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Abstract

In this paper we introduce a new class Lg(qb) of A-pseudo bi-starlike func-
tions and determine the bounds for |as| and |az| where ag, a3 are the initial
Taylor coefficients of f € £3(¢). Furthermore, we estimate the Fekete-Szegd
functional for f € L(¢).
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1 Introduction

Let A denote the class of functions of the form
o
) =2+ az* (1)
k=2

which are analytic in the open unit disk U= {z:2¢€ C and |z| < 1}. Further,
denote by 8 the class of all functions in A which are univalent in U and normalized
by the condition f(0) =0 = f/(0) — 1. One of the important and well-investigated
subclasses of 8 is the class 8*(a) of starlike functions of order «, (0 < a < 1)
defined by the condition

R (i{;i?) >a, (ze€l)
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and the class K(«) C 8 of convex functions of order «, (0 < a < 1) is defined by

the condition ()
§R<1+ 702 ) >a, (z€l).

An analytic function f is said to be subordinate to an analytic function h,
written by f(z) < h(z), provided there is an analytic function w with w(0) = 0
and such that |w(z)| < 1in U and f(z) = h(w(z)). Ma and Minda [15] unified the
approach to various subclasses of starlike and convex functions which are defined
by a condition that either zf/(z)/f(z) or 1 + zf"(2)/f'(2) are subordinate to a
function ¢. For this purpose, they considered a class ® of analytic functions ¢
with positive real part in the unit disk U, ¢(0) = 1, ¢’(0) > 0, such that ¢ maps
U onto a region starlike with respect to 1 and symmetric with respect to the
real axis. The class of Ma-Minda starlike functions denoted by 8*(¢), consists of
function f € A satisfying the subordination

2f'(2)
f(z)

Similarly, a function f € A is in the class of Ma-Minda convex functions of
functions denoted by K(¢) if it satisfies

2f"(2)
f'(2)

In the sequel, it is assumed that ¢ is in the class ®.

< ¢(2).

1+

< ¢(2).

Example 1.1. For0<a <1land —1< B < A <1, we have that the function

14+ Az\“ 9
= =1+B B 2
o(2) <1+Bz> + Biz+ Bz 4 -+ (2)

is in the class ®, where By = a(A—B) and By = —§[2B(A—B)+(1—a)(A—-B)?].
In particular, we have

1 «
<1+Z> =1420z+2222+--- (0<a<]l). (3)
—z
Example 1.2. If we take o« =1 and —1 < B < A <1, then (2) becomes
1+ Az 9
qﬁ(z)—1+BZ—1+(A—B)2+B(A—B)2 +oe (4)

Further, for some ¢ € (0, 1], we have ¢, € ®, where
2

qbc(z):\/1+cz:1+%zf%22+.... (5)

In this case the Ma-Minda class of functions 8*(¢,), consists of functions associated
with the right loop of the Cassinian Ovals [5]. In particular if ¢ = 1 this class is
associated with the right-half of the lemniscate of Bernoulli [20]. If

1 1
¢(z) =2+ 1+22=1+z+§z2—§24+---- (6)
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then the class 8*(¢) is connected with a right crescent [18]. If

B =1+ 554222 @

~

then the class 8*(¢) is associated with a cardioid [19].

We may consider also the functions ¢y, ., related to the conic sections, that were
introduced and studied by Kanas et al. [8] — [13], where (0 < k < 00, 0 < v < 1)
and where

OhaD) ={w=u+iv: (u—a)’>k(u-1)>+k%%}, dpo=ce.  (8)

Various classes of functions were defined by a relation to the domain ¢y (D).
Further, we have

-« z 2 _qw
Gral(z) = (11_142) cos (A(k;)ilog 1 - é) - ’i_ S 0<k<n, )
and
1—a) . T z k2 — o
¢k7a(2) = (kQ — 1) S1n2 <29<(1’t)j< (:;;,t)) + m (]C > 1)7 (10)

where A(k) = 2 arccosk and K(w, ) is the Legendre elliptic integral of the first
kind

« dx
X w,t = / )
( ) o V1—2x2V1—t222
with ¢t € (0,1) chosen such that k = cosh ZZ/(%). Furthermore,
21 —a). o142 8 16 )
$ra(z) =1+ - log 1_ﬁ:1+p(1—a)z+ﬁ(1—a)z +..., (11)
and 1a(l_o
bo.alz) = Jr(l__za)z —1+20—a)z+2(1—a)z®+---. (12)

By virtue of the properties of the domains, for p < ¢, o, we have

k+ o
E+1°

R (p(2)) > (13)
Note that Kanas and Sugawa [10] proved the positivity of coefficients of the func-
tions ¢y, ¢ implies positivity of coefficients for 0 < av < 1 too. Also, we note that
the domains ¢, o(ID) are symmetric about real axis and starlike with respect to 1
SO Qo € P.

It is well known that every univalent function f € 8 of the form (1), has an
inverse f~1(w) defined in (Jw| < ro(f);ro(f) > %) where

fHw) = w — aguw? + (2a% —ag) w® — (5ag — bagas + ay) w4 ... (14)
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A function f € 8 is said to be bi-univalent in U if there exists a function
g € 8 such that g(z) is a univalent extension of f~! to U. Let ¥ denote the

1+2
1—z

are in the class ¥ (see details in [21]). However, the familiar Koebe function
is not bi-univalent. Lewin [14] investigated the class of bi-univalent functions
o and obtained a bound |az] £ 1.51. Motivated by the work of Lewin [14],
Brannan and Clunie [3] conjectured that |az| < /2. The coefficient estimate
problem for |a,| (n € N, n = 3) is still open([21]). Brannan and Taha [4] also
worked on certain subclasses of the bi-univalent function class ¥ and obtained
estimates for their initial coefficients. Various classes of bi-univalent functions
were introduced and studied in recent times, the study of bi-univalent functions
gained momentum mainly due to the work of Srivastava et al.[21]. Motivated by
this, many researchers (see [2, 6, 16, 21, 22, 23] also the references cited there
in) recently investigated several interesting subclasses of the class ¥ and found
non-sharp estimates on the first two Taylor-Maclaurin coefficients.

The class £y(«) of A-pseudo-starlike functions of order a, (0 < o < 1) was
introduced and investigated by Babalola [1]. A function f, f € A is in the class
Ly () if it satisfies

class of bi-univalent functions in U. The functions %, —log(1 — 2), 3 log <

2(f'(2)
§R( 702 )>a, (z € U).

In [1] it was showed that all pseudo-starlike functions are Bazilevi¢ functions of
type (1 —1/)A) and of order a'/* and univalent in the open unit disk U.

Recently Joshi et al. [7] defined the bi-pseudo-starlike functions class and
obtained the bounds for the initial coefficients |az| and |az|. In this paper we
define a new class £3(¢), A-bi-pseudo-starlike functions of ¥ and determine the
bounds for the initial Taylor-Maclaurin coefficients of |az| and |ag| for f € L3 ().

Further, we consider the Fekete-Szegt problem in this class.

Definition 1. Assume that f € ¥, X > 1 and (f'(2))* is analytic in U with
(f'(0))* = 1. Furthermore, assume that g(z) is an extension of f~' to U, and
(¢'(2))* is analytic in U with (¢'(0))* = 1. Then f(2) is said to be in the class
Lg(gb) of A-bi-pseudo-starlike functions if the following conditions are satisfied:

2(f'(2)A
U ) ey 15

and , N
W < é(w) (wely), (16)

where ¢ € ® is given by
#(z) =14 Byz+ Byz> + -, (By > 0). (17)

Remark 1. For A = 1 a function f € % is in the class LL(¢) = S&(¢) if the
following conditions are satisfied:

2f'(2)
f(z)

wg'(w)

g(w)

< ¢(z) and

< p(w) (18)
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where z,w € U and function g is described in Definition 1.

Remark 2. For A = 2 a function f € ¥ is in the class L%(¢) = Gx(¢) if the
following conditions are satisfied:

2f'(2)
f(2)

where z,w € U and function g is described in Definition 1.

f'(z) < ¢(z) and g'(w) < p(w) (19)

2 Coefficient estimates for f € £3(¢).

Using the following lemma we obtain the initial coefficients |az| and |as3]| for

€ £3(9).
Lemma 1. [17] If p € P, and
p(2) =14+piz+p2+..., (z€l) (20)

then |pp| < 2 for n > 1, where P is the family of all functions p analytic in U for
which
R(p(z)) >0, (ze€0). (21)

Theorem 1. Let f(z) given by (1) be in the class £L3(¢), then

0] < Blv 5, , (22)
V(@)X = \)B} — (B, — B1)(2\ — 1)?
| By |2 | B
< 2
sl < o TR T Aoy (23)

where ¢(z) is given by (17) and of the form ¢(z) = 1+ B1z+ Bz +--- (B > 0).
Proof. Let g be of the form
g(w) = w — agw?® + (2&% — a3) w® — (5a§’ — bagas + ay) w4 ...

Since f € £3(¢), there exist two analytic functions u,v : U — U with u(0) =
0 = v(0), such that |u(z)| <1, |v(z)| <1 and

21
w = $(u(2)), (24)
wlg (W)
T — oo(w) (25)

Assume that p(z) and ¢(z) are in P and they are such that

1+u(z
p(z) = O T

Tl —u(z)
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and
1 +w(2)

T 1—w(2)

=1l+qz+q@l+--.

It follows that,

u(z) :]Z;Ezijrl :% |:p12+ <p2—p%> 22+ }
and L )
ot o (o ) ]
so we have
p(u(z)) =1+ %Blpﬂ + [321 (pg — pj) + leng%} 224
and

1 By Q% 2.2
¢(U(w))=1+§qu1w+ 5 QQ—§ +Zng1 w4 ...

On the other hand, we have

A _ 1+ (2X — Dagz + [(3)\ — Dag + (2A* —4A + 1) a3]2* + - --

f(2)

LUCAC)) (2A — Dagw + [(222 + 2X — 1) a2 — (3X — D)agw® + - -- .

g(w)

Using (26), (27),(28) and (29) and equating similar coefficients , we get

1
(2)\—1)0,2 = §B1p17

1 2 1
(BA—1Daz+ (2A> —4A + 1) a3 = 5B <p2 - pl) + - Bapi,

2 4
1
—(2A—1)ay = 531611,
2 2 1 C]% 1 2
(2 +2X —1) a5 — (3A — 1)ag = Bl -5 )+ B

From (30) and (32), we find that

_ B B
220 — 1) 2@2r—1)

a2

it follows that
p1=—q

(26)

(27)

(32)

(33)

(34)
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and
8(2X — 1)%a5 = B (p} + qi). (35)

Thus,
a2 = Bi (v} + a7)
27 8(2A —1)2

Adding (31) and (33), we have
(4% = 2)) a3

1 1 1 1
= 531(171 +q1) + 531 (p2 + q2) — 5 (p% + Q%) + 132 (p% + Q%)

1 1
= 531(292 +g2) + Z(Bz - B1) (p +q7) (37)
Substituting (34) and (36) in (37), we get

1 1 8(2)\ — 1)2
(43 —2)\) a3 = 531(292 +q2) + Z(BQ - 31)(32)6157
1
2(Bz — B1)(2\ — 1)?
B}
2 2 2 2 3
[(4X° = 2X) Bf — 2(Ba — B1)(2\ — 1)%] a3 = B} (p2 + ¢2).

1
(4)\2 — 2/\) — a% = 531 (pg + QQ),

Hence 5
9 By (p2 + q2)

T[N B - (B - B\ - 17 .

Applying Lemma 1 in (38), we get the desired inequality (22). From (31) and
from (33) and using (36), after simple computation, we obtain

Bi(p2 — ¢2)

G _1) (39)

as = a% +

Again, by (34) we have p? = ¢7 and applying Lemma 1 then (39) yields the desired

inequality. This completes the proof of Theorem 1. O
By taking A = 1, we state the following:

Corollary 1. Let f(z) given by (1) be in the class L1(¢) = 8%(¢), then

BivVB;
V/|B? + B — By

By
5

lag| < and |az| < B? +

Remark 3. For the class of strongly starlike functions, the function ¢ is given
by (3) which gives B1 = 2a and By = 2a2. On the other hand, if we take ¢(z) as
n (12), then By = By = 2(1 — «) then Corollary 1 yields the bounds of |az| and
las| given in [7].
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By taking A = 2 we state the following new result:

Corollary 2. Let f(z) given by (1) be in the class £3(¢) = Gx(¢), then

B1VB B? B
lag| < LV and |as] < =L + =L,
V/|6B% — 9(Bs — By)| 9 5

3 Fekete-Szegd inequalities for the Function Class £3(¢)

Making use of the values of a2 and a3, and motivated by the recent work
of Zaprawa [24] we prove the following Fekete-Szeg6 result for the function class

L3()-

Theorem 2. Let f(z) € £L3(#) and pu € C, then

|ag — pa3| < 2By

where
Bi(1 —p)

O(u) = 2[(2\2 = X\) B} — (B, — B1)(2A — 1)?] (41)

Proof. From (39) we have

Bi(p2 — q2)
92 1\P2
a3—G2+ 4(3)\7_ 1) .

Using (38), by simple calculation we get

as — pa3 = By K@(u) + 4(3;_1)> p2+ <®(u) — 4(3/\1_1)> q2] :

where
Bi (1 — p)
(2A2 = X\) B — (B — B1)(2A — 1)?]

o) =
(W) =75 [
Since all B; are real and By > 0, we have

(6 ) * (%0~ =)

which completes the proof. O

a3 — pa3| < 2B

i

Specializing A = 1 and A = 2 we can state the Fekete-Szego inequality for the
function class 8%(¢) and Gx(¢) respectively.
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4 Corollaries and its Consequences

Making use (22) , (23) of Theorem 1 and various choices of ¢ given in equations
(2) to (7) we state the following new results as Corollaries:

Corollary 3. Let f(z) given by (1) be in the class £ ([H‘Az]a), then

1+ Bz

as] < a(A— B)
V3@ - 1)(A-B)2A+1-a)

as] < a|/A— B> «a(A-B)

2 —1)2 " Br-1)

Remark 4. By taking A=1 and B = —1, the above Corollary yields the values
of lag| and |as| given in [7].

Corollary 4. Let f(z) given by (1) be in the class £3 (iigi), then

- A-B

- V@ -1)A-B)X
A-B? A-B
2 =12 Br=1)

|az]

laz| <

Corollary 5. Let f(z) given by (1) be in the class L3(\/1 + cz), then

cy/c
V2222 =N + 3¢(2) — 1)2
2

C C
< .
sl = e T Tama oD

lag| <

Remark 5. Let f(z) given by (1) be in the class Lx(v/1+ z), then

1

V2222 =) + 320 — 1)%
1 1

12h =12 Ty

lag| <

laz| <

Corollary 6. Let f(z) given by (1) be in the class £3(z + V1 + 22), then

|CL2‘ S \/i )
V2202 = \) + (22 — 1)2
1 1
sl < G Ty
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Corollary 7. Let f(z) given by (1) be in the class £3(1(2)), where ¢(z) =
1+ %z + %22 then
8
VAS(2AZ = \) + 18(2A — 1)2”
16 4
sl = S 3o

lag] <

Now, similar to the above Corollaries 3 - 7, in view of (9), (11) and (10), we
may get some coefficient bounds for functions in the classes associated with the
conic domains. In Theorem 1 by replacing ¢ with ¢y, ,, we may get coefficients
estimates (and Fekete-Szego inequality from Theorem 2) for various subclasses of
A pseudo bi-starlike functions associated with certain conic domains. Further,
specializing A = 1 and A = 2 and suitable choices of ¢ as in above Corollaries
3 - 7, we can state the estimates |az| and |az| (and Fekete-Szegd inequality from
Theorem 2) for the function class 83,(¢) and Gx(¢).
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