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UNIVALENCE CRITERIA FOR CERTAIN INTEGRAL
OPERATOR
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Abstract

Dedicated to the memory of Professor Petrica Dicu
In this paper we introduce a new general integral operator for analytic
functions in the open unit disk U in C as an extension of the integral operator
defined by P. Dicu, M. Dicu and A.F. Albigoru. We focus our attention on
some sufficient conditions for the univalence of the integral operator. We end
this paper with a remark on a modification of the studied integral operator.
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1 Introduction

Let A be the class of functions of the form

f(z)=z+ Zanz”
n=2

which are analytic in the open unit disc U= {z € C : |z| < 1} in C and satisfy
the usual normalization f(0) = 0 and f/(0) = 1. Also, let us denote by S the
subclass of A that contains the functions f € A that are also univalent in the unit

disc U (for details, one may consult [5], [7], [8], [9] or [11]).
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Recall that Bucur, Andrei and Breaz (see [3]) introduced the integral operator
Jo : A X A — A defined by

e = [ 9] a )
Jo(f,9)(2) = / [} t, zel, 1
“ o L9'(t) ’

where a € C has the property that Reae > 1. For the operator J, the authors
obtained univalence conditions, starlikeness and convexity properties.

A first generalization of the integral operator J, was introduced by Dicu, Dicu
and Albigoru in [4]. The authors studied the integral operators

Rt = [s [ T o o @)

for g € C with 8 # 0 and fj,g; € A, for j € {1,...,n}, respectively

Gan)e) = {5 [ [;f((g]vdt}é, ®)

where 3,7 € C with 8 # 0 and f,g € A. It is easy to observe that Gz = Fi g.

In our paper we try to extend the ideas presented above, combining the integral
operators I, g and Gg, in the form of a new integral operator G, g that will
be defined in the next section. For the operator G, g we prove some sufficient
conditions of univalence on U together with other particular properties.

2 Preliminaries

Let 3,7,...,7n € C be such that 3 # 0. For every fj,g; € A, with j €
{1,...,n}, we introduce the integral operator G, 5 : A" x A" — A given by

Gn,ﬁ(z):{ /tﬁln[ef] } }‘1’, 2 el (4)

0

In this paper we study this operator together with some natural modifications of it
(see Section 4). For this type of integral operators we present sufficient conditions
of univalence on U.

Remark 1. It is clear that G g = G defined by (3), for B,y € C with 3 # 0.
Moreover, if B = 1, then G, 1 is a generalization of the operator J,. In particular,
Gi1 = Ja, for a = v € C. Other important results related to similar integral
operators were obtained by Barbatu and Breaz (see e.g. [1]), Blezu and Pascu
(see e.g. [2]), Frasin (see e.qg. [6]), Pescar (see e.g. [13], [15], [14] and [16]) and
Stanciu (see e.g. [17]). See also [3] and [4].

Together with the definition presented above, let us recall some useful results
obtained by Pascu (see e.g. [12]; see also [2]), respectively by Pescar (see e.g. [13])
related to the univalence of a general integral operator in U.
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Lemma 1. Let f € A and o € C with Rea > 0. If

1— ‘Z|29Rea Zf”(Z)
Rea f'(2)

then for all B € C with ReS > Rea, the function

<1, zel, (5)

|

Ft) = |8 [ et roal (6)

0

is analytic and univalent on U.

A natural modification of the operator Fjg was considered by Pescar in [13].
He obtained a sufficient condition of univalence for this new integral operator on
U.

Lemma 2. Let f € A, B € R with 8 > 1 and let ¢ € C be such that |c| < % and
c#—1. If
’f"(z)

f'(2)

<1, ze€el,

then the integral operator

Hy(z) = {5/; [tf’(t)}ﬁldt}é

is analytic and univalent on U.

Another important result that will be used in the main part of the paper is
the generalized Schwarz’s lemma (see e.g. [5], [8]).

Lemma 3. Let f : U — C be a holomorphic function on U such that |f(2)| < M,
where M > 0 is a fized real constant. If in the origin f has one zero with the
multiplicity order greater that m € N, then

[f(2)] < M[z™, zeU.
The equality holds in the previous relation for z # 0 if f(z) = e Mz™, for all
z€U and 6 € R a given constant.

An important subclass of A that can be considered in this context was intro-
duced by Liu and Yang in [10]. For a € (0,2] they defined the family S(«a) of
functions f € A that satisfy the following two properties (for details, one may
consult [10]; see also [4]):

e f(z)#0, forall z€ U\ {0}

|55
f(z)
Lemma 4. Let o € (0,2]. If f € S(«), then

22f(z
[f‘é;g]g—l‘gﬂz*P, zeU. (7)

< a, for all z € U.
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3 Main results

Our main results give sufficient conditions for the integral operator Gy, g de-
fined by (4) to be univalent in the open disk U. The first theorem presented in
this section is a generalization of [4, Theorem 3]. Based on the univalence criteria
proved in the main result we can also obtain two consequences related to the inte-
gral operator G, g. Note that the proof of Theorem 1 follows the ideas presented
in the proof of Theorem 3 in [4].

Theorem 1. Let f;,g; € A be such that
2 fi(2) g5 (2)
[£i(2)]? 9;(2)

where Mj, N; € R are strictly positive constants, for every j € {1,...,n}. Also, let
ByY1y s € C be such that Res = a > 0 and

—1‘<1, |fi(2)| < M; and

SN]‘, z €U,

n
¢ yl2MF + Nj) <1,
j=1

1
where ¢ = ﬁ(ﬁ) 2a. Then the integral operator G, g given by (4) belongs to

the class S.

Proof. Let us consider the function h : U — C be given by

h(z) = /0 ﬁl [%]Wdt, ceU (8)

It is not difficult to observe that A is holomorphic on U and

ﬁ[ fj(z] 2 eU. 9)

7j=1
Moreover,
nL[eh OB fa)gh(2) — SO )
6= 3| { o 1L T
=LY 9j k=14 T
and then

zh” 297 (%)
Z Vi |# f J di(z) |
From the previous relation, we obtaln

1— ’Z‘Q%eﬂ Zh"(z)
Refs h(z)

1— |Z|2£Re6
N Res

;w ) - Zgj?;ij)] |

2a
Lo \erm [\f

| /\
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According to the Schwarz’s lemma for the functions f;, where j € {1,...,n}, we
deduce that
[fi(2)] < Mjlz|, 2€U

and then
1— ‘Z‘Q%eﬁ zh"(2) - 1_ ’2a| ’Z| |[|f //(Z) :|
< z v
Ref W(z) a J 9;(2)
W [ I LEETY
’ P 2 g;(2)
Next, taking into account that
_ ‘Z|2£Re,8 o |Z|2a 9 1 %a
2| = 2] < =¢,
Ref a 1+2a\2a+1
for all z € U and 8 € C with Ref = a > 0, we obtain that
1 — |2[28 h” 2f’( ) 2
Ref W (= Z | 3’ Mj + N
< CZ |’)/j’(2Mj2 + Nj)
j=1
<1
according to the hypothesis. Finally, we have that
_ 2ReS "
1—|z] zh"(z) <1 (10)
Ref N (2)

and based on Lemma 1 we conclude that the operator G, g given by (4) belongs
to the class S. ]

If we consider that M; = N; = M € R is strictly positive, for every j €
{1,...,n}, then we obtain the following consequence of Theorem 1:

Corollary 1. Let fj,g; € A be such that

21 | e
Bk <1 i< g | =M

for every j € {1,...,n} and z € U, where M € R is a strictly positive constant.
Also, let 8,71, ...,n € C be such that ReS =a > 0 and

n
MM +1)) |yl <1,
j=1

_ 2 1
where ¢ = 1+2a(1+2a

the class S.

1
)2“. Then the integral operator G, g given by (4) belongs to
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Moreover, if M = 1 in Corollary 1, then we deduce the following simplified
result:

Corollary 2. Let f;,g; € A be such that

20() | /()
oE Y <L i< o el

for every j € {1,....,n} and z € U. Also, let 8,71, ....7n € C be such that Reff =
a >0 and

n

Sl < 5

: =3¢

7j=1

1
where ¢ = ﬁ(ﬁ) 2« Then the integral operator Gy, g given by (4) belongs to

the class S.

Remark 2. For =1 and v; = o, where j € {1,...,n}, we obtain a new proof
of the univalence of the operator J, defined by (1).

Several particular integral operators can be obtained from the one introduced
above. For example, if we consider 8 = % in Corollary 2, then the operator G,

Gt ja(2) {/\/ [ef] ;] dt}2, 2eU (11)

and we can prove the following result (for a = ¢ = 3):

is given by

Corollary 3. Let f;,g; € A be such that

2f1(2) | g(2)
OE — 1‘ <1, |fi(z))<1 and g;(z) <1,

for every j € {1,...,n} and z € U. Also, let v1, ..., € C be such that

Z"Y] Sg

[\

Then the integral operator Gy, /o given by (11) belongs to the class S.

It is easy to observe that all the results presented above can also be obtained
in the particular case n = 1. Indeed, Dicu, Dicu and Albigoru proved several
important properties related to the univalence of the integral operator Gz - in [4]
(see also [3]). Moreover, if n =1 or v = 1, then Theorem 1 reduces to [4, Theorem
3.
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Theorem 2. Let a; € (0,2] and let f; € S(ay), forj € {1,...,n}. Let also gj € A
be such that Y
9; (2)

9;(2)
where M, N; € R are strictly positive constants, for every j € {1,...,n}. Also, let
ByY1y s € C be such that Ref = a > 0 and

|f](2’)‘ <Mj and §Nj, z e,

n
CZ il [(e + 1)M? + N;] <1,
j=1

1
where ¢ = ﬁ(ﬁ) 2« Then the integral operator Gy, 3 given by (4) belongs to

the class S.

Proof. Let f; € S(oj ), where a; € (0,2], for every j € {1,...,n}. In view of
Lemma 4 we know that

22f1(2)
ok

According to the proof of Theorem 1, we have that

zh"(z) i [, ey - 29}/(»2)
W) ‘;”[ - |

= [ [5m] *

—1‘ <alz]?, zeU. (12)

where

for all z € U. Then

1— 2288 20" (2)| _ 1— |2|% g}/(z)
Ref | W) |© "Z'”[ gj<z>}
2a ’(z) (2P |97(2)
- b [P )

n

- Zm[

< ¢ bl (aglef? + DM2 + ]
j=1

2 f(2)
(2)]?

—1+1‘M2+Nj}

n
<) l(ey + )M + Ny

j=1
<1

Y

based on similar arguments as in the proof of Theorem 1. Hence, in view of
Lemma 1 we obtain that the integral operator G, s given by (4) belongs to the
class S. O



76 M. Dicu, P. Dicu and E. S. Grigoriciuc

Remark 3. Note that from Theorem 2 we can obtain two consequences for M; =
N; = M € R with M > 0, respectively for M; = N; = 1, where j € {1,...,n}.
This particular results are the natural generalizations of Corollaries 1 and 2. On
the other hand, if y1 = ... = v, = 1, then Theorem 2 reduces to [4, Theorem 4].

4 Modification of the operator G, 3

Following the ideas presented above and the result proved by Pescar in Lemma
2 (see also [13]), we can introduce the integral operator 95;1 AT X AT — A,

i N I S

where 3,71,...,7, € C with 8 # 0 and f;,g9; € A, for j € {1,...,n}. For this
operator we can obtain a sufficient univalent condition on U (similar to the one
presented in Theorem 1):

given by

Theorem 3. Let f;,g; € A be such that

2 fi(2) 9 (2)
[f5(2)]? 9;(2)
where M;, N; € R are strictly positive constants, for every j € {1,...,n}. Also,

let B € R be such that > 1, ¢ € C with |c] < % and ¢ # —1, respectively
M- Yn € C such that

- 1‘ <1, |fj(2)| < Mj and

SN]', zeU,

> lyl@M; + N;) < 1.
Jj=1

Then the integral operator 95—61 given by (13) belongs to the class S.

Proof. According to the ideas presented in the proof of Theorem 1, it is not
difficult to observe that we can consider the holomorphic function h : U — C,

iven b
given by 07
h(z):/o H[%@J dt, zeU.
Then
e 2O <3 bl g+ | 22|
Wz | e el

Based on the assumptions imposed in Theorem 3, respectively on Lemma 3 we
deduce that

n
<Y lyleM; + Ny <1, zel.

’ h//(z)
7j=1

h'(2)
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Hence, in view of Lemma 2 it follows that the operator

L[] e

belongs to the class S. O

=

Remark 4. Taking into account the definition of the operator 95;}, we can obtain
the following particular case (forn =1):

z f@&)17(B-1) 5
B-1 _ g—1|€
917 (2) = {B/O t [g’(t)} dt} , 2¢el.

Note that the operator ngl can be seen as a generalization of the operator Gg.

defined by (3), since 9?;1 = Ggn+ for v = (8 —1). Such operators, as well as
their properties, will be studied in future works.
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