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SOME CURVATURE PROPERTIES OF TRANS SASAKIAN
MANIFOLDS ADMITTING A QUARTER-SYMMETRIC
NON-METRIC CONNECTION
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Abstract

In this paper we studied some properties of trans Sasakian manifold ad-
mitting a quarter-symmetric non-metric connection. We studied some sym-
metric properties with respect to quarter symmetric non-metric connection
and we obtain results in locally symmetric, Ricci semi-symmetric and gen-
eralized recurrent trans Sasakian manifolds. We also obtained the necessary
and sufficient condition for group manifolds.
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1 Introduction

Golab [12] introduced a quarter-symmetric linear connection on a differentiable
manifold. A quarter-symmetric metric connection generalized a semi-symmetric
connection which is introduced by Friedman and Schouten [11] in 1924. A quarter-
symmetric connection is further studied by many authors such as: Barman [2],
Prakasha and Vikas [15], Singh [17, 18, 19], Prasad and Haseeb [16], Dey et al.
8, 9] etc.

Golab [12] defined a quarter-symmetric connection in a Riemannian manifold
as “a linear connection @, whose torsion tensor T of V satisfies

T(U,V)=n(V)oU —n(U)eV,
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where 1) is a 1-form and ¢ is a (1, 1) tensor field”. If X = X for all X € x(M), then
it reduces to a semi-symmetric connection. Moreover V is a metric connection if

(Vxg)(Y.Z) =0,

otherwise it is non-metric.

The paper is organized as follows: after the introduction and preliminaries, we
obtain the relations between a quarter-symmetric connection and a Riemannian
connection. In section 4 we obtain the condition for V = V. In section 5 we
prove the necessary and sufficient condition for a-Sasakian manifold. The final
two sections are dedicated to the study of generalized recurrent manifolds and
group manifolds.

2 Preliminaries
Almost contact metric manifold is defined as [3] “an n-dimensional differen-

tiable manifold M™ (n = 2m + 1) admitting a 1-form 7, a (1, 1) tensor field ¢, a
vector field ¢ and Riemannian metric g which satisfy

¢*’U=-U+nU), n)=1, ¢(=0, n(U)=0, (1)
g(U,¢Q) =nU), 98U, V)= —g(U,¢V), (2)
g(eU, V) = g(U, V) —n(U)n(V), (3)

forall U,V, X € x(M)”.

The manifold M™ is trans-Sasakian Manifold [13] “if (M™ x R, J,G) belong
to the class wy of the Hermitian manifolds, where G is the product metric on
(M "X R) and J is the almost complex structure on (M ™ X R) defined by

d d
for any U € x(M). This may be stated by the relation [13]
(Vx)(U) = afg(X,U)¢ — (U)X} + B{g(¢X,U)¢ — n(U)pX }, (4)

where «, 8 are smooth functions on M™”.
From the above relations we have [4]

Vx(=—adX + B{X —n(X)¢}, ()

(Vxn)(U) = —ag(¢X,U) + Bg(¢X, ¢U). (6)
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Further in trans-Sasakian manifolds the curvature tensor and Ricci tensor
satisfy [7]

R(U, V)¢ = (o = B5){n(V)U = n(U)V} 4 2a8{n(V)oU — n(U)¢V'}
—(Ua)pV + (Va)pU — (UB)$*V + (VB)¢*U, (7)

R(C.V)Z = (o = B*){g(V. 2)¢ = n(Z)V} + 2aB{g(¢Z, V)¢ +1(Z)$V }
+(Z2a)pV + (ZBRV = n(V)C} + 9(02, V) (grade) — g(¢Z, ¢V )(gradf), — (8)

R(G V)¢ = (o® = 82 = ) {n(V)¢ =V},
206 + (o) =0, (9)

S(U,¢) = {(n—1)(a® = %) = (¢B)}n(U) — (n = 2)(UB) — ((¢U)a),  (10)

Q¢ = {(n—1)(a” = %) = (¢B)}¢ — (n - 2)(gradB) + ¢(grada). (11)

3 Quarter-symmetric non-metric connection in trans-
Sasakian manifolds

We consider a linear connection V on a trans-Sasakian manifold which is given
by

VxU = VxU +n(U)p(X). (12)

Thus V is a quarter-symmetric conection on the manifold. Also using (12) we
obtain

(Vxg)(U, V) = —g(¢X,V)n(U) — g(¢X,U)n(V),

which shows that V is a non-metric connection.
The relation between the Riemannian curvature tensor R and the curvature
tensor R with respect to V is given by [14]

R(U,V)Z = R(U,V)Z + a{g(¢V, Z)pU — g(¢U, Z)pV +n(U)n(Z)V
—n(Vn(Z)U} + B{g(U, Z)¢V — g(V, Z)9U + 2n(Z)g(sU,V)(}.  (13)

From (13), it follows that

R(C,V)Z = (o = B){g(V, 2)¢ = n(2)V} + 2aB{g(¢Z, V) + 1(Z)pV }
+(Za)pV + g(¢Z,V)grada + (ZB){V — n(V)(}
—g(¢Z, ¢V )gradB + an(Z){V —n(V)C} + Bn(Z)eV,  (14)
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R(U, V)¢ = (a® = B° = a){n(V)U = n(U)V} = (Ua)pV + (Va)pU
+(2a8 — B){n(V)eU — n(U)¢V} — (UB)G*V + (VB)?U + 289(sU, V)¢, (15)

R(C, V)¢ =(a® = B2 —a—(B){n(V)¢ -V} + BoV. (16)

Contracting (13) we obtain [14]

SU,V) = SU, V) +a{g(oU,¢V) — (n = n(U)n(V)} + Bg(¢U. V). (17)

Again from (13), we have
SW.0 = {ln=1)(a®= 5= a) = (B(U) = (n = 2)(UB) = ((6V)e)
= S(¢0), (18)
SO =n—1)(a® 8 —a—¢h). (19)
Also from (5) we obtain
Vx¢ = —(a—1)¢X + B{X —n(X)¢}. (20)
Again from (5) we obtain

F=r, (21)

3

~ n
where 7 = ) S(e;,e;) and 7 = > S(e;, e;) are the scalar curvatures.
1

7 i=1

4 Locally symmetric trans-Sasakian manifolds

Definition 1. [5/“A Riemannian manifold is said to be (locally) symmetric if the
Riemannian curvature tensor R satisfies VR =07

Consider a trans-Sasakian manifold which is symmetric with respect to V.
Then we have

(VxR)(U,V)Z =0 (22)

for all X,U,V,Z € x(M).

By properties of V we have

(VxR)U,V)Z =VxR(U,V)Z —R(NxU,V)Z
~R(U,VxV)Z — R(U,V)VxZ. (23)
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Using (13) in (23) we obtain
(VxR)(U,V)Z = (VxR)(U,V)Z + (Xa)[g9(sV, Z)$U — g($U, Z)$V
+n(U)n(Z)V = n(VIn(2)U] + (XB)[g(U, 2)6V — g(V, Z)¢U
+20(2)9(6U, V)C] + o[ {(Vx9)(6V. 2) + g((Vx9)V, Z) }6U
+9(¢V, Z)(Vx$)U — {(Vx9)(oU, Z) — ((vx¢ U, Z) } ¢V
—9(8U, Z)(Vx0)V + (Vxn)(Z){n(U)V —n(V)U}
(Z){(Vxn) OV = (Van)(VIU}] + B[ (Vxg)(U, Z)oV - (VXQ)(V> Z)6U
+9(U, 2)(Vx o)V — g(V, Z)(Vx)U + 2(Vxn)(2)g(oU, V)¢
+2(Z1{(Vxg)(6U, V) + g((Vx @)U, V) I . (24)

Again using (12) in (24) we obtain

(VxR)(U,V)Z = (VxR)(U,V)Z + (Xa)g (Es ,Z2)pU — g(oU, Z)pV

+n(Un(Z2)V = a(V)n(Z)U] + (XB)[9(U, Z)oV — g(V, Z)pU
+20(2)g(6U. V)] + o[ {(Vx9)(6V; Z) + g(Vx )V, Z) }oU
+9(6V. Z2)(Vx8)U — {(Vx9)(0U, Z) - g<<w U, 2)}ov
—9(6U, Z)(Vx9)V + (Vxn)(Z){n(U)V = n(V)U}

(2 {(Vxn)O)W = (Vxn)(VIU}] + B[(Vxg)(U, Z)oV - (vxgw, 2)¢U
+9(U, Z)(Vx9)V = g(V, 2)(Vx @)U +2(Vxn)(Z)g(8U, V)
+20(2){(Vx9) (60U, V) + g(Vx &)U, V) I¢| +n(R(U, V) Z)$X
—n(U)R(6X,V)Z = n(V)R(U,6X)Z = n(Z)R(U, V)9 X.(25)
Combining (22) and (25)

(VXR)(UV)Z + (Xa)[g(8V. 2)6U — g(6U. Z)6V
+0(U)n(Z)V = n(V)In(2)U] + (XB)[9(U. Z)sV — (V. Z)gU
+20(2)9(0U, V)C] + o[ {(Vx9)(6V. 2) + g((Vx9)V, Z) }6U

+9(6V, 2)(Vxd)U — {(Vxg)(eU, Z) ((vx¢ )U.Z) oV

~9(6U, 2)(Vx )V + (Vxn)(Z){n(U)V —n(V)U}

(Z){(Vxn)(O)V = (Van)(VIU}] + B (Vxg)(U, Z)oV - <ng><v, 2)6U

+9(U, Z)(Vx$)V = g(V, Z)(Vx @)U + 2V x1)(2)g(6U, V)

+20(Z){(Vx9)(@U,V) + g(Vx @)U, V) Y| +n(R(U,V)Z)9X
—n(U)R(6X,V)Z =n(V)R(U,6X)Z = n(Z)R(U, V)$X = 0.(26)

Setting X = U = Z = ( in (26) and using (9), (12), (16) and (20), we obtain
the following equation

(2a(Car) = 2B(CB) — Ca = ¢(¢B)) (V)¢ = V) + (¢B)¢V = 0. (27)
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If 8 is a non-zero constant, then (27) become
(2a = 1)(Ca) (n(V)¢ = V) =0,
or
2a8(1 —2a)(n(V)¢=V) =0.
From the above equation we have
n(V)c—=Vv =0 (28)

for all V' € x(M), provided a # 0, %

Now from (28) we obtain
OV =0 (29)

for all V € x(M), provided a # 0, 3.
Using (28) and (29) in (25) we get

(VxR)(U,V)Z = (VxR)(U,V)Z. (30)

Theorem 1. If 3 is a non-zero constant in a locally symmetric trans Sasakian
manifold with respect to V, then is locally symmetric with respect to V provided

a#0, %
Again using (29) in (12) we get
VxU = VxU, (31)
provided «a # 0, %

Theorem 2. If a trans Sasakian manifold is locally symmetric with respect to Vv,
then V =V if and only if B is a non-zero constant, provided o # 0, %

5 Ricci semi-symmetric trans-Sasakian manifolds

Definition 2. [20, 21]“A trans-Sasakian manifold is said to be Ricci semi-
symmetric if the Riemannian curvature tensor R and Ricci tensor S satisfy

R.S=0"

~ Let M™ be a Ricci semi-symmetric trans-Sasakian manifold with respect to
V, we have

R(U,V).S(Z,W) =0 (32)

forall U, V, Z, W € x(M).
From (33) we have

S(R(U,V)Z, W)+ S(Z,R(U, V)W) = 0. (33)
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Using (13) in (33 we get

S(R(U,V)Z, W)+ S(Z, R(U, VW) + a{g(¢V, Z)S(oU, W)

—9(oU, Z2)S(dV, W) + n(U)n(Z)S(V. W) — n(V)n(Z)S(U, W)}

+8{9(U, Z)S(¢V. W) — g(V, 2)S (U, W) + 2n(Z)g(¢U, V)S(¢, W)}

+a{g(oV,W)S(Z, 9U) — g(eU, W)S(Z, ¢V') + n(U)n(W)S(Z,V)

—n(VI)n(W)S(Z,U)} + B{g(U, W)S(Z,¢V) — g(V,W)S(Z, ¢U)
+2n(W)g(oU,V)S(Z,()} =0.  (34)

Setting U = Z =W = £ in (34) yields

(0 = B2 —a—¢B)[(n—2){(VB) = (CB)n(V)} + ((9V)a)]
—B[(n—2)((¢V)B) — (Va) +n(V)(CB)} = 0. (35)

For 8 = 0 we have
(0 = a)((¢V)a) =0,
((pV)e) =0 (36)

for all V € M, provided « # 0,1. That is if 8 = 0 then « is constant.
Conversely, we suppose that « is a non zero constant. From (9) we have

8 =0. (37)
Thus we can state

Theorem 3. In a Ricci semi-symmetric trans Sasakian manifold with respect to
V, B =0 if and only if o is constant, provided o # 0, 1.

We know that a tran Sasakian manifold of type («,0) is a-Sasakian manifold.
Thus we have

Corollary 1. A Ricci semi-symmetric trans Sasakian manifold with respect to V
is a-Sasakian manifold if and only if o is constant.
6 Generalized recurrent trans-Sasakian manifolds

Definition 3. [6/“A Riemannian manifold is said to be a generalized recurrent
manifold if it satisfies

(VxR)(U,V)Z = A(X)R(U,V)Z + B(X)[g(V. Z)U — g(U, Z)V]".
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~ We consider a generalized recurrent trans Sasakian manifold with respect to
V and we denote the manifold by G{(K,)TS}

(VxR)(U.V)Z = A(X)R(U,V)Z + B(X)[g(V, Z)U — g(U, Z)V]. (38)
Contracting (38) we get
(VxS)(V.Z) = A(X)S(V, Z) + B(X)(n — 1)g(V, Z). (39)
It is well known that
(VxS)(V,2) = VxS(V, 2) = S(VxV, Z) = S(V,VxZ). (40)
Setting V' = Z = ( in the above equation and using (18), (19), (20) we get
(Vx9)(¢¢) = (n — D){2a(Xa) - 28(Xf) — Xa — X(¢B)}
+2(n = 2)B{(XB) — n(X)(¢B)} — 2(n — 2)(a — 1)(¢X)B
+28((¢X)a) + 2(a — D{(Xa) — n(X)(Cer)}. (41)
Again setting V' = Z = ( in the above equation and using (41) and (19) we
get
AX)(n —1)(0® = f% —a— () + B(X)(n - 1)
= (n —1){2a(Xa) - 28(XB) — Xa — X(¢B)}
+2(n = 2)B{(XB) = n(X)(¢B)} — 2(n — 2)(a — 1) (¢ X)
+28((¢X)a) + 2(a — D{(Xa) — n(X)(Ca)}- (42)
Theorem 4. In a G{(K,)TS} the relation between the 1-forms A and B is given
by equation (42).
Now contracting (39) over V and Z we get

dr(X) =rA(X)+n(n—1)B(X). (43)
Using (42) from (43) to eliminate B we have
AX)[(n - 1)(0? ~ 8 —a - ¢8) - -]+ T

— (n - 1){2a(Xa) - 26(XB) — Xa - X((B)}
+2(n = 2)B{(XB) = n(X)(¢B)} — 2(n — 2)(a — 1)(¢X)B
+28((0X)a) +2(a — D{(X ) — n(X)(¢o)}- (44)
Using (43) in (44) we get

nin—1)2? - p%—a -
BOO[n 1)~ "V =m0 =G

— (n—1){20(Xa) - 28(XB) - Xa - X(CA)}
2(n - DB{(XB) - n(X)(CB)} — 2n — 2)(a — 1)(6X)3
128((6X)a) + 2(a — 1){(Xa) - n(X)(C)}B

LI ) 1ye? - B ch). (45)

r
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Theorem 5. In a G{(K,)T'S} the expression for A and B is given by equations

(44). and (45) respectively
Again contracting (39) over X and Z we get

%dr(v) = A(QV) + (n—1)B(V),

where @ is the Ricci operator with respect V.
Replacing V by X in (46)

dr(X) = 24(QX) +2(n — 1)B(X).
Again from (47) from (43) we obtain
n—2

AOX) = %A(X) + dr(X).

If the scalar curvature is constant i.e dr(X) = 0, (48) become

AQX) = %A(X).

(46)

(49)

Theorem 6. Ifin a G{(K,)TS} the scalar curvature is constant, then the 1-forms

A satisfies (49).

7 Group manifolds

Definition 4. [10, 1/“A Riemannian manifold is a group manifold with respect

to the quarter-symmetric connection if

R(U,V)Z =0,
(VxT)(U,V)=0

for all U, V, Z € x(M)".
Now we suppose that the curvature satisfies

RUV)Z =0
for all U, V, Z € x(M). From the above equation it is clear that

S(v,2)=0

for all V, Z € x(M).
Setting U = Z = ( in (51) we get

(0% = B2 —a = B){n(V)C =V} + BoV =0.
Again setting V = Z = ( in (52) we get

(n—1)(a® =% —a—(B) =0,

(50)
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Since n > 3, the above equation becomes
(@ =% —a—(B)=0. (55)
Using (55) in (53) we get
BV =0 (56)

for all V- € x(M).
From (55) we have

oV =0 (57)

for all V' € x (M), provided § # 0.
Using (12) we obtain the torsion tensor with respect to the quarter symmetric
connection as

T(U,V)=n(V)pU —n(U)eV, (58)

for all Ve x(M).
Using (57) in (58) we obtain

(VxT)(U,V) =0 (59)
for all U,V € x(M), provided 8 # 0. Thus we have

Theorem 7. A trans Sasakian manifold is group manifold with respect to the
quarter symmetric connection if and only if R(U,V)Z = 0, provided 3 # 0.

By virtue of (12) and (57) we have

Corollary 2. If a trans Sasakian manifold is a group manifold with respect to Vv,
then V =V, provided 8 # 0 .

Moreover we obtain
R(U,V)Z = R(U,V)Z (60)
and
T(U,V)=T(U,V) (61)
for all U, V, Z € x(M). Thus we have

Corollary 3. If a trans Sasakian manifold is a group manifold with respect to V,
then it is a group manifold with respect to V, provided 5 # 0 .
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