ty))

(d(z,y)) + Lmin{d(z, Tz),d(y, Ty),d(z, Ty),d(y, Tx)},

F
Fd(z,y)),

X
X

VANVA

which implies that
F(d(z,y)) < F(d(z,y)).

Clearly, we get a contradiction, thus, 1" has a unique fixed point. ]

We present the an example to support Theorem 2.10.

Example 2.11. Let X =[0,00) and d : X x X — [0,00) be defined as d(x,y) =
|z — y| for all z,y € X. It is clear that (X,d) is a complete metric space. We
defined T : X — X by

Tw — 15 if xe€l0,1]
2e+5 if x€(1,00),

a,f: X x X —[0,00) by

alog) = 15 if z,ye(0,1]
W= 0 if =,y € (1,00),

2 if z,y€|0,1
0 if z,y€(1,00),

and F(t) = 2 +1t.

Proof. 1t is easy to see that T' is («, 8)-cyclic admissible mapping for any z,y €
[0,1]. In addition for any x¢ € [0, 1], we have that a(xg,Tp) > 1 and S(xg, T'zg) >
1.

We now establish that 7" is a modified Suzuki-Berinde F'-contraction. Since
oz, Tz)B(y, Ty) > 1, if x,y € [0, 1], we need to show that T is a modified Suzuki-
Berinde F-contraction mapping for any z,y € [0, 1] with %d(a:, Tz) < d(z,y). Let
x,y € [0,1] and without loss of generality we suppose that x < y. We then have
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that td(z,Tz) = §|lo — &| = 2%, Thus for §d(z,Tz) < d(z,y), we must have

16
that 237—2’0 < y. Observe that, for 7 =1 and L > 0, it is easy to see that

F)
16 16
1 ly — x| 16
=14 Flggly—al) =1+ F5= - =

T+ F(d(Tz,Ty)) =1+ F(

1
ly — |
+ Lmin{d(z,Tx),d(y, Ty),d(z, Ty),d(y, Tx)}
< F(d(z,y)) + Lmin{d(z, Tz),d(y,Ty),d(x, Ty),d(y, Tx)}.

<ly—x| -

Thus T is a modified Suzuki-Berinde F' contraction. Hence T satisfy all the
hypothesis of Theorem 2.10. Clearly, we have x = 0 as the unique fixed points of
T.

However, we observe that Theorem 1.7 and Theorem 1.9 are not applicable to the
above example. To see this, let * = 0 and y = 3. Now, observe that

d(Tz,Ty) =11 > 0,

but

1 1 1
T+ Fd(Tz,Ty) =1+F(0—11))=1+11— — =12— — >3 — —

11 11 3
= F(d(z,y))-

In addition, we have that
1
id(x,Tx) =0<3=d(z,y),

but

1 1 1
T+ Fd(Tz,Ty) =1+ F(0-11])=14+11—-—=12— — >3 — =

11 11 3
= F(d(z,y))-
O

Corollary 2.12. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the following inequality

1
§d(x,Tx) <d(z,y) and oz, Tz)B(y,Ty) >1
=7+ F(d(Tz,Ty)) < F(d(x,y)).
Suppose the following conditions hold:

1. T is a (o, B)-cyclic admissible mapping,
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2. there exists xy € X such that a(xo, Txo) > 1 and B(xo, Txo) > 1,
3. T is continuous,

4. if for any sequence {xy} in X such that x, — = as n — oo, then B(x,Tx) >
1 and a(z,Tx) > 1.

Then T has a fixed point.

Corollary 2.13. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the following inequality

a(z, Tz)B(y, Ty) = 1
=7+ F(d(Tz,Ty)) < F(d(x,y))
+ Lmin{d(z,Tx),d(y, Ty),d(z,Ty),d(y, Tx)}.

Suppose the following conditions hold:
1. T is a (a, B)-cyclic admissible mapping,
2. there exists xy € X such that o(xo, Txo) > 1 and B(zo, Txo) > 1,
3. T 1is continuous,

4. if for any sequence {xy,} in X such that x,, — = as n — oo, then f(x,Tx) >
1 and a(x,Tx) > 1.

Then T has a fized point.

Corollary 2.14. Let (X,d) be a complete metric space and T : X — X be a
mapping satisfying the following inequality

1
S, Te) < d(z,y)

=7+ F(d(Tz,Ty)) < F(d(x,y))
+ Lmin{d(z,Tx),d(y, Ty),d(x, Ty),d(y, Tx)}.

Then T has a unique fized point.
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