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SOME PROPERTIES OF PSEUDO-SLANT SUBMANIFOLDS
OF A SASAKIAN MANIFOLD

Sumeet KUMAR!, Shashikant PANDEY*? and Rajendra PRASAD?

Abstract

In this paper, we study pseudo-slant submanifolds of a Sasakian mani-
fold. We find some results and investigate the integrability conditions of dis-
tributions which are involved in the definition of pseudo-slant submanifolds.
Finally, we obtain the necessary and sufficient condition for a pseudo-slant
submanifold to be pseudo-slant product.
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1 Introduction

D. Blair studied contact manifolds in Riemannian geometry in [4]. The slant
submanifolds of an almost contact metric manifold were defined and studied by A.
Lotta [15]. After that, such submanifolds were studied in [5] and by J.L. Cabrerizo
et al, of Sasakian manifolds [6] and [7]. The differential geometry of slant sub-
manifolds has shown an increasing development since B.Y. Chen defined slant
submanifolds in complex manifolds as a natural generalization of both invariant
and anti-invariant submanifolds [8],[9]. After that, many research articles have
been published on the existence of these submanifolds in various known spaces.
Semi-slant submanifolds of Keahler manifold N. Papaghuice [16], as a generaliza-
tion of slant submanifolds. Bi-slant submanifolds were introduced in an almost
Hermitian manifold. Recently Carriazo defined and studied bi-slant submanifolds
in an almost Hermitian manifold and gave the notion of pseudo-slant submani-
fold in an almost Hermitian manifold. V.A. Khan and M.A Khan [12] defined
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and studied the contact version of pseudo-slant submanifold in a Sasakian mani-
fold. Also, U.C. De and Avijit Sarkar in [10] studied pseudo-slant submanifolds of
trans-Sasakian manifolds. Many results on totally umbilical hemi-slant submani-
folds of Cosymplectic manifolds were obtained by M.A. Khan in [14]. Recently M.
Atceken [2], has studied slant and pseudo-slant submanifolds in (LC'S),-manifolds
and CR-submanifolds of Kenmotsu manifolds in [1] along with the geometry of
pseudo-slant submanifolds of a Kenmotsu manifold in [3] as well as in [11] for
nearly Cosymplectic manifold. Warped product pseudo-slant submanifolds of a
nearly Cosymplectic manifold were studied in [18] by S. Uddin and A.A. Mustafa.
S. Uddin and M.A. Khan have found a classification on totally umbilical proper
slant and hemi-slant submanifolds of nearly trans-Sasakian manifolds in [13] and
for nearly Kenmotsu manifold in [17]. Motivated by the above study, we obtain
some interesting results on pseudo-slant submanifolds of a Sasakian manifold.

The paper is organized in following manner.

In this paper, we find some properties of pseudo-slant submanifolds of a
Sasakian manifold. In section two, we give some basic definitions and formu-
las for a Sasakian manifold and their submanifolds. In section three, we recall
the some basic results and definitions of a pseudo-slant submanifold of almost
contact metric manifolds. We obtain the integrability conditions of distributions
on the pseudo-slant submanifolds of a Sasakian manifold and then analogous re-
sults for these submanifolds in the setting of Sasakian manifolds. At last, we
obtain the necessary and sufficient condition for a pseudo-slant submanifold to be
a pseudo-slant product.

2 Preliminaries

In this section, we recall some basic definitions and formulas from the the-
ory of Sasakian manifold and their submanifolds. We give some notations used
throughout this paper.

Let M be an odd dimensional C*°-differentiable manifold with the almost contact
metric structure (J, &€, 1, g), where J is a tensor field of type (1,1), £ is a vector
field, n is 1-form and ¢ is a Riemannian metric on M, satisfying

J?’X = -X +n(X)¢, (2.1)
J£:O, 77°¢:0a 77(5):1’ Q(X,f):W(X)v (22)

and
9(JX,JY) = g(X,Y) = n(X)n(Y), g(JX,Y) = —g(X, JY), (2.3)

for any vector fields X,Y € T'(T'M) An almost contact structure (J, £, 7, g) is said
to be normal if the almost complex structure ¢ on the product manifold M x R
given by

d d
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where f is the C®°-function on M x R. The condition for normality in terms of
J,& and nis [J, J]+2dn®& = 0 on M, where [J, J|(X,Y) = J?[X,Y]+[J X, JY]—
J[JX,Y]—J[X, JY] is the Nijenhuis tensor of J. Finally, the fundamental 2-form
® is defined by ®(X,Y) = g(X,¢Y). A normal almost contact metric structure
is called Sasakian structure, which satisfies

(VxJ)=g(X,Y)§ —n(Y)X (2.4)

and
(Vxé) = —JX (2.5)

for any vector fields X,Y € I'(TM). Then almost contact metric structure
(M, J,&,n, g) is called Sasakian manifold.

Now, let M be a submanifold of a contact metric manifold M with induced metric
g. Also let V and V+ be the induced connections on the tangent bundle T'M and
the normal bundle TM of M, respectively. Then the Gauss and Wiengarten
formulas are, respectively given by

VxY =VxY +h(X,Y), (2.6)
and
VxV =—-Ay X + V1V, (2.7)

where h and Ay are the second fundamental form and the shape operator corre-
sponding to the normal vector field V', respectively, for the immersion of M into
M. The second fundamental form and shape operator are related by formula

g(h(X,Y),V) = g(AvX,Y) (2.8)

for all X,Y € T(TM) and V € T'(T+M).
M is said to be totally geodesic submanifold if A(X,Y) = 0 for each X,Y €
T(TM).

Example 1. We consider R*"*1 with Cartesian coordinates (x;,y;, 2)(i = 1, ....,n)
and its usual contact form

1
n= E(dz - Zyldxl)

The characteristic vector field € is given by 2% and its Riemannian metric g and
its tensor field J are given by

1 .
g=n®n+ Z(Z((dgci)Q +(dy)?), J=|—=6;5 0 0f,i=1,...,n
0 Yj 0
This gives a contact structure on R?*"*t1. The vector fields E; = 2(9%2.7En+i =
2(% + yl%), & form a J— basis for the contact metric structure. On the other

hand, it can be shown that R*"*1(J, &,m,q) is a Sasakian manifold.
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3 Pseudo-slant submanifolds of a Sasakian manifold

In this section, we will get the integrability conditions of the distributions
of pseudo-slant submanifolds of a Sasakian manifold. At last, we obtain neces-
sary and sufficient conditions for a pseudo-slant submanifold to be pseudo-slant
product. In contact geometry A. Lotta introduced slant submanifold as follows
[15]7

Definition 1. A submanifold M of an almost contact metric manifold M is said
to be a slant submanifold if for anyp € M and X € T,M —{£}, the angle between
JX and TyM is constant. the constant angle 0X € [0, 5] is called slant angle of
M in M.

(1) If 0 = 0 the submanifold is invariant submanifold.

(2) If 0 = 5 then it is anti-invariant submanifold.

(3) If 0 # 0, 5 then it is proper slant submanifold.
The tangent bundle TM of M is decomposed as TM = D® < & >, where the or-
thogonal complementary distribution D of < & > is known as the slant distribution
on M

Definition 2. Let M be a submanifold of an almost contact metric manifold M.
M s said to be pseudo-slant of M if there exist two orthogonal distributions Dg
and D on M such that

(1) TM has the orthogonal direct decomposition TM = D+ @ Dy® < £ >.

(2) The distribution D+ is an anti-invariant submanifold.

(8) The distribution Dy is a slant, that is the slant angle between of Dy and
JDy is constant.
Let m = dim(DV) and n = dim(Dg). We distinguish the following five cases.

(1) If n =0 or 6 = 5, then M is an anti-invariant submanifold.

(2) If m =0 and 0 = 0, then M is invariant submanifold.

(3) If m =0 and 0 # 0,7, then M is a proper slant submanifold.

(4) If m,n # 0 and 0 = 0, then M is semi-invariant submanifold.

(5) If m,n # 0 and 0 # 0,5, then M is pseudo-slant submanifold [12].
Now, we give the following results in the setting of almost contact manifolds
given by Cabrerizo et.al.

Theorem 1. Let M be a slant submanifold of an almost contact metric manifold
M such that € € T(TM). Then M is slant submanifold if and only if there exists
a constant A € [0,1] such that

Now, let M be a submanifold of an almost contact metric manifold M. Then
for any X € I'(T'M), we can write

JX = ¢X + wX, (3.1)

where ¢ X and AX are the tangential and normal component of JX respectively.
Similarly, for V € T(T+ M), we have

JV =BV +CV (3.2)
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where BV and C'V are the tangential and normal component of JV. Then, using
(2.1), (3.1) and (3.2), we have

$*=—-T+n®E— Bw, wp+ Cw =0, (3.3)

and
¢B+ BC =0, wB+C?=—1I. (3.4)

Furthermore, for any X, Y € T'(T'M), we have g(¢X,Y) = —g(X,9Y) and U,V €
D(T+M), we get g(U CV) = —g(U,CV). These show that ¢ and C are skew
symmetric tensor fields. Moreover, for any X € T'(TM) and V € ['(T+M), we
get

g(wX,V)=—g(X,BV) (3.5)

which gives the relation between w and B.
Furthermore, the covariant derivatives of the tensor field ¢, w, B and C are,
respectively defined by

(Vx@)Y =VxoY — ¢VxY, (3.6)
(Vxw)Y = VxwY — guxY, (3.7)
(VxB)Y = VxBY — BV+Y, (3.8)
(VxC)Y = VxCY — CV%Y. (3.9)

A submanifold M is said to be invariant if w is identically zero, that is JX €
I(TM) for all X € I'(T'M). On the other hand, M is said to be anti-invariant
if ¢ is identically zero, that is JX € I'(T+M) for all X € I'(T'M). Now, we get
easily

(Vx@)Y = Auy X + Bh(X,Y), (3.10)

and

(Vxw)Y = Ch(X,Y) — h(X, ¢Y), (3.11)
similarly, for any V € I'(T2M) and X € I'(T M), we obtain
(VxB)Y = Acy X + Ay X, (3.12)

and
(VxC)Y = —h(BV,X) —wAy X. (3.13)

since M is tangent to &, then using (2.5), (2.6),(2.8)and (3.1)
Vef =0, h(§,€) =0, Ay§ =0 (3.14)

for all V € T(T+M) and & € T'(TM).
Now, we have the following result of an almost contact manifold given by Cabrerizo
et.al.
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Theorem 2. Let M be a slant submanifold of an almost contact manifold of M
such that & € T'(TM). Then, M is slant submanifold if and only if there exists a
constant \ € [0,1] such that

¢* = -AI -n¢) (3.15)
furthermore, in this case, if 0 is slant angle of M, then \ = cos*0 [6].

Corollary 1. Let M be a slant submanifold of an almost contact manifold of M
with slant angle 6. then for any X,Y € I'(T'M), we have

9(6X, ¢Y) = cos*0(g(X,Y) — n(X)n(Y)), (3.16)
and
g(wX,wY) = 5in*0(g(X,Y) — n(X)n(Y)). (3.17)
By using (3.10) and (3.14), we get
n(VxT)Y) = g(X,Y) —n(X)n(Y) (3.18)

for X, Y € I'(Dy).
If we denote the projection on D+ and Dy by P and Q respectively then for any
vector field X € I'(T'M), we can write

X = PX + QX +n(X)¢ (3.19)
Now operating J on both sides of equation (3.19), we get
JX =JPX +JQX

and
oX +wX = wPX + QX +wQX.

we can easily see that
oX = pQX,wX = wPX +wQX,

and
JPX =wPX,¢PX =0,JQX = QX + wQX,pQX € I'(Dy).

If we denote the orthogonal complementary of J(T'M) in T+M by p, then the
normal bundle T+ M can be decomposed as follows

T+M = w(D*) @ w(Dy) @ . (3.20)

We can easily see that bundle p is an invariant subbundle with respect to J. Since
D+ and Dy are orthogonal distributions on M, g(Z,X) = 0 for each Z € (D1)
and X € I'(Dy). Thus, by equation (2.3) and (3.1), we can write

gwZ,wX)=9g(JZ,JX)=g(Z,X) =0,

that is distributions w(D+) and w(Dy) are also mutually perpendicular. In fact
decomposition (3.20) is an orthogonal direct decomposition.
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Theorem 3. Let M be a submanifold of an almost contact metric manifold M.
Then Dy is slant distribution if and only if there is a constant A € [0, 1] such that

($Q)2X = —\X. (3.21)
for any X € T'(Dy). In this case, the slant angle  satisfies A = cosf.

Moreover, for any Z, W € T'(D*) and U € I'(T M), also by using (2.4), (2.7)
and (2.8), we get

9(AuzW — Az, U) = g(h(W,U),wZ) — g(h(Z,U), V)
=g(VuW,JZ) —g(VuZ,JW)
= —g(JVuW,Z) + g(JVuZ,W)
=g(VyJZ — (VuJ)Z,W)
+g(Vy )W = VyJW, Z)
=9(VuJZ,W) —g(VyJW, Z)
= —g(AuzU W)+ g(Auw U, Z)
= g(Auw Z — Ay W,U).

It follows that
AwZ = A,z W. (3.22)

Theorem 4. Let M be a pseudo-slant submanifold of a Sasakian manifold M,
then
ViywZ — VzwW € w(Dh)

for any Z,W € T(D1).
Proof. For any Z, W € I'(D}) and V € p and using (2.4), (3.22), we obtain

9(VigwZ —VewW,V) = g(VwJZ 4+ AjzW =N zJW + Ayw Z,V)
wJZ =N 7 JW,V)

(Yw)Z + JVwZ,V)

(Vz )W + IV W, V)

IVwZ,V) = g(JV W, V)

VwZ,JV) = g(VzW,JV)
VwZ,V)—=g(VzW,V)

WZ, W), JV) — g(h(W, Z),JV)

Il
< <

I
oL v v v L v v v

I
~ N~ T~/

+

Thus the proof is complete.

Theorem 5. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
Then the anti-invariant distribution D+ is completely integrable and its mazimal
integral submanifold is an anti-invariant submanifold of M.
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Proof. For any Z, W € I'(D+) and X € I'(Dy), by using (2.4), (2.6), (2.7) and
(2.8), we get

VwIX,JZ) — g(VzJX,JW)

(

(

(JVwX,JZ) —g(JVzX,JW)

(

(Vw )X, JZ)+ g(Vz )X, JW)
(

I<|

(
woX + VipwX,wZ)
—9(Vz¢X + VzwX, wW)
= g(h(pX, W),wZ) — g(h(¢X, Z),wW)
+ 9(VipwX,wZ) — g(VewX,wW)
= g(AuzW — Auw Z,9X) + g(VipwX,wZ)
— g(VzwX,wW),

by using (3.7), (3.11) and (3.22), we obtain

9([Z,W],X) = g(ViywX,wZ) — g(VEwX,wW)

g(
g(Vww) X + wViw X, w2)
—g(
g(

(Vzw)X +wVz X, wW)

Ch(W, X) = h(W,¢X),wZ) — g(Ch(Z, X) — h(Z, $X),wW)
g(wVWX,wZ) — g(wVzX,wW)
—9(h(W, ¢ X),wZ) + g(h(Z, $X), wW)
+ g(wVwX,wZ) — g(wVzX,wW)

+

by using (3.17), we have
9((Z, W], X) = sin®0g(Vw X, Z) — sin’g(V 2 X, W)
= 5in%0g(V W, X) — sin’g(Vw Z, X)
— sin®0g([Z, W], X),
hence
cos*0g([Z, W], X) = 0.

Thus [Z, W] € T'(D%), that is, anti-invariant distribution D is always integrable
and its integral submanifold is an anti-invariant submanifold of M.

Thus the proof is complete.

Now, by using (2.4), we get

(VxJ)Y =VxJY — JVxY = g(X,Y)é —n(Y)X.
Hence by using (2.6), (2.7), (3.1) and (3.2), we have
— Ay X + VxwY —¢VxY — Bh(X,Y) — Ch(X,Y) = g(X,Y)¢ — n(Y)X,
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for any X,Y € I'(D+). From the tangent component of this last equation, we
have
Aoy X +¢VxY + Bh(X,Y) 4+ g(X,Y)¢ = 0. (3.23)

By interchanging roles of X and Y in (3.23), we have

which is equivalent to
TX,Y]=AuxY — Ay X.

From (3.22), we can easily to see that the anti-invariant distribution D~ is always
integrable. B
Since the ambient manifold M is Sasakian, for any Z, W € I'(D*)

(V2 )W = g(Z,W)§ —n(W)Z,
which implies that
VzJW — IV W =VzwW — J(VzW +h(W, 2)) — g(Z, W)E.

So we have
—Aow Z + VEwW — ¢V W — wV zW — Bh(W, Z) — Ch(W, Z) — g(Z,W)E = 0.
From the tangential components of the last equation, we have

Aow Z + ¢N g W + Ch(W, Z) + g(Z, W)E.
from the above equation, we obtain

TW,Z] = Aow Z + ¢V zW + Ch(W, Z)

The anti-invariant distribution D= is integrable, J[Z, W] = w[Z, W] because tan-
gential component of J[Z, W] is zero. So we have

Aow Z + ¢V zW + Ch(W, Z) = 0. (3.25)

Similarly, we get
AuzW + oVwZ + Ch(Z, W) = 0. (3.26)

Here, by using (3.22), (3.25) and (3.26), we have

(Vzo)W = (Vwo)Z.

Lemma 1. Let M be a pseudo-slant submanifold of a Sasakian manifold M, Then
we get
(Vzo)W = (Vwe)Z, (3.27)

for any Z,W € T(D%1).
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Theorem 6. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
Then the slant distribution Dy is integrable if and only if

P VXY — $VxY — Auy X — BR(X,Y) + g(X,Y)¢ = n(Y)X} =0, (3.28)
for any X, Y € I'(Dy).

Proof. For any X,Y € I'(Dy), by using (2.4),and considering the tangential
component, we have

TIX,Y] = VxoY — ¢Vy X — Auy X — BR(X,Y) + g(X,Y)¢é —n(Y)X. (3.29)
Applying P; to (3.29), we have (3.28)

Theorem 7. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
Then the slant distribution Dy is integrable if and only if

ViwW — VipwZ + h(Z,¢W) — (W, $Z) € u @ w(Dy),
for any Z,W € I'(Dy).
Proof. For any Z, W € I'(Dy) and X € I'(D%), by using (2.3), we obtain

9([Z, W], X) = g(VzW,X) — g(VwZ, X)
= g(JVZW, JX) +n(VzW)n(X)
—9(JVwZ,JX) = n(Vw Z)n(X).

Thus, we have

9([Z, W], X) = g(VzJW,wX) — g(VzJ)W,wX)
—9(VwJZ,wX) + g(VwJ)Z,wX).

Taking into account (2.4) and (3.1), we get
9([Z2, W], X) = g(Vz(oW +wW),wX) = g(Vw ($Z + wZ),wX).

Then from the Gauss and Weingarten formulas the above equation takes the form,
we obtain

9([Z, W], X) = g(h(Z, W), wX) + g(VzwW,wX)
— g(h(W,¢02),wX) + g(VigwZwX).

Since, we have wX € (D) C (T+M), we conclude
ViwW — ViywZ + h(Z, W) — h(W, $Z) € @ w(Dp).

Theorem 8. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
Then the slant distribution Dy is integrable if and only if

PAUuX + AyupX =0,

for any U € (D+) and X € T\(Dy).
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Proof. For any U € (D) and X,Y € I'(Dy), by direct calculation, we get

9([X,Y],U) = g(VxY — Vy X,U)

(JVXYJU) (J@yX,JU)
(JVXYLUU) (J@yX,wU)
(Vv
(

g
g
9(VxJY,wU) - g(Vy JX,wU)

—9(Vx)Y,wU) + g((VyJ) X, wU)

Hence, by using (2.4) and (3.1), we get
9([X,Y],U) = g(VywU, JX) — g(VxwU, JY)
= g(VywU, ¢X) + g(VywU,wX)
— 9(VxwU,¢Y) - g(VxwU,wY)
On the other hand, using (2.4), (2.6) and (2.7), we obtain
(Vx)U =V JU — JVxU
g(X,U)¢ — (U)X = VywU — ¢VxU — wVxU — B(X,U) — Ch(X,U)
0=VxwU —¢VxU —wVxU — Bh(X,U) — Ch(X,U),
that is,
—AguX 4+ VyxwU = ¢VxU +wVxU + Bh(X,U) + Ch(X,U)

From the tangential components, we have

—Auu X = ¢V xU + Bh(X,U)
(Vxw)U = Ch(X,U). (3.30)

Also, by using (3.7) and (3.30), we obtain

9([X, Y], U) = g(Auv X, 8Y) — g(AurY, ¢X) + g(ViwlU,wX) — g(Vwl,wY)
= —9(0AuX,Y) = g(Auu X, Y) + g(Vyw)U + wVyU,wX)
—9(Vxw)U + wVxU,wY)
= —g(pA,uX,Y) — g(A,udX,Y) + g(Ch(Y,U),wX) + g(CVyU,wX)
—g(Ch(X,U),wY) — g(wVxU,wY)
= —g(pA,vX,Y) — 9(Auu X, Y) + g(wVyU,wX) — g(wVxU,wY)

(
—9(p A X,Y) — g(Aur¢X,Y) + sin*0{g(VyU, X) — g(VxU,Y)}
_g(¢AwUX> Y) - g(AwUQbXa Y) + Sin29{g(vXY7 U) - g(VyX, U)}
= _g(¢AwUX7 Y) - g(AwU¢X7 Y) + Sin29{g([X, YL U)}

So we have

60529{9([)(7 Y]a U)} = _g(¢AwUX7 Y) - g(AwU¢Xa Y)
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Which completes our assertion.
For a pseudo-slant submanifold M of M, the slant and anti-invariant distributions
are totally geodesic in M, then M is called pseudo-slant product.

The following theorem characterizes the pseudo-slant product in Sasakian mani-
fold.

Theorem 9. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
Then M is a pseudo-slant product if and only if the second fundamental form h
satisfies

Bh(X,Z) =0, (3.31)

for all X € T'(Dy) and Z € T(TM).

Proof. For all X,Y € I'(Dy) and U,V € I'(D*+), we get

9g(VxY,U) = —g(VxU,Y) = —g(VxU,Y)
= —g(JVxU,JY) —n(VxU)n(Y)
= —g(VxJ)U = VxJU,JY)
— g(VxU + h(X,U),&n(Y)
= —g(VxJU,JY) — g(VxU,&n(Y)
= —g(VxJU,JY) + g(Vx& U)n(Y)
=—g(VxJU,¢Y) - g(VxJU,wY).

Now, put JU = wU and using (3.14), we obtain
g(VxY,U) = —g(VxwU, ¢Y) — g(VxwU,wY).
Using (2.6) and (2.7), we get

9(VxY,U) = g(Awr X — VxwU,¢Y) + g(Auu X — VxwU,wY)
= (A X, ¢Y) — g(Vxw)U,wY) — g(wVxU,wY)
= (A X, 9Y) — g(wVxU,wY) — g(Ch(X,U),wY),

Hence using (3.14) and (3.17), we have

9g(VxY,U) = g(Auu X, ¢Y) — g(wVxU,wY)
= 9(Au X, 9Y) — sin®0{g(VxU,Y) = n(VxU)n(Y)}
= g(h(X, 0Y),wlU) — sin®0g(V xU,Y) + sin*0g(Vx U, E)n(Y)}
= g(h(X,¢Y),wU) + sin*0g(VxY,U) — sin®0g(Vx&,U)n(Y)}
= g(h(X, ¢Y),wlU) + sin*0g(VxY,U)
that is

c0s?0g(VxY,U) = g(h(X,$Y),wU) = —g(Bh(X, ¢Y),U). (3.32)
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In the same way, we can obtain

9(VyvU,X) =g(VyU,X) = —g(VyX,U)
= —g(JVyX,JU) = n(VyX)n(U)
= g((@vJ)X, JU) — g(@vJX, JU)

For U,V € F(DL), since the tangent component of JU and ¢U are zero, we get
9(VvU, X) = g((Vy )X wU) - g(VyJX,wU)
=g(VyJX,wU) = —g(VyoX,wU) — g(VywX,wU)
= —g(VyoX + h(¢X,V),wU) + g(AuxV — ViwX,wlU)
= —g(h(¢X,V),wl) — g(VywX,wl)
= —g(h(¢X,V),wU) — g(Vyw)X + wVy X, wU),

hence using (3.14) we have

9(VvU, X) = —g(h(V, ¢X),wlU) — g(wVvX,wU)
+ g(h(V,¢X),wl) — g(Ch(V, X),wl)
= —g(wVyX,wU) — g(Ch(V, X),wU)
= g(Ch(V, X),wU) + sin*0g(Vy U, X),
that is
c0s*0g(Vy U, X) = —g(Ch(V, X),wU) = g(BW(V, X),U). (3.33)

From equations (3.32) and (3.33). Thus Dy and D+ are totally geodesic in M if
and only if (3.31) is satisfied.

Theorem 10. Let M be a pseudo-slant submanifold of a Sasakian manifold M.
If w is parallel on Dy, then either M is a Dy-geodesic submanifold or h(X,Y) is
an eigenvector of C? with eigenvalues —cos®0, for any X,Y € I'(Dy).

Proof. For any X,Y € I'(Dyp), from (3.11), we have
Ch(X,Y)—h(X,9Y)=0 (3.34)
On the other hand, since Dy is a slant distribution, we have

0=Ch(X,Y =n(Y)E) = h(X, (Y = n(Y)E))

that is
Ch(X,Y —n(Y)§) = h(X, ¢Y). (3.35)

Now, applying C to (3.35), we obtain

C?h(X,Y —n(Y)E) = Ch(X, ¢Y).
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On the other hand, by interchanging of Y and ¢Y in (3.34), we get

h(X,$*Y) = Ch(X,$Y).

Hence, using (3.15), we obtain

C?h(X,Y —n(Y)E) = Ch(X,¢Y) = h(X,$*Y) = —cos*0n(X,Y — n(Y)E).

This implies that either h vanishes on Dy or h is eigenvector of C? with eigenvalues
2
—cos“0.
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