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ON CAUCHY-RIEMANN STRUCTURE AND
INTEGRABILITY CONDITIONS OF F-STRUCTURES
SATISFYING F? — F2 4+ F =0

Fethi LATTI! and Abderrahim ZAGANE*?2

Abstract

In this paper, we present the F-structures satisfying F3 — F2 4+ F = 0 and
then we study the Cauchy-Riemann structure and the relationship between
it and the F-structure. We also discuss some problem of integrability, partial
integrability and complete integrability for this structure. Finally, we also
provide some examples of the F-structure.
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1 Introduction

The theory of F-structure satisfying F* + F' = 0, where F is a nonzero tensor
field of type (1,1) on a differentiable manifold, was developed by Yano [20, 21],
Ishihara and Yano [8] , Nakagawa [12], Vohra [14], Matsumoto [11] and Baik [2].
There are papers that include other forms of structures that are generalizations of
the F-structure, and their authors study some properties related to the structures
such as the integration conditions of the F- structure, the CR-structures, the
parallelism of the distributions, and the submanifolds of the F- manifold, and
have been published in research papers, most notably: [4, 5, 6, 9, 19].There are
also some recent studies related to the F-structure, such as [10, 13, 17, 18, 15, 16].
For this reason, the field of F-structures on a differentiable manifold remains a
rich field of research in differential geometry, and is of particular interest to this
day.
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The main purpose of the present paper is to study the F-structure satisfying
F3 — F?2 + F = 0. After stating introduction, we study in section 2 some basic
properties of operators [ and m defined by F-structure. In section 3, we prove
some properties of Nijenhuis tensor of F', [ and m, while in Section 4 we study
the Cauchy-Riemann structure and the relationship between the F' structure. In
section 5 we establish a necessary and sufficient conditions for integrability of
the distributions induced by operators. In section 6, we investigate the Partial
integrability and complete integrability conditions of the F-structure, while in last
section, we provide some examples of the F-structure.

2 The F-structure satisfying F? — F? + F =0

Let M™ be an n-dimensional manifold. A distribution D of dimension k£ on
M is a subbundle of T'M such that, for all point = of M, D, is a k-dimensional
subspace of T, M. A vector field X on M is said to belong (tangent) to D if
X, € D, for all z € M. The set of vector field belong to D is also denoted by
D. D is said to be involutive if [X,Y] belongs to D for every vector fields X,Y
belonging to D i.e. [X,Y] € D, for every vector fields X,Y € D. A submanifold
N of M is called an integral manifold of D, if T, N = D, for any point x € N.
We say the distribution D is integrable if through each point of M there exists
an integral manifold of D. We need the classical theorem of Frobenius, which we
formulate as follows ([3, p.197]). A distribution is integrable if and only if it is
involutive (see [7] for more details).

Let M™ be an n-dimensional manifold and F' be a nonzero (1, 1)-tensor field
on M of rank rank(F) = r satisfying the polynomial equation:

F3—F?*+F=0, (1)

such a structure on M is called an F-structure of rank r and of degree 3. If the
rank of F', rank(F') = r = constant, then M is called an F-structure manifold of
degree 3.
We define two operators [ and m on M respectively by

I = _F37 (2)
m = I+ F3, (3)

where I denotes the identity operator on M, then we get
Lemma 1. Let M be an F-structure manifold, then we have
l+m = 1, (4)
& (5)
m? m, (6)
(7)
(8)
(9)

~

Fl
Fm mF =0,

Im = mil=0.

I
=
[

=
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Proof. i) Combining (2) and (3) we get (4).

ii) 1> = (F?—F)?
F*—2oF3 4 F?
—F3 4+ F*—F3 4+ F?
|+ F(F3—F*4+F)
= I

iii)ym? = -1 =1-2+P=T-21+1=I1-1=m.
iv) Fl= —FF3=—F(F*-F)=-F34+F?=F.
v)Fm=F(I —1)=F - Fl=0.

vi)im=1I—-1)=1-1*=1-1=0.

0
Lemma 2. Let M be an F-structure manifold, then we have
F32] = |F32 = 32, (10)
F3%m = mF3?% =y, (11)
Proof. In consequence of (7) and (8), we get (10) and (11) . O

Proposition 1. Let M™ be an F-structure manifold, the following identities hold

Iml, = kermg, (12)
Imm, = kerl,, (13)
Iml, = ImF,, (14)
kerl, = kerFy, (15)
.M = Iml, ®Imm,, (16)
dim(Iml,) = r, dim(Imm,;) = n—r, (17)
kerl, = keer/Q, (18)

for allx e M.

Proof. For all xt € M and X € T, M.

(1) If X € Iml,, Thereis Z € T, M, X =1Z, using (9), we have

mX = mlZ =0, then X € kerm,.

Conversely, If X € ker m,, so mX = 0, using (4), we have [X = X, and from it
X € Iml,. Therefore Iml, = ker m,.
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(7i) The formula (13) is obtained by a proof similar to that of the formula (12).

(797) If X € Iml,, There is Z € T,M, X =1Z, using (2), we have

X =—-F3Z =FY,whereY = —F?Z € T,M, then X € Im F,.

Conversely, If X € ImF,, There is Z € T,M, X = FZ, using (7), we have
=IFZ =1Y,whereY = FZ € T, M, then X € Iml,.

(vi) The formula (15) is obtained by a proof similar to that of the formula (14).

(v) By applying the well-known rank theorem in linear algebra on T, M, we find

T, M =Iml, @ kerl,, using (13), we get T, M = Iml, ® Imm,.

(vi) By (14) and (16), we find dim(Im/;) = dim(Im F,) = rank(F) = r and

dim(Immg,) =n —r.

(vii) The formula (18) is obtained by a proof similar to that of the formula (14).
O

Thus the operators [ and m acting in the tangent space at each point of M are
therefore complementary projection operators and there exist two complementary
distributions D; = Im[ and D,,, = Im m corresponding to the projection operators
[ and m respectively. From (17), the dimensions of D; and D,,, are r and n — r
respectively.

From (10), we find

(F3/2)2l _ (F3/2)2 By —
it is clear that F3/2 acts on D; as an almost complex structure and on D,,, as
a null operator. Hence r must be even, say r = 2k.
3 Nijenhuis tensor
The Nijenhuis tensor Ng of F' is expressed as follows
Np(X,Y)=[FX,FY] - F[FX,Y] - FIX,FY] + F?[X,Y], (19)

for any vector fields X and Y on M.

The integrability of F-structure is equivalent to the vanishing of the Nijenhuis
tensor [7, 8, 22].

The Nijenhuis tensor N satisfies the following relations:

Np(mX,mY) = F*mX,mY], (20)
INp(mX,mY) = F2[mX,mY], (21)

mNp(X,Y) = m[FX,FY], (22)
mNp(FX,FY) = m[F?X,F%], (23)
mNp(IX,1Y) = m[FX,FY], (24)

for any vector fields X and Y on M.
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Proposition 2. Let M be an F-structure manifold, we have the following equiv-
alences

mNp(X,Y)=0 & mNp(FX,FY)=0 < mNp(IX,lY)=0, (25)
for any vector fields X and'Y on M.
Proof. The proof follows from (22), (23) and (24). O

Proposition 3. Let M be an F-structure manifold, we have the following equiv-
alence

Np(FX,FY)=0 < Np(X,lY)=0, (26)
for any vector fields X and'Y on M.

Proof. (i) Assume that Np(FX,FY) = 0, we replace X,Y with —F?X, —F?Y,
respectively, we obtain Np(IX,lY) = 0.

(ii) Conversely, assume that Np(IX,lY) = 0, we replace X,Y with FX, FY,
respectively, we obtain Np(FX, FY) = 0. O

Proposition 4. Let M be an F-structure manifold. If F is integrable, then we
have

(i) —F[FX,FY]+F[X,Y]=1([FX,Y]+[X,FY)),
(ii) [FX,FY]=I[FX,FY],
(i) m[FX,FY]=0,

for any vector fields X and'Y on M.
Proof. (i) Since Np(X,Y) = 0 we obtain
[FX,FY]+ F*[X,Y] = F([FX,Y] + [X,FY]),
operating on it by —F? we get
~F*([FX,FY]+ F?*[X,Y]) = —-F*([FX,Y] + [X, FY]).

Using (2) and (7), we find

—F?[FX,FY]|+ F[X,Y] = ([FX,Y] + [X,FY]).
(74) From (7), we find

Np(X,Y)—-INp(X,Y)=[FX,FY]|-I[FX,FY], (27)

since Np(X,Y) = 0 we obtain, [FX,FY|=I[FX, FY].
(797) Using (4), we find m[FX,FY] = 0. O
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Let N; and N,, denote the Nijenhuis tensors corresponding to the operators [
and m respectively, then

N(X,Y)
Np(X,Y)

= [IX,1Y]—I[X,Y] - [X,1Y] +1[X,Y],

= [mX,mY] —m[mX,Y] —m[X,mY]+m[X,Y],

for any vector fields X and Y on M.

Proposition 5. Let M be an F-structure manifold, then we have

Ni(X,Y) = Np(X,Y) = m[IX, Y] + [[mX, mY], (28)

for any vector fields X and Y on M.

Proof. Using (4), we have, [X + mX = X, then

Nl(Xay) =

Np(X,)Y) =

X, 1Y] — (IX,1Y +mY] — [IX +mX,1Y]

HIX + mX, 1Y +mY],

X, 1Y] — I[IX,1Y] — [[IX, mY] — I[IX,1Y] — ([mX,1Y]
HIX, 1Y) + I[IX, mY] + [[mX, 1Y] + [[mX, mY]

X, 1Y] — (IX,1Y] + [[mX, mY]

m[lIX, Y]+ [mX,mY].

[mX,mY] —m[mX,lY +mY]

+m[IX +mX,lY +mY],

[mX, mY] — m[mX, Y] — m[mX, mY] —m[lX,mY]
—m[mX, mY] + m[lX, Y]+ m[X,mY] +m[mX, Y]
+m[mX, mY]

[mX, mY] —m[mX,mY]+m|[lX,lY]

miX, Y]+ 1mX, mY].

By virtue of Proposition 5, we get the following proposition.

Proposition 6. Let M be an F-structure manifold, the both operators | and m
are integrable if and only if

N(X,Y) =0,

for any vector fields X and Y on M.



On Cauchy-Riemann structure and integrability conditions 119

Proposition 7. Let M be an F-structure manifold, the following identities hold

N(X,lY) = m[lX,lY], (29)
Ni(mX,mY) = ImX,mY], (30)
N(X,Y) = N(X,1Y)+ N(mX,mY), (31)
mNp(X,Y) = N(FX,FY), (32)
N(X,mY) = 0,
Ny(mX,lY) = 0,
for any vector fields X andY on M.
Proof. By virtue of (5), (6), (9) and (28), we get
(i) N(X,1Y) =m[*X, Y]+ [[mIX,mlY] = m[IX, Y],
(@)  Ny(mX,mY) =m[ImX,ImY] + I[m*X,m?Y] = I[mX, mY],
(i)  N;(IX,mY) = m[I>X,ImY] + [[mIX,m*Y] = 0,
(iv) N (mX, 1Y) =m[lmX,2Y] + {[m*X,mlY] = 0.
(v) By virtue of (28), (29) and (30) we get (31).
(vi) In (29), replacing X,Y with FX, FY, respectively, we find
Ni(FX,FY) = m|FX,FY].
By (22), we obtain (32). O

Proposition 8. Let M be an F-structure manifold, the following identity hold
Np(mX,mY) = F2N;(mX,mY),
for any vector fields X and Y on M.

Proof. By virtue of (30), we have N;(mX,mY) = [mX, mY], operating on it by
F?, we find F2N;(mX,mY) = F?[mX, mY].

On the other hand by (20), we have Np(mX,mY) = F?[mX,mY].

Hence Np(mX,mY) = F2N;(mX,mY). O

4 Cauchy-Riemann structure

Let TCM denotes the complexified tangent bundle of differentiable manifold
M defined by

T°M ={X +jY: X,Y € TM}=TM @ C,

where j is the imaginary unit.

A CR-structure on M is a complex subbundle H of T¢M such that H is
involutive and H N H = {0}, where H denotes the complex conjugate of H. In
this case, we say M is a C'R-manifold.
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Let F-structure on M of rank r = 2k satisfying the equation (1). We define
complex subbundle H of TCM by

H= {X _FX, X e Dl} . (33)
Then, we have
Real(H) = D; and H N H = {0}. (34)
Indeed

ZEHNH = Z=X-—jF¥?X =X+ F¥?X, X €D,
= F¥2X =0
= Z =X €ker F3?,

from, (13), (16) and (18), we have Z € ker F3/2 = kerl = D,,
Z € DN Dy, = {0}.

Lemma 3. Let M be an F-structure manifold, the following identity hold

[P,Q] = [X,Y] — [F32X, F3?Y] — j([F*2X,Y] + [X, F3/2Y)), (35)
for any P =X — jF32X,Q=Y — jF32Y € H, where X,Y € D.
Proof.

[P.Q] = [X—jF*X,Y — jF*?Y]
= [X7 Y] + [X, —jF3/2Y] + [_jFS/ZX, Y] + [_jF3/2X7 _]F3/2Y])
— [X,Y] — [F3/2X, F3/2y] —j([FS/ZX,Y] + [X, FS/QYD

Lemma 4. Let M be an F-structure manifold, the following identity hold

I([F*?X,Y] + [ X, F32Y)) = [F3?X,Y] + [X, F3?Y], (36)
I[F32X, F3/%y] = [F3/2X, F3/%Y], (37)

for any XY € D;.
Proof.

W(F32X, Y]+ [X, F32Y]) = I(F¥2XY - Y.F32X + X.F3?y — F3/?Y.X)
IF32XY —1Y.F32X + IX. P32y —IF3?Yy.X

As X,Y € D;, we have [X = X,lY =Y and using (10), we get

WF3X, Y]+ [X,F3%Y)) = F32Xy —Y.F3?X + X F3%y — P32y X
(32X, Y]+ [X, F3/%Y].

The formula (37) is obtained by a similar calculation. O
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Theorem 1. Let M be an F-structure manifold. If F3/% is integrable, then the
complex subbundle H defined by (33) is a CR-structure on M.

Proof. From (34), we have Real(H) = D; and H N H = {0}. It remains to show
that H is involutive, let P = X — jF3/2X, Q = Y — jF32Y € H, such that
X,Y € D;. Using using (35), (36) and (37), we get
(P.Q] = [X,Y]=[FPX, F*PY] - j([F*PX, Y]+ [X, F3?Y]).
Since F3/2 is integrable, then Nps2(X,Y) =0 ie.
[F3/2X, F32Y) — [X,Y] = F¥2([F32X,Y] + (X, F¥?Y]),
operating on it by —F3/2 we get
—F3([F32X, F3%Y) — [X,Y]) = I[F*2X, Y] + [X, F3/2Y),
hence,
F2([X,Y] - [F32X, F3%Y]) = [F*?X,Y] + [X, F3/?Y),
from that we find,
[P,Q] = [X,Y]—[F32X,F32y] - jF3?(X,Y] - [F*?X, F3*Y]) € H.

O]

5 Integrability conditions of distributions induced of
F-structure

Theorem 2. Let M be an F'-structure manifold. The distribution D; is integrable
if and only if

N(IX,1Y) =0, (38)
for any vector fields X and Y on M.

Proof. The distribution D is integrable if and only if for any vector fields X and
Y on M we have

[IX,1Y] € D,.

By virtue of (12) and (29) we get,

[IX,1Y] € D; & m[lX,1Y] =0« N(X,1Y) = 0.
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Theorem 3. Let M be an F'-structure manifold. The distribution D,y is integrable
if and only if

N(mX,mY) =0, (39)
for any vector fields X and Y on M.

Proof. The distribution D,, is integrable if and only if for any vector fields X and
Y on M we have
[mX, mY] € Dp,.

By virtue of (13) and (30) we get,
[mX,mY] € D, < ImX,mY]=0< N(mX,mY)=0.
O

Theorem 4. Let M be an F-structure manifold. The distributions D; and D,
are both integrable if and only if

N(X,Y) =0,
for any vector fields X and Y on M.

Proof. (i) Suppose that D; and D,, are both integrable. It follows from (38) and
(39)
N,(IX,1Y) =0, Nj(mX,mY) = 0.

By virtue of (31) we have,
N(X,Y) = N(X,lY)+ Ni(mX,mY) =0.
(73) Conversely, assume that N;(X,Y) = 0. It follows from (31) that
N(IX,lY) + Ny (mX,mY) =0.
We replace in him X, Y by (XY (resp. by mX, mY ), we get
N(IX,1Y) =0, (resp. Ny (mX,mY") = 0.
Then, D; and D,, are both integrable. O

Theorem 5. Let M be an F'-structure manifold. The distribution D is integrable
if and only if

Np(X,Y) = INp(X,Y), (40)

for any vector fields X and'Y on M.
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Proof. Suppose that, D; is integrable, then for any vector fields X and Y on M
we have

[IX,lY] € Dy.
Using (4) and (12), we get

IX,1Y]e D, < mlX,1Y]=0
& [IX,1Y] = 1[IX,1Y]=0. (41)

In the last equation we replace X,Y with FX, FY, respectively and using (7) we
obtain

[FX,FY]—I[FX,FY] =0. (42)

Using (27), we find Np(X,Y) = INp(X,Y).

Conversely, suppose that Np(X,Y) = INp(X,Y), then from (27) we obtain (42).
Replacing X and Y with —F2X and —F?Y, respectively and using (2) we obtain
(41), which implies [IX,lY] € D, i.e D; is integrable. O

Theorem 6. Let M be an F-structure manifold, the following conditions are
equivalent

) D is integrable,

) N(IX,lY) =0,

) Np(X,Y)=INp(X,Y),
(iv)  mNp(X,Y)=0,

)  mNp(FX,FY)=0,

) mNp(X,lY)=0,

) N(FX,FY)=o0,

for any vector fields X and Y on M.

Proof.
) From Theorem 2, we have (i)
2 (4)

a (id).
(

(3) From (4), we get (iii) < (iv).

(

(

(

=
From Theorem 5, we have (i) < (iii), hence (ii) < (ii7).

)
)
4) From (25), we get (iv) < (v) < (vi).
5) From (32), we get (iv) < (vii), hence (vi) < (vii).
)

6) Suppose that N;(FX,FY) = 0. Comparing it with (22) and (32), we obtain
m[FX,FY] = 0. In this, we replace X by —F?X and Y by —F2Y, respectively,
we obtain

mlX,lY]=0 < [IX,1Y]€D,.

Hence, (vii) < (7). O
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Theorem 7. Let M be an F'-structure manifold. The distribution D, is integrable
if and only if

Np(mX,mY) =0, (43)
for any vector fields X andY on M.

Proof. The distribution D,, is integrable if and only if [mX, mY] € D,, for any
vector fields X and Y on M. Using (13), we get

mX,mY] € D,, = ImX,mY]=0
= FimX,mY]=0
= F?mX,mY]=0.

From (20), we get Np(mX,mY) = 0.
Conversely, assume that Np(mX,mY) = 0, from (20), we find F?[mX,mY] = 0.
Operating on it by —F we get [[mX, mY] = 0, i.e. [mX,mY] € D,,, hence the
distribution D,, is integrable.

0

By virtue of Theorem 3, Theorem 7 and Proposition 8, we get the following
Theorem.

Theorem 8. Let M be an F-structure manifold, the following conditions are
equivalent

) Dy, is integrable,

) Ni(mX,mY) =0,
(it)  Np(mX,mY) =0,

) INp(mX,mY) =0,

) FINy(mX,mY) =0,
for any vector fields X and'Y on M.

From Theorem 5 and Theorem 7 we deduce:

Corollary 1. Let M be an F-structure manifold. If F' is an integrable structure,
then both distributions D; and D,, are integrable.

Remark 1. Let M be an F-structure manifold. If both distributions D; and D,,
are integrable, F' not necessary integrable. see (Example 3).

Theorem 9. Let M be an F-structure manifold. The distributions D; and Dy,
are both integrable if and only if

Np(X,Y) = INp(IX,1Y) + Np(IX,mY) + Np(mX, 1Y), (44)

for any vector fields X and'Y on M.
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Proof. i) Suppose that D; and D,,, are both integrable. Using (4), we get
Np(X,Y) = Np(IX +mX,IY +mY)
= Np(IX,1Y) + Np(IX,mY) + Np(mX,1Y) + Np(mX,mY). (45)
Then from (40) and (43), we have
Np(X,Y)=INp(X,Y) and Np(mX,mY) = 0.

By virtue of (45), we get (44).
i7) Conversely, assume that (44) is satisfied. Using (45), we find

INF(IX,1Y) = Np(X,1Y)+ Np(mX,mY).

In this relation we replace X, Y with mX, mY respectively, we get Np(mX, mY') =
0, as well INp(IX,1Y) = Np(IX,lY). i.e. D; and D,,, are both integrable. O

By virtue of Proposition 6, Theorem 4 and Theorem 9, we get the following
Theorem.

Theorem 10. Let M be an F-structure manifold, the following conditions are
equivalent

) I and m are integrable,

(i) Dy and D,, are integrable,
) Ni(X,Y)=0,

(i)  Np(X,Y)=INp(X,1Y) + Np(IX,mY) + Np(mX, 1Y),

for any vector fields X andY on M.

6 Partial integrability and complete integrability of
F-structure

Suppose that the distribution D; is integrable and take an arbitrary vector
field U in an integral manifold of D;. We define an operator F' by
FU = FU,

then F leaves invariant tangent spaces of every integral manifolds of D;. Also,
(F)3/2 acts as an almost product structure on each integral manifold of D;.

For any vector fields U and V tangent to integral manifold of D;, we denote
by

Nz(U,V) = [FU,FV] - F|[FU,V| — F[U,FV] + (F)*[U, V],

the Nijenhuis tensor of the structure F induced on each integral manifold of D;
from the structure F'. Then we have

Nz(IX,1Y) = Np(IX,1Y), (46)
for any vector fields X and Y on M.
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Definition 1. [22] We call an F-structure to be partially integrable if the dis-
tribution Dj is integrable and the structure F induced from F on each integral
manifold of Dy is integrable. see[7, 14].

Theorem 11. Let M be an F-structure manifold. A necessary and sufficient
condition for an F-structure to be partially integrable is that one of the following
equivalent conditions be satisfied:

Nr(IX,lY) =0, (47)
or
Np(FX,FY)=0,
for any vector fields X andY on M.

Proof. Suppose that F-structure is partially integrable, then from (26) and (46),
we find Nz(IX,1Y) =0« Np(IX,lY) =0« Np(FX,FY)=0.

Conversely, from (26), we have Np(IX,lY) = 0 & Np(FX,FY) = 0, then by
(46), the structure F is integrable. Also Np(IX,1Y) = 0, implies mNp(1X,1Y) =
0, by Theorem 6, we find, D; is integrable. Thus F-struoture is partially inte-

grable. O

Definition 2. [1] Let M be an F-structure manifold. An F-structure is said to
be completely integrable if the distribution Dy and Dy, are both integrable, and the
structure F' induced from F on each integral manifold of Dy is integrable.

From Definition 1 and Definition 2, we have the following theorem.

Theorem 12. Let M be an F-structure manifold. A necessary and sufficient
condition for an F-structure to be completely integrable is that the distribution
D,,, is integrable and that the F-structure is partially integrable.

Theorem 13. Let M be an F-structure manifold. In order that the F-structure
to be completely integrable, it is necessary and sufficient that

Np(X,Y) = Np(IX,mY)+ Np(mX,lY). (48)
for any vector fields X and'Y on M.

Proof. i) Suppose that the F-structure is a completely integrable, i.e. D,, is
integrable and F-structure is partially integrable. Using (43), (45) and (47), we
get (48).

i7) Conversely, assume that (48) is satisfied. Using (45), we find

Np(IX,lY) 4+ Np(mX,mY) = 0.

In this relation we replace X,Y with mX, mY respectively, we get (43), as well
(47), i.e. Dy, is integrable and F-structure is partially integrable, hence the F-
structureis is completely integrable. O
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Theorem 14. Let M be an F-structure manifold. In order that the F-structure
to be integrable, it is necessary and sufficient that the F-structure is completely
integrable and

Np(IX,mY) = —Np(mX,1Y),

for any vector fields X andY on M.

7 Examples

Example 1. Let (21, 22) be the Cartesian coordinates of C* and F be a tensor of
type (1,1), defined by
Ly
F= )
(5 3)

It is easy to find out that rank(F) =2 and F3 — F? + F = 0. Then we have
l=—F3=1, m=1-1=0,
(D). = T.C?%, (D). = {0},

where z = (21, z2) € C2?, it’s easily verified that

Np(8s,,0:,) = [FO:,, FO., ] = FIFOs,,0:,] = Fl0s,, FO,] + F?[0,,,,0,,] = 0,

forallk,h =1,2, i.e. F is integrable (partially, completely) integrable, as well D,
and Dy, are integrable.

Example 2. Let (x1,13) be the Cartesian coordinates of R? and F be a tensor of
type (1,1), defined by
1 -1
F= < b ) |

It is easy to find out that rank(F) =2 and F3 — F? + F = 0. Then we have
l=-F=1I m=I1-1=0,
(D)o = ToR?, (Din)s = {0},

where x = (x1,x2) € R?, it’s easily verified that

NF (O, On,,) = [FOu, FOy,] = FIF 0y, 0,] = FlOs,, Fg,) + F*[0s,,0,] = 0,

forallk,h = 1,2, i.e. F is integrable (partially, completely) integrable, as well D,
and Dy, are integrable.
—a —b
We put G? = F3 = I, i.e. G = F3/2 = (=I)Y/2, then for G = | 14 a2 ,
a
b
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we get G* = F3 = —] where a,b are real constants and b # 0. Because F3/2 is
integrable, then

—a —-b
H — {X—jF3/2X,XeD,}= X—j| 1442 X, X € TR?
b a
x + j(ax + by)
= ].+CL2 ,ﬂj‘,yGR

y— it ay)
1s C' R-structure.

Example 3. On M = {x = (71,29, 23,74) € R}, 21 # 0} (4-dimensional mani-
fold), we define the tensor F' of type (1,1), by

0 0 =z O
1
0 0 0 —
F == 1 :E]'
-—— 0 1 0
1
0 —X1 0 1

It is easy to find out that rank(F) =4 and F? — F? + F = 0. Then we have
l=-F"=1, m=1-1=0,

For all vector fields X andY on M, we have, mNp(X,Y) =INp(mX,mY) =0,
©.e. Dy and D, are both integrable.

NF(axuaxz) = [FamaFaxQ] - F[Faa:nam] - F[aaruFam] + F2[81’178562]

-1 -1
= [—0uy, —210s,] — F|— 044, 03,| — F[0z,, —2102,] + 0
X1 z

1
= — 0y, + 0y, #0.
€1

Hence F' is not integrable. We also have
Np(10y,,102,) = Np(0zy,0x,) # 0, then F is not partially (completely) integrable.
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