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Abstract

The main purpose of this article is to establish the semilocal convergence
analysis of the Steffensen’s method in Riemannian manifolds. We establish
the semilocal convergence analysis of the Steffensen’s method in Riemannian
manifolds by using the majorant principle. Finally, some examples are pre-
sented to verify the convergence criteria.
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1 Introduction

We consider to find the approximate solution of a nonlinear equation

M(x) = 0,

where M is a nonlinear operator defined in an open convex subset Ω of a Banach
space B into itself. The most famous second order iterative method to solve a
non-linear equation in Banach space is Newton’s method. There are many prob-
lems in applied sciences and other including engineering, optimization, dynamic
economic system, physics, biological problems which is formulated in a equation
by using mathematial modelling to find the zeros of a nonlinear equations (see
[2, 3, 4, 7, 9]). So many types of iterative methods have been studied in Banach
spaces. Now, the work in Riemannian manifolds of numerical iterative methods
have been growing interest as there are many types of iterative methods have been
studied in manifolds which arises in many contexts. Some problems including
eigenvalue problem, minimization problems with orthogonality constraints, op-
timization problems with equality constraints, invariant subspace computations.
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To solve this problem, we have to find the singular point or zero of a vector field
in Riemannian manifolds. Generally, we study the convergence of an iterative
methods centered on two types one is semilocal and other is local convergence.
The convergence analysis which gives information about a solution and calculates
the radius of the convergence, then it is local and when the convergence analysis
gives information about an initial point, then it is semilocal. The Steffensen’s
method which is second order method in Banach space is defined as:

x0 ∈ Ω,

yn = xn +M(xn),

xn+1 = xn − [xn, yn;M]−1M(xn), for each n = 0, 1, 2, . . . ,

 (1)

where M is a nonlinear operator defined in an open convex subset Ω of a Banach
space B into itself and M is first Fréchet derivative in Ω. The computational
efficiency of the Steffensen’s method is the same as the Newton’s method, when
it is applied to find the solution of finite dimensional system of nonlinear equa-
tions. Although the use of Steffensen’s method is less than Newton’s method, its
use is interesting since it does not require to evaluate the inverse of first Fréchet
derivative in each step. The convergence of this second order method in Banach
space has been studied in [5]. In this article, we study the semilocal convergence
analysis of the Steffensen’s method in Riemannian manifolds.

The article is divided into five sections as follows: Section 1 is the introduction.
Section 2, contains all the necessary background on fundamental properties and
notation of Riemannian manifolds. In Section 3, we study the semilocal conver-
gence analysis of the Steffensen’s method in Riemannian manifolds by using the
majorant principle. In Section 4, two numerical examples are given. In Section 5,
conclusion of this article is given.

2 Preliminaries

In this section, we introduce some basic definitions and properties of Rieman-
nian manifolds (for more details see [6, 10, 8]).

Throughout the article, we denote A as a real n- dimensional Riemannian man-
ifold, X(A) be the set of all vector fields of class C∞ on A, the tangent space

of A at u by TuA and the tangent bundle by TA =
⋃
u∈A

TuA. Suppose A be

equipped with a Riemannian metric ⟨ ., .⟩ with corresponding norm ∥.∥. The arc
length of piecewise smooth curve ψ : [0, 1] → A joining u to v is defined by
l(ψ) =

∫ 1
0 ∥ψ′(z)∥dz and the Riemannian distance joining u to v is defined by

d(u, v) = infψ l(ψ). The affine connection ∇ on A is a map

∇ : X(A)× X(A) → X(A)

(X,Z) 7→ ∇XZ
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that satisfies the following properties

(i) ∇fX+gZV = f∇XV+ g∇ZV.

(ii) ∇X(Z+V) = ∇XZ+∇XV.

(iii) ∇X(fZ) = f∇XZ+X(f)Z,

where X, Z, V ∈ X(A) and f, g ∈ D(A), D(A) is the ring of real-valued
functions of class Ck on A. Let Z be a vector field of class C1 on A, the covariant
derivative of Z is determined by ∇ which defines at each point u ∈ A, a linear
application as

DZ(u) : TuA → TuA

v 7→ DZ(u)(v) = ∇XZ(u),

where Z ∈ X(A) of class C1 on A and X is a vector field satisfies X(u) = v. We
define the open and closed geodesic ball with centre u and radius v respectively,
as

V (u, v) = {t ∈ A : d(u, t) < v}

and

V [u, v] = {t ∈ A : d(u, t) ≤ v}.

A parametrized curve ψ is said to be a geodesic at t0 ∈ I, if ∇ψ′(t)ψ
′(t) = 0 at

the point t0, where ψ : I → A. If it is a geodesic for all t ∈ I, then we call ψ is a
geodesic. If [p, q] ⊆ I then ψ is a geodesic segment joining ψ(p) to ψ(q). Let By
the Hopf-Rinow theorem, if A is complete metric space, then for any u, t ∈ A
there exists a geodesic ψ, called the minimizing geodesic joining u to t with

l(ψ) = d(u, t).

If v ∈ TuA, then there exists a unique minimizing geodesic ψ such that ψ(0) = u
and ψ′(0) = v. The point ψ(1) is called the image of v by the exponential map at
u, i.e.

expu : TuA → A

such that expu(v) = ψ(1) and for all p ∈ [0, 1], ψ(p) = expu(pv). Let ψ be a
piecewise smooth curve, then for any x, y ∈ R, the parallel transport along ψ is a
mapping from Tψ(x)A to Tψ(y)A. It is denoted by Mψ,.,. and given by

Mψ,x,y : Tψ(x)A → Tψ(y)A

v 7→ V (ψ(y)),

where V is the unique vector field along ψ which satisfies ∇ψ′(t)V = 0 and
V (ψ(x)) = v.
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Definition 1. Let Z ∈ X(A) of class Ck on A and j ∈ N. The covariant
derivative of order j of Z is denoted by DjZ and defined as:

DjZ : Ck(TA)× Ck(TA)× · · · × Ck(TA)︸ ︷︷ ︸
j-times

→ Ck−j(TA)

where

DjZ(A1, A2, . . . , Aj−1, A) = ∇AD
j−1Z(A1, A2, . . . , Aj−1)

−
j−1∑
i=1

Dj−1Z(A1, A2, . . . ,∇AAi, . . . , Aj−1) (2)

for all A1, A2, . . . , Aj−1 ∈ Ck(TA).

Definition 2. Let ℧ ⊆ A be an open convex set and Z ∈ X(A). The covariant
derivative DZ = ∇(.)Z is Lipschitz with contant E > 0, if for any geodesic ψ and
x, y ∈ R such that ψ[x, y] ⊆ ℧, it holds the inequality

∥Mψ,y,xDZ(ψ(y))Mψ,x,y −DZ(ψ(x))∥ ≤ E

∫ y

x
∥ψ′(t)∥dt,

and we write DZ ∈ LipE(℧). If A is finite dimensional Euclidean space, then it
coincides with Lipschitz condition for DZ : A → A.

Definition 3. Let ℧ ⊆ A be an open convex set, ψ be a curve in A, [t, t+ δe] ⊂
Dom(ψ) and Z ∈ X(A) of class C0 on A. The divided difference of first order
for Z on the points ψ(t) and ψ(t+ δe) in the direction ψ′(t) is defined by

[ψ(t+ δx), ψ(t);Z]ψ′(t) =
1

δe
(Mψ,t+δe,tZ(ψ(t+ δe))− Z(ψ(t))). (3)

The case when A is a Banach space, if ψ is the geodesic joining u1 and u2 such
that

ψ(t) = u1 + t(u2 − u1), t ∈ R,

then from (3), we obtain

[u2, u1;Z](u2 − u1) = Z(u2)− Z(u1).

Also if DZ(u) exists, then DZ(u) = [u, u;Z].

Next, we take a theorem from [1] which will be used to prove the convergence
of our iterative method.

Theorem 1. Let ψ be a geodesic in A and let Z ∈ X(A) of class C1 on A. Then,

Mψ,t,0Z(ψ(t)) = Z(ψ(0)) +

∫ t

0
Mψ,a,0DZ(ψ(a))ψ′(a)da. (4)
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3 Steffensen’s method in Riemannian manifolds

In this section, we will study the semilocal convergence analysis of the Stef-
fensen’s method in Riemannian manifolds. The method (1) to solve a vector field
Z(u) = 0, u ∈ A in Riemannian manifolds has the form

ln = Z(un), u0 ∈ ℧
vn = expun(ln),

mn = −[un, vn;Z]
−1Z(un),

un+1 = expun(mn), for each n = 0, 1, 2, . . .

 (5)

Suppose that Z(u) satisfies the conditions:

1. ∥Z(u0)∥ ≤ ξ, ξ > 0,

2. ∥DZ(u0)
−1∥ ≤ ζ0, ζ0 > 0,

3. ∥MΦ,b,aDZ(Φ(b))MΦ,a,b −DZ(Φ(a))∥ ≤ K
∫ b
a ∥Φ

′(x)∥dx,
where Φ is the geodesic such that Φ[a, b] ⊆ ℧, K > 0.

First, we shall show that the operator [u0, v0;Z]
−1 is bounded. Let Iu0 : Tu0A →

Tu0A be the identity operator and let αn be the family of minimizing geodesics
joining the points un and vn such that αn(0) = un and αn(1) = vn for each
n = 0, 1, 2, . . . Then, we have

∥Iu0 −DZ(u0)
−1[u0, v0;Z]∥

= ∥DZ(u0)
−1∥

∫ 1

0
∥Mα0,1,0DZ(α0(t))Mα0,0,1 −DZ(u0)∥dt

≤ 1

2
ζ0K∥l0∥ =

1

2
ζ0ξK < 1,

if Kξζ0 < 2, then the operator [u0, v0;Z] is invertible and

∥[u0, v0;Z]−1∥ ≤ 2ζ0
2−Kξζ0

= c.

Now, we define the polynomial

z(f) =
L

2
f2 − f

c
+ ξ, L = K

(
1 +

1

c

)
, f ∈ [0, f ′] (6)

and we denote f∗ and f∗∗ the two positive roots of z(f) such that 0 < f∗ ≤ f∗∗ <
f ′, if Lξc2 ≤ 1

2 .

Also we define the sequences {fn} and {ζn+1} for n ≥ 0, by

fn+1 = fn −
z(fn)

z′(fn)
, f0 = 0, (7)

ζn+1 =
ζ0

1− ζ0Kd(un+1, u0)
.

Now, we will prove some lemmas to prove the convergence of our method.
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Lemma 1. Let Z ∈ X(A) of class C1 on A. Then, for all n ∈ N, we have

Mϕn−1,1,0Z(un) =

(∫ 1

0

(
Mϕn−1,1,0DZ(ϕn−1(t))Mϕn−1,0,1 −DZ(un−1)

)
dt

+

∫ 1

0

(
DZ(un−1)−Mαn−1,1,0DZ(αn−1(t))Mαn−1,0,1

)
dt

)
mn−1, (8)

where ϕn−1 is the family of minimizing geodesics joining the points un−1 and un
such that ϕn−1(0) = un−1 and ϕn−1(1) = un, αn−1 is as given above.

Proof. We know that

[ϕn−1(s+ h), ϕn−1(s);Z]ϕ
′
n−1(s) =

1

h

(
Mϕn−1,s+h,sZ(ϕn−1(s+ h))− Z(ϕn−1(s))

)
,

put s=0 and h=1 in above equality, we get

[un, un−1;Z]ϕ
′
n−1(0) = Mϕn−1,1,0Z(un)− Z(un−1).

Since ϕn−1(t) = expun−1
(tmn−1), we have ϕ

′
n−1(0) = mn−1,

putting this value in above equality, we get

[un, un−1;Z]mn−1 = Mϕn−1,1,0Z(un)− Z(un−1). (9)

By (5), we have

mn−1 = −[un−1, vn−1;Z]
−1Z(un−1),

therefore

Z(un−1) = −[un−1, vn−1;Z]mn−1. (10)

By (9) and (10), we have

Mϕn−1,1,0Z(un) =
(
[un−1, un;Z]− [un−1, vn−1;Z]

)
mn−1

=

(∫ 1

0

(
Mϕn−1,1,0DZ(ϕn−1(t))Mϕn−1,0,1 −DZ(un−1)

)
dt

+

∫ 1

0

(
DZ(un−1)−Mαn−1,1,0DZ(αn−1(t))Mαn−1,0,1

)
dt

)
mn−1.

Lemma 2. Suppose the sequence {fn} is generated by (7). If Lξc2 ≤ 1
2 and f ∈

[0, f∗], then the sequence {fn} is increasing and bounded above. Hence converges
to f∗.
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Proof. We define the function h by

h(f) = f − z(f)

z′(f)
; h′(f) =

z(f)z′′(f)(
z′(f)

)2 ,

as z(f) ≥ 0, z′′(f) > 0, z′(f) < 0 in [0, f∗]. We have

h′(f) =
z(f)z′′(f)(
z′(f)

)2 ≥ 0 ∀ f ∈ [0, f∗].

Therefore the function h is increasing on [0, f∗]. So, if fk ∈ [0, f∗] for some k ∈ N,
then

fk ≤ fk −
z(fk)

z′(fk)
= fk+1

and

fk+1 = fk −
z(fk)

z′(fk)
≤ f∗ − z(f∗)

z′(f∗)
= f∗.

Now, we can prove the convergence of the our method.

Theorem 2. Let A be a complete Riemannian manifold, ℧ ⊆ A be an open
convex set and Z ∈ X(A) satisfies the conditions (1)− (3) with:

ξKζ0 < 2, Lξc2 ≤ 1

2
, ζ0Kf

∗ < 1, Kζ0(3f
∗ + ξ + f∗∗) < 2, V [u0, f

∗] ⊆ ℧.

Then, the method given by (5) converges to a singular point u∗ of the vector field
Z in V [u0, f

∗] and the singular point u∗ is unique in V [u0, f
∗∗ + ξ] ∩ ℧.

Proof. To prove the theorem, first we shall prove some conditions for i ≥ 0.

(C1) vi ∈ V [u0, f
∗],

(C2) ui ∈ V [u0, f
∗],

(C3) ∥DZ(ui)
−1∥ ≤ ζi.

For i = 0, (C1), (C2), and (C3) are trivial. Now, we will prove for i ∈ N.
Since

d(u1, u0) = ∥m0∥ = ∥[u0, v0;Z]−1Z(u0)∥ ≤ cξ = f1 − f0 ≤ f∗,

therefore u1 ∈ V [u0, f
∗] ⊆ ℧.

By Lemma 1, we have

Mϕn−1,1,0Z(un) =

(∫ 1

0

(
Mϕn−1,1,0DZ(ϕn−1(t))Mϕn−1,0,1 −DZ(un−1)

)
dt

+

∫ 1

0

(
DZ(un−1)−Mαn−1,1,0DZ(αn−1(t))Mαn−1,0,1

)
dt

)
mn−1.
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Put n = 1 and taking norm both sides, we get

∥Z(u1)∥ = ∥Mϕ0,1,0Z(u1)∥

=

∣∣∣∣∣∣∣∣(∫ 1

0

(
Mϕ0,1,0DZ(ϕ0(t))Mϕ0,0,1 −DZ(u0)

)
dt

+

∫ 1

0

(
DZ(u0)−Mα0,1,0DZ(α0(t))Mα0,0,1

)
dt

)
m0

∣∣∣∣∣∣∣∣
≤

(
K

2
d(u1, u0) +

K

2
d(v0, u0)

)
∥m0∥

=

(
K

2
d(u1, u0) +

K

2
∥l0∥

)
d(u1, u0)

=
K

2
d(u1, u0)

2 +
K

2
∥Z(u0)∥d(u1, u0)

≤ K

2
(f1 − f0)

2 +
K

2
z(f0)(f1 − f0) = z(f1).

As the sequence (7) is increasing and the polynomial (6) is decreasing in [0, f∗],
we have

d(v1, u0) ≤ d(u1, u0) + d(v1, u1) = d(u1, u0) + ∥l1∥ = d(u1, u0) + ∥Z(u1)∥ ≤ f∗,

therefore v1 ∈ V [u0, f
∗] ⊆ ℧. Thus (C1) and (C2) hold for i = 1.

We assume that ui, vi−1 ∈ V [u0, f
∗] ⊆ ℧, for i = 2, 3, 4, . . . , n. Then, we will

prove for i = n+ 1. Since

z(fn) =

∫ 1

0

(
z′
(
fn−1 + x(fn − fn−1)

)
− z′(fn−1)

)
dx(fn − fn−1)

= L

∫ 1

0
x(fn − fn−1)

2dx =
L

2
(fn − fn−1)

2,

we have ∥Z(un)∥ ≤ z(fn), for all n ∈ N,
as

∥Z(un)∥ = ∥Mϕn−1,1,0Z(un)∥

=

∣∣∣∣∣∣∣∣(∫ 1

0

(
Mϕn−1,1,0DZ(ϕn−1(t))Mϕn−1,0,1 −DZ(un−1)

)
dt

+

∫ 1

0

(
DZ(un−1)−Mαn−1,1,0DZ(αn−1(t))Mαn−1,0,1

)
dt

)
mn−1

∣∣∣∣∣∣∣∣ ≤
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≤
(
K

2
d(un, un−1) +

K

2
d(vn−1, un−1)

)
∥mn−1∥

=

(
K

2
d(un, un−1) +

K

2
∥ln−1∥

)
d(un, un−1)

=
K

2
d(un, un−1)

2 +
K

2
∥Z(un−1)∥d(un, un−1)

≤ K

2
(fn − fn−1)

2 +
K

2
z(fn−1)(fn − fn−1)

≤ L

2
(fn − fn−1)

2 = z(fn).

We have

d(vn, u0) ≤ d(un, u0) + d(vn, un) = d(un, u0) + ∥ln∥ = d(un, u0) + ∥Z(un)∥ ≤ f∗,

so that vn ∈ V [u0, f
∗] ⊆ ℧. Now, we will show that the operator [un, vn;Z]

−1

is bounded. Let ψ : [0, 1] → A be the minimizing geodesic with ψ(0) = u0,
ψ(1) = un, and ∥ψ′(0)∥ = d(u0, un). Then, we have

∥DZ(u0)
−1Mψ,1,0[un, vn;Z]Mψ,0,1 − Iu0∥

≤ ∥DZ(u0)
−1Mψ,1,0([un, vn;Z]−DZ(un))Mψ,0,1∥

+ ∥DZ(u0)
−1(Mψ,1,0DZ(un)Mψ,0,1 −DZ(u0))∥

≤ ∥DZ(u0)
−1∥

∫ 1

0
∥Mαn,1,0DZ(αn(t))Mαn,0,1 −DZ(un)∥dt

+ ∥DZ(u0)
−1∥∥Mψ,1,0DZ(un)Mψ,0,1 −DZ(u0)∥

≤ ζ0

(
Kd(un, u0) +

∫ 1

0
∥Mαn,1,0DZ(αn(t))Mαn,0,1 −DZ(un)∥dt

)
≤ Kζ0

2

(
2(fn − f0) + z(fn)

)
≤ ζ0

(
z′(fn) +

1

c

)
< 1.

Therefore Mψ,1,0[un, vn;Z]Mψ,0,1 is invertible by Banach’s lemma and

∥[un, vn;Z]−1∥ = ∥Mψ,1,0[un, vn;Z]
−1Mψ,0,1∥

≤ ∥DZ(u0)
−1∥

1− ∥DZ(u0)−1∥∥Mψ,1,0[un, vn;Z]−1Mψ,0,1 −DZ(u0)∥

≤ −1

z′(fn)
.

We obtain

d(un+1, un) ≤ ∥[un, vn;Z]−1∥∥Z(un)∥ ≤ −z(fn)
z′(fn)

= fn+1 − fn (11)

and

d(un+1, u0) ≤ d(un+1, un) + d(un, u0) ≤ fn+1 − fn + fn − f0 = fn+1 − f0 ≤ f∗.
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Therefore un+1 ∈ V [u0, f
∗] ⊆ ℧.

Suppose (C3) holds for i = 1, 2, . . . , n and we shall prove for i = n + 1. Let
δ : [0, 1] → A be the minimizing geodesic with δ(0) = u0, δ(1) = un+1, and
∥δ′(0)∥ = d(un+1, u0).

We obtain that

∥Mδ,1,0DZ(un+1)Mδ,0,1 −DZ(u0)∥

≤K
∫ 1

0
∥δ′(0))∥ds = Kd(un+1, u0) ≤ Kf∗

and
∥DZ(u0)

−1∥∥Mδ,1,0DZ(un+1)Mδ,0,1 −DZ(u0)∥ ≤ ζ0Kf
∗ < 1,

as ζ0Kf
∗ < 1.

Therefore Mδ,1,0DZ(un+1)Mδ,0,1 is invertible by Banach’s lemma and

∥DZ(un+1)
−1∥ =∥Mδ,1,0DZ(un+1)

−1Mδ,0,1∥

≤ ∥DZ(u0)
−1∥

1− ∥DZ(u0)−1∥∥Mδ,1,0DZ(un+1)Mδ,0,1 −DZ(u0)∥

≤ ζ0
1− ζ0Kd(un+1, u0)

= ζn+1,

therefore it holds for i = n+ 1. Thus (C1)− (C3) hold for i ≥ 0.

Now, we can prove the convergence theorem. Since {fn} is a convergent sequence
and hence it is a Cauchy sequence therefore from (11) the sequence {un} is also a
convergent sequence and let the sequence {un} converges to u∗ ∈ V [u0, f

∗]. Now
we will show that u∗ is a singularity of Z. As for all n ∈ N,

∥Z(un)∥ ≤ z(fn),

taking n→ ∞ both sides, we get

∥Z(u∗)∥ ≤ z(f∗) = 0.

Then, we have Z(u∗) = 0. Finally, we will show that the singularity is unique in
V [u0, f

∗∗ + ξ] ∩ ℧. Let v∗ be the another singularity of Z in V [u0, f
∗∗ + ξ] ∩ ℧.

Let ρ : [0, 1] → A be the minimizing geodesic with ρ(0) = u∗, ρ(1) = v∗, and
∥ρ′(0)∥ = d(u∗, v∗).

We obtain

∥Mρ,t,0DZ(ρ(t))Mρ,0,t −DZ(u∗)∥

≤K
∫ t

0
∥ρ′(0)∥ds = Ktd(u∗, v∗) ≤ Kt

(
d(u0, u

∗) + d(u0, v
∗)
)
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and

∥DZ(u∗)−1∥
∫ 1

0
∥Mρ,t,0DZ(ρ(t))Mρ,0,t −DZ(u∗)∥dt

≤
(

1

ζ0
−Kf∗

)−1 ∫ 1

0
Kt

(
d(u0, u

∗) + d(u0, v
∗)
)
dt

≤
(

1

ζ0
−Kf∗

)−1K

2
(f∗ + f∗∗ + ξ) < 1.

It shows that the operator

T =

∫ 1

0
Mρ,t,0DZ(ρ(t))Mρ,0,tdt

is invertible by Banach’s lemma and we have

0 = Mρ,1,0Z(v
∗)− Z(u∗) =

∫ 1

0
Mρ,t,0DZ(ρ(t))Mρ,0,t(ρ

′(0))dt.

So that ρ′(0) = 0. We have 0 = ∥ρ′(0)∥ = d(u∗, v∗), implies that u∗ = v∗. This
completes the proof.

Theorem 3. Suppose that u∗ is a singular point of Z in V [u0, f
∗]. If V (u0, f

∗∗) ⊆
℧, then the only singular point of Z in V [u0, r] is u

∗, where f∗ < r ≤ f∗∗.

Proof. Let v∗ be the singular point of Z in V [u0, r] and let Λ : [0, 1] → A be the
minimizing geodesic with Λ(0) = u0, Λ(1) = v∗, and ∥Λ′(0)∥ = d(u0, v

∗). Then,
by (4), we have

MΛ,1,0Z(v
∗) = MΛ,1,0Z(v

∗)− Z(u0) + Z(u0) +DZ(u0)Λ
′(0)−DZ(u0)Λ

′(0)

=

∫ 1

0
MΛ,t,0DZ(Λ(t))MΛ,0,tΛ

′(0)dt−DZ(u0)Λ
′(0) + Z(u0)

+DZ(u0)Λ
′(0)

=

∫ 1

0

(
MΛ,t,0DZ(Λ(t))MΛ,0,t −DZ(u0)

)
Λ′(0)dt+ Z(u0)

+DZ(u0)Λ
′(0).

Thus, we have

Ld(u0, v
∗)2

2
≥Kd(u0, v

∗)2

2
≥ ∥Z(u0) +DZ(u0)Λ

′(0)∥

≥ 1

∥DZ(u0)−1∥
∥DZ(u0)

−1Z(u0) + Λ′(0)∥

≥ 1

ζ0

(
∥Λ′(0)∥ − ∥DZ(u0)

−1Z(u0)∥
)

≥
(
d(u0, v

∗)

ζ0
− ξ

)
≥

(
d(u0, v

∗)

c
− ξ

)
.
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Therefore

z(d(u0, v
∗)) =

Ld(u0, v
∗)2

2
− d(u0, v

∗)

c
+ ξ ≥ 0.

Since d(u0, v
∗) ≤ r ≤ f∗∗, we have d(u0, v

∗) ≤ f∗, hence by Theorem 2, u∗ =
v∗.

Theorem 4. Suppose that all the assumptions of Theorem 2 are satisfied. If
f∗ ≤ f∗∗, then, we obtain the following error bound:

(a) If f∗ < f∗∗, then

d(u∗, un) ≤ f∗ − fn =
(f∗∗ − f∗)Λ2n

1− Λ2n
, where Λ =

f∗

f∗∗
. (12)

(b) If f∗ = f∗∗, then

d(u∗, un) ≤ f∗ − fn =
f∗

2n
. (13)

Proof. First, from (11), we have {fn} is a majorizing sequence of {un}. Then, for
j ≥ 1 and i ≥ 1, we have

d(ui+j , ui) ≤
i+j−1∑
n=i

d(un+1, un) ≤
i+j−1∑
n=i

(fn+1 − fn) = fi+j − fi,

so that, if j → ∞, then by the convergence of {un} and {fn}, it follws that

d(u∗, un) ≤ f∗ − fn.

Second, we prove (a). As f∗ < f∗∗, then

z(f) =
L

2
(f∗ − f)(f∗∗ − f)

=
L

2
anbn,

where an = f∗ − fn and bn = f∗∗ − fn, for all n ≥ 0. As z′(fn) = −L
2 (an + bn),

then

an+1 = f∗ − fn+1 =
a2n

an + bn
, bn+1 = f∗∗ − fn+1 =

b2n
an + bn

, n ≥ 0.

Also,

an+1

bn+1
=
a2n
b2n

= · · · = Λ2n+1
, n ≥ 0.

Finally, from bn+1 = (f∗∗ − f∗) + an+1, we have (12). Third, we prove (b). As
f∗ = f∗∗, then an = bn, z(fn) =

L
2 a

2
n,

an+1 =
an
2

= · · · = f∗

2n
, n ≥ 0,

and we have (13).
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4 Numerical examples

In this section, we provide two numerical examples.

Example 1. Consider the integral equation

Z(u)(v) = −1 + u(v) +
1

4
u(v)

∫ 1

0

v

v + w
u(w)dw, u(v) ⊂ A = C[0, 1]

and we define the norm ∥u∥ = max0≤v≤1|u(v)|. Initially for u0 = u0(v) = 0, we
have

∥Z(u0)∥ = 1 = ξ, ∥DZ(u0)
−1∥ = 1 = ζ0, ∥D2Z(u)∥ = 0.150514997 = K.

Hence all the assumptions for convergence are satisfied and the Steffensen’s method
can be applied to get the desired singular point.

Example 2. Consider the vector field Z from Ω = (−1, 1)3 ⊆ A = R3 to Ω =
(−1, 1)3 given by

Z(u) = Z

u1u2
u3

 =

eu1 − 1
u22 + u2
u3


with the norm ∥.∥∞. For the point u = (u1, u2, u3)

T , the first and second Fréchet
derivatives of Z are:

DZ(u) =

eu1 0 0
0 2u2 + 1 0
0 0 1

 ,
D2Z(u) =

eu1 0 0 0 0 0 0 0 0
0 0 0 0 2 0 0 0 0
0 0 0 0 0 0 0 0 0

 .
Initially for u0 = (0.11, 0.11, 0.11)T , we have

∥Z(u0)∥ = max(0.12, 0.12, 0.11) = 0.12 = ξ,

∥DZ(u0)
−1∥ = 1 = ζ0, ∥D2Z(u)∥ = max(1.12, 2, 0) = 2 = K.

Hence all the assumptions for convergence are satisfied and the Steffensen’s method
can be applied to get the desired singular point.

5 Conclusion

In this article, we have studied the semilocal convergence analysis of the Stef-
fensen’s method in Riemannian manifolds. We have presented the semilocal con-
vergence analysis of the Steffensen’s method under Lipschitz continuity condition
on first order covariant derivative of a vector field and by using majorant principle.
Finally, two numerical examples are given.
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