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INTRODUCTION TO GENERALIZED LEONARDO-ALWYN
HYBRID NUMBERS
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Abstract

In [6], Gokbag defined a new type of number sequence called Leonardo-
Alwyn sequence. In this paper, we consider the generalized Leonardo-Alwyn
hybrid numbers and investigate some of their properties. We also give some
applications related to the generalized Leonardo-Alwyn hybrid numbers in
matrices.
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1 Introduction

Let p, ¢ and r be integers such that p?+4¢ > 0 the generalized Leonardo-Alwyn
sequence {LA%T)},LZO is described by

LAY = (1 +p) LAY, + (g — p) LAU) — LAY, (1)

with initial conditions LAST) = a, LAY) = b and LAg) = pb + ga + r, where a
and b are arbitrary real numbers.

The solutions of the equation 22 — (1+p)z? — (¢ —p)z + ¢ = 0 associated with
the recurrence relation (1) are

p+/p*+4q O p? +4q
2 R '

Y = 17 wl == 2
Note that
Y1+ =p, Y1 = —q, Y1 — P2 =/ p? +4q. (2)
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So the Binet formula for the generalized Leonardo-Alwyn sequence is given by

m__ 1 W)}
LA 1pq{r+( ) (3)
where ®; = ®(¢;) = (1—p—q)a—r);+(1—p—q)b+ (p* +pg—p)a+ (p—1)r

(with j =1,2).

Generalized Leonardo-Alwyn sequence is a generalization of some sequences
such as the Leonardo, John-Edouard and Ernst sequences. These sequences have
applications in number theory, geometry and algebra. Hence, these sequences
have been studied by Alp and Koger [2, 1], Catarino and Borges [3, 4], Gokbag
[6], Kuhapatanakul and Chobsorn [7], Shannon [10], Soykan [11, 12] and Tan et
al. [13, 14].

Remark 1. If r =1, some particular cases of Eq. (1) are:
e Ifa=b=1 and p=q=1, we get the Leonardo sequence
Lenyo = Lepyq1 + Ley, + 1, Leg = Ley = 1.
Note that Le, = 2F, 11 — 1, where F), is the n-th Fibonacci number.
e [fa=b=1,p=1 and q = 2, we have Ernst sequence
Eryio=FErpy1+2Er,+1, BErg=Er; = 1.

Further, we can write Er, = % [8Jn+1 — 1], where J,, is the n-th Jacobsthal
number.

Recently, Ozdemir [9] defined a new generalization of complex (i* = —1), hy-
perbolic (h? = 1) and dual (¢2 = 0) numbers different from above generalizations.
In this generalization, the author gave a system of such numbers that consists of
all three number systems together. This set was called hybrid numbers, denoted
by T, is defined as

i?=—-1,¢e2=0, h>=1,
}, (1)

T:{Z:ZOHNHQEHZ”’“ ih=—hi=c+i

where zq, 21, 22 and z3 are real numbers.

Two hybrid numbers Z = 29+ 211 4 226 + z3h and W = wg 4+ w1t 4+ wee +wsh
are equal if all their components are equal. Further, Z = W if only if 2y = wo,
z1 = wi, 22 = wg and z3 = w3. We can give operations and properties with the
hybrid numbers:

o Z+ W = (20 +wp)+ (21 +w1)i + (22 + w2)e + (23 + w3)h (addition),
o 7 —W = (20 —wp)+ (21 —w1)i + (22 — w2)e + (23 — w3z)h (subtraction),

o kZ = kzy+ kz1i + kzoe + kzsh (multiplication by scalar k € R).
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With respect to the addition operation, the inverse element of Z = zy + 217 +
29 + 23h is —Z = —zy — 211 — 226 — z3h. This implies that, (T, +) is an abelian
group.

The hybrid product is obtained by distributing the terms to the right, pre-
serving the order of multiplication of the units and then writing the values of the
following substituting each product of units by the equalities i> = —1, h? = 1,
€2 = 0 and ih = —hi = ¢ 4+ 4. The table 1 shows us that the multiplication
operation with the hybrid numbers is not commutative.

Table 1: The multiplication table for the basis of T.

1 1 € h
1 1 =2 € h
1 —1 1—-h e41
e € 14+h 0 —€
h h —(e+1i) ¢ 1

The multiplication operation with hybrid numbers has the property of asso-
ciativity. The conjugate of a hybrid number Z = 2y 4 217 + 22¢ + 23h, denoted by
Z, is defined as Z = zg — z11 — z9¢ — zzh. The real number

C(Z)=ZZ =22+ (21 — 2)* — 25 — 22

is called the character of the hybrid number Z = 29 + 217 + 296 + 23h. The real
number +/|C(Z)| will be called the norm of the hybrid number Z and will be
denoted by || Z]|r. In [8], Morales studied hybrid numbers and applied it to many
number sequences of second-order.

Now, we introduce the generalized Leonardo-Alwyn hybrid numbers and in-
vestigate some of their properties. We also give some applications related to the
generalized Leonardo-Alwyn hybrid numbers in matrices.

2 Generalized Leonardo-Alwyn hybrid numbers

For m > 0, the generalized Leonardo-Alwyn hybrid numbers are defined by
LaK(®) = LAD +iLAY, | 4 eLA™) 4 hLAT) o (5)

where L.AS;) is the m-th generalized Leonardo-Alwyn number, and i, €, h are
hybrid units.

Remark 2. Fora=b=1andp=qg=r =1, we obtain ¥, = 127‘/5, P9 = %,
D1 = -2y and Po = —21p9. Then, we obtain the Leonardo hybrid number defined
by

HLe,, = Ley, + Lept1t + Lemyoe + Lepish,

where Ley, is the m-th Leonardo number (see, e.g., [1]).
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Theorem 1. Let m > 0 be an integer. Then, we have

LaK")., = pLad(") | + qLaH) + r0, (6)

m

with ¥ = 1+i+e+h, Laj'f(()r) = a+bi+(pb+qa+r)5+((p2+q)b+(pq+q)a+(p+1)r)h
and La3() = b+ (b + ga + )i + (0% + Q)b+ (pg + Qa+ (p+ Ve + (07 +
2pq)b + (p?q + pq + ¢*)a+ (P> + p+ q+ 1)r)h.

Proof. f m=0and ¥ =144+ ¢+ h, then we get

pLaﬂ{gr) + qLaCi{gr) + 70 = pb + [p*b + pga + prli

+ [p(® + Q)b+ (p%q + pg)a + (P* + p)rle
+ [P*(p + 2p)b + p(P°q+pg+¢*)a + p(p* +p+q+1)r]h
+ qa + qbi + [pgb + ¢*a + qrle
+ (0% + )b+ (pa® + ¢)a+ (pg + g)r)h
+r4+ri+re+rh

= LAY +iLAY) + LAY + hLAJ

= Laﬂ{g).

If m > 0 and using Egs. (1) and (5), we obtain

+iL A, + LAY, + hLAT)

LaH"), = LAY "

m+2 m—+2
_ (r) (r) (r) (r) :
pLAm+1 +qLA;,) +r+ pLAm+2 + qLAerl +7r|
+ [pLal) s+ qLal), + ] e+ [pLAS) , + aLAG ), + 1| b
= [L.Agirl +iL A, + LAY + hLAS;M
+q[LAG +iLAGY, +eLAS) , + hLAS) |
+r4+ri+re+rh
= pLaJ-C(mrzrl + qLaJ—Cﬁ,’;) + ¥,

where ¥ = 1 + ¢ + € + h which completes the proof. O

Theorem 2 (Binet formula of LafH%)). For m > 0, the Binet formula for gen-
eralized Leonardo-Alwyn hybrid numbers is

Dyp1" Wy — CI’QWQ”‘%)]

1 — P2 @

1
Lwﬁh:Pm+<
I-p—gq

where ¥ as in Eq. (6), U1 = 1+1i+p?e +Y$h and Wy = 1+ 1hai + h3e + Y3h.
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Proof. Using Egs. (5) and (3), we can write the following expression

LaK(®) = LAY +iLAY, | + LAY, + hLAl)

1 <I>1W—¢>2w’2">]
1—p—q[r+< TR—

1 r @ m-‘rl_@ m+1 T
+ 7’—|—< 1w1 2¢2 > i
l-p—q| 1 — P2 |
1 r B2 _ SN T
7‘—|—< 1w1 2% > c
l-p—q| 1 — P2 |
1 r d m+3_(I) m—+3\ 7
l—-p—q| 1 — o |
1 . Q197" —q>2¢§n‘1’2)]
=——|r(l+it+e+h +< 7
1—p—q{( ) Y1 —
where Wy = 1+ t1i + dec + $h and Wy = 1 + 19i + 3e + P3h. O

Remark 3. Fora=b=1andp=q=r =1, we obtain ¢, = 1+27\/5’ Yy = 1_2\/5’

D1 = —2¢1 and ®9 = —21p9. Then, the Binet formula for the Leonardo hybrid
number has the form

m+1 m+1
1 v - 2 Wy

P — o

HLem:2< >—(1+i+€+h).

Proposition 1. Let m > 0 be an integer. Then, the character of the hybrid
(r)

number LaXy,’ is given by

51 2r(1 — q — pg)Hy, — 2r(p> + p+ q)Him+1
La¥{) Ladty) = = +(1—p*)H2 + (1 —2p— (P* + @) )HZ,, . (8)
P —2q(1+ pq + p*)Hmy1Hp — 12

P17 — P2y

where p=1—p—q and H,, = =

Proof. By definition C (Laf}f,(ﬁ)) = Lang{) Laﬂ{(mr) and Eq. (5), we have

¢ (£a3c)) = (£AR) + (2A%,, - £a%,)" - (2A0,) - (1Al),)’.

By Eq. (2), p =1 — p — g and some elementary calculations we obtain

2 ") — W)]z le{"“(l—zpl)—%wwl(l_wg)}2
P ¢ <Laj{m ) |:T+< ¢1 - ¢2 + ¢1 — wQ

B ¢1¢§n+2q>2¢;n+2>:|2 B |: <(I>1w§n+3q)2w12n+3):|2
[T+< 1 — o T (U ) '
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Then, we have

p2e (La%@) =2r(1 — q—pq)Hp — 2r(p* + p+ @) Hmt
+ (1 —p*?)HY + (1=2p— (0° + 9)*)Hp s
— 2(](1 + pgq +p3)Hm+le - 7‘2,

where H,, = w and Hp,10 = pHpq1 + ¢Hi- O

Theorem 3. The generating function for the generalized Leonardo-Alwyn hybrid

number sequence {Laﬂ'ﬂ(ﬁ)}mzo is

La3¢” + (La3t” — (14 p)Lad({ ) ¢

o + (La}cg") — (1 +p)LaH" — (¢ - p)La}cg”) 2
> Ladit™ = 5 (9)
= 1—(1+p)t—(¢—p)t>+qt?
Proof. Let g(t) =", Las{®m. Then, we obtain
g(t) = La¥\” + LaH "t + Lad2 + - . (10)

Multiply Eq. (10) on both sides by —(1 + p)t, —(¢ — p)t? and +qt3. Then, we
have

—(14p)tg(t) = —(1+p)LaH 't — 1+ p)LaHV#2 — 1+ p)LaH 3+ . (11)
~(q-p)Pg(t) = —(q—p)LaH 1~ (g—p) La¥{ 1> — (q—p) Lttt +- . (12)
qt3g(t) = qLafH(()r)t3 + qLaJ{Y)tA‘ + qLa,ng)t5 4+ (13)
By adding Egs. (10), (11), (12) and (13), we have
La3t§” + (La3t(” — (14 p)La({ ) 1
+ (La%gr) -1 +p)LaJ{§T) —(q— p)Laﬂ'C((]T)) 12
1—(1+p)t—(¢—pt* +qt?

g(t) =
0

Remark 4. Fora=b=1 and p = q =r = 1. The generating function for the
Leonardo hybrid numbers H Le,,

14i+3e+5h—(1—i+e+h)t+ (1 —i—e—3h)t

t
g(t) 1—2t+1¢3

(see, e.g., [1]).

Theorem 4. Let m > 0 be an integer. Then

i a1 r r r
S La3 = Slrwm e+ 2p ) +(1—p) LaF+Lad " —LaH "), | —(p+q) LaFc().
=0
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Proof. By using Binet formula of the generalized Leonardo-Alwyn hybrid numbers
Laﬂ{%) = % [r¥ + H,,] and p =1 —p — ¢, we find that

m
r¥(m+1)+ ) H,
j=0

) _
J

Y
2

[T\Ij(m—i_l) +(1 _p)HO+H1 - (p+Q)Hm_ m—i—l]

—X = =

= [P (m+1) + (1 — p)Ho — (p+ ) Hyn) + LaF\” — Lac"), .

“ n 1 r r r
3" Last!) = S rUm +p) = (p+ ) Hu] + (1 - p)La{” + Lad\” — Laxc("),
j=0

1 ' '
= S [¥m+2p+ )]+ (1 —p)La¥{” + LaH{"
a3~ + a3
as desired. n

Remark 5. Fora=b=1 and p = q =r = 1. The summation formula of the
Leonardo hybrid numbers H Le,, is

n
> HLew = HLepya — (n+2)¥ — (20 + 4c + 8h).

m=0

Theorem 5. The exponential generating function for the generalized Leonardo-
Alwyn hybrid number LaJ-CgL) 18

i Laﬂ-fg)ﬁ -t [T\I,et 4 <<1>1\I’16¢1t - q>2\1;2€w1t>] |
m=0 m! l-p—gq Y1 — 1o

Proof. By considering Theorem 2 and p =1 — p — q, we have

i Laf}{(’”)ﬁ _ } 0 i ﬁ I SRV Z;.j:() % — ®y0, ano:() (wfnﬂ
P ™om! — m) V1 — 1o
1 P, ¥t — Po P, et
!
P 1 — 1o
O
For simplicity of notation, let
QYU — Pyrpt
5, = 197" W1 — o)y 2 (14)

Y1 — o
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Then, if p = 1 — p — q, the Binet formula of the generalized Leonardo-Alwyn
hybrid numbers is given by

LaH® = L w4 3¢, (15)
p

Note that H,, 12 = pIHp 1 + ¢, and wJQ- =pyY; +qfor j =1,2.
The Vajda’s identity for the sequence {J{,},>0 and generalized Leonardo-

(r)

Alwyn hybrid sequence {LaXy ' },>0 are given in the next theorem.

Theorem 6. Let n, u and v be integers such that n > 0, u > 0 and n+v > 0.
Then, we have

1

J_CnJruj{nJrv - j{ng{n+u+v = W

(@1P2(—q)" (V1 — ¥g) [V7 VoW1 — Py W1 Ws))
(16)
Lad(") Lar") — La D Lax(),, .
_1 { g 0122(—)" (U — ¥8) [Y7 Ta ¥y — Y50 Uy }
p? +r [WKn (u) = Ko (u) Y]

)

(17)
where Ky (u) = Hyy — Hypgoy

Proof. (16): Using Eq. (14), ®1, ®2, ¥; and ¥y as in Theorem 2, we have

(p2 + 4Q) [g{n+uf}cn+v - j{ng{n+u+v]
= (P TWy — opy L) (R TV — Dol TUT)
— (P1YT ¥ — PpyWy) (PP TV — Dyl T ,)
= Q102(—q)" (¥1 — ¥3) [V ¥1 — Y3V Wy

Note that U1 Wy £ WUsWy in above equation.
(17): By formula (15) and Eq. (16), we get

0 [La3") Lar"), — Lad(® Lar"), +v]

= [V + Hppu) [PV + Hop] = [0 + Fo] [r¥ + FHpuito]
= Hp+uHnto — HnHppugo + 7 [Kn (1) — Ko (u) V]

— g (P12 (W) [ oW — 001 0a]) 7 [0 (1) K ()],
where K, (u) = H,, — Hpgu- O

It is easily seen that for special values of w and v by Theorem 6, we get new
identities for generalized Leonardo-Alwyn hybrid numbers:

e Catalan’s identity: v = —u and n > u.

e Cassini’s identity: u =1, v=—1 and n > 1.
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e d’Ocagne’s identity: u =1, v =m —n and m > n.

Corollary 1. Catalan identity for gemeralized Leonardo-Alwyn hybrid numbers.
Letn >0, u > 0 be integers such that n > u. Then

LaH(), Lag((", — (Lajfg”>>2

D[ @iy (—g) (W — ) s — g | (9
p? 1 [UKn (u) = Kn—u(u) V] '

Corollary 2. Cassini identity for generalized Leonardo-Alwyn hybrid numbers.
Let n > 1 be an integer. Then
2
Laﬂ-(fz?rl[/aﬂ{gzl — (Laf]-fg))

1 { 1)27%@1%(—(1)"71(1#1 — )2) [ W2 ¥y — ;¥ Uy } (19)
p? +7 [UKn(1) = Kp-1(1)¥] ‘

Corollary 3. d’Ocagne identity for generalized Leonardo-Alwyn hybrid numbers.
Let n > 0, m > 0 be integers such that m > n. Then

LaK"") LaK() — LaH() LaK"), |

_1 { ﬁq’l%(—(ﬂ"(% — o) [T Wy — T T D] }
[ (1) — Ko (1) 0] :

-
(20)

3 Matrix representation of generalized Leonardo-Alwyn
hybrid numbers

Now, we will give the matrix representation of generalized Leonardo-Alwyn
hybrid numbers. Also, we obtain a formula for generalized Leonardo-Alwyn hybrid
number Laﬂ{g), in terms of four-diagonal determinant, by using the same kind of
approach that was used by Cereceda in [5].

Theorem 7. Let m > 0 be an integer. Then

o), Laac?),
Lax", | = Quc- | Lax(), |, (21)
Lak"),| LaX.y)

where
I+p ¢g—p —q
0 1 0
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Theorem 8. Let m > 0 be an integer. Then

LaK"., LaSU)., —qLa3), La%{? LaS" —qLa3}
Larx"., LaS") ., —qLax",, | = | Lax{) LaS{) —qLa3d” |- Qi
Laﬂfﬁgll LaSgL)Jr2 —qLafH%) LaJ-CY) Lagg) —qLaU'C(()T)

(22)
where La957:)+1 = Laﬂ-f(mrll —(1 —|—p)Laﬂ-C(mr).
Proof. We use induction on m. If m = 0 then the result is obvious. Assuming the

formula (22) holds for m > 0, we shall prove it for m + 1. Using the induction’s
hypothesis and relation (1), we have

La¥{” LaS{" —qLat{’
Laﬂ'fgr) LaSéT) —qLaj-CY) : Q{H_l
LaXH Y) La9g) —qLaJ{(()T)

[ Lar) LaSy) —qLad() l+p ¢—p —q
— Laﬂ'fg) Lagér) —qLaJ‘CY) . Q% . 1 0 0
i LaJ-CY) La9§’") g Laﬂ{((f) 0 1 0

[ La3). LaS\), —qLa¥S), | [14p g—p —p
= | La3(}), LaSyh, —qLadCy), 1 0 0
| Lax", Lag", —qLa¥ly o 10
I Laﬂ‘f,(qz:_4 (g — p)La9,(;)+3 - qLa9$72)+2 —qLaJ‘Cgl_?)

= Laﬂ'fglg (q— p)LCLQS;LQ - qLagx)ﬂ —qLanglQ

i Laﬂ-fglz (q— p)LGSgll — qLaG) —qLafoll

[ Laﬂ{%4 La9%23+5 —qLaJ{%z;r?)
= | Lad,.3 La$,, —qLad(,,

L Lag{glz La9572)+3 _qLafHS;L
which ends the proof. O

Remark 6. Fora=b=1 and p=q =r = 1, we have the matrix representation
of hybrid Leonardo numbers H Le,, as follows

HLepts —HLept1 —HLepio HLes —HLey —HLesy
HLep4+o2 —HLe, —HLent1 | =| HLes —HLey —HLer |- Q7
HLeynt1 —HLeyn—1 —HLe, HLey, —HLe_1 —HlLeg
where
2 0 —1
Q=110 0
01 0

Now, we present another way to obtain the m-th term of the generalized
Leonardo-Alwyn hybrid sequence as the computation of a four-diagonal matrix.
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We shall adopt the ideas stated in [5, p. 277] using the following result which is
stated in such work:

Theorem 9. Let {xy}n>1 be any third-order linear sequence defined recursively
by the following:
Tn43 = UTpi2 + VTpi1 + Wy, n >0,

with xtg = A #0, xt1 = B and xo = C. Then, for alln > 0:

A 1 0 0
Au—B  wu L 0
0 Bu—-C u w . - 0
Tn = 0 A —% U w 0 (23)
0 0 Lo—r oy
: : T w
1
0 o 0 & —u v (n+1)x (n+1)

In the case of the generalized Leonardo-Alwyn sequence and taking into ac-
count the recurrence relation (1), we have u = 1+ p, v = ¢ — p, w = —q, and
initial conditions LafH[()T), Lai}{Y) and Lang). Then, by the use of the previous
theorem, we have the following result which gives a different way to calculate the
n-th term of this sequence:

Proposition 2. Forn > 0, we have

Lok 1 0 0
-1

Au-B 1+p  (Lad{)) 0 0

0 Bu-C 1+p —q 0
(r) _
Lafeim =10 Lag® b l+p —q¢ - 0
0 0 4 TP 14p
. . . 1 . —q
. _ 1 q—p
0 0 ¢ 7 TPl
(24)

where Au— B = (14 p)LaH)) — LaH\" and Bu—C = (1 +p)LaH\” — Lagc{".

4 Conclusions

In this paper, the sequence of generalized Leonardo-Alwyn hybrid numbers
defined by a recurrence relation of third order was introduced. Some properties
involving this sequence, including the Binet formula and the generating function,
were presented. In the future, we intend to discuss the generalized Leonardo-
Alwyn hybrid number with negative subscripts and the generalized Leonardo-
Alwyn quaternion.
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