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DIFFERENTIAL TRANSFORMATION METHOD FOR
CIRCULAR MEMBRANE VIBRATIONS

Jaipong KASEMSUWAN!, Sorin Vasile SABAU? and Uraiwan
SOMBOON?

Abstract

The purpose of this research is to present the steps of one-dimensional
differential transformation method (DTM) to find the series solutions for the
vibrations of a circular membrane under the specified initial and boundary
conditions. The problems will be studied in the both cases of vibrations de-
pending only on radius and of the vibrations depending on both radius and
angle. We illustrate four examples of problems which the exact solutions can
be solve analytically and compare them to the DTM results, to show that the
DTM is reliable and of high accuracy. This work shows that the DTM is eas-
ier to use than the analytical method from the point of view of programming.

2000 Mathematics Subject Classification: Primary: 35L05, Secondary:
35L20

Key words: analytical solution, approximate series solution, differential
transform method, vibrations of a circular membrane.

1 Introduction

Circular membranes are important parts of drums, pumps, microphones, and
other devices. This accounts for their great importance in engineering. We con-
sider the case when the circular membrane is plane and its material is elastic, but
offers no resistance to bending (this excludes thin metallic membranes). Then the
vibrations of the circular membrane is given in the form of two-dimensional wave
equation in polar coordinates,
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u(R,0,t) =0 for all t > 0,u(r,0,0) = f(r,0),ur,6,0) = g(r,0).

(1)

where 0 <r < R,0< 6 < 2rm,¢? = T/p in term of the membranes tension 7" and
density p, R is a radius of a membrane, a membrane is fixed along the boundary
circle radius R, f(r,0) is the initial shape at time t = 0 and g¢(r,0) is the initial
velocity (see [4]).

The differential transformation method (DTM) is an alternative procedure for
obtaining an approximate Taylor series solution or the semi-analytical solution of
differential equations. The main advantage of this method is that it can be applied
directly to nonlinear differential equations without the requiring linearization and
discretization. The concept of the DTM was introduced by Zhou [10], who solved
linear and nonlinear problems in electrical circuits and many other problems re-
lated to differential equations (see also [3], [5], [6], [7], [8] and [9])

In the present paper, we will show how to extend the method of differential
transformation to the problem of vibrations of a circular membrane. The com-
putation consists of three steps. The first step is using the method of separation
of variables to obtain ODEs from the wave equation in Eq.(1). The next step is
applying the DTM to ODEs from the previous step to obtain recursive relations.
The last step is to find the coefficients of the series solutions for ODEs using the
recursive relations.

The present paper has been organized as follows. In the section 2, the one-
dimensional differential transformation method is introduced, and the Fourier
Bessel series are described. In the section 3, the analysis of the method for the
vibrations of a circular membrane both the vibrations depending on only radius
and the vibrations depending on both radius and angle are described, as shown
in subsection 3.1 and subsection 3.2, respectively. Four examples of vibrations of
a circular membrane with different conditions corresponding to the three steps in
the section 3, have been presented in the section 4. The conclusion is given at the
end of the paper in the section 5.

2 Preliminaries

The basic definitions and fundamental operations of the differential transform
are introduced as follows.
2.1 The one-dimensional differential transformation

Definition 1. The one-dimensional differential transform of the function x(t) is

defined as

k:L‘
X(kh) = o, [ddtff)]  keTtufo). @)
t=0
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In Eq.(2), z(t) is called the original function and X (k) is called the transformed
function.

Definition 2. The inverse one-dimensional differential transforms of X (k) is
defined as

z(t) =Y X(k)t", (3)

k=0

> th | dFa(t)
N k'[ dtk ] ' )
k=0 t=0

Equation (4) implies that the concept of differential transformation method is de-
rived from Taylor series expansion. Actually, in concrete applications, the func-
tion x(t) is expressed by a truncated series and Eq.(3) becomes

that 1is,

a(t)

N
z(t) =Y X (k)" (5)
k=0

The fundamental operations of one-dimensional the DTM are shown in Table

Table 1: The fundamental operations of one-dimensional DTM.

Original function z(t) Transformed function X (k)
z(t) £ y(t) X(k) £ Y (k)
Az (t) AX (k)
w(B)y(t) o X (MY (k—1)
sOUO:) | ST XY (=) Z(k=7)
%x(t) k;r "X (k +7)

2.2 Fourier-Bessel series

The series solutions of the presented problems consist of the coefficients of the
Fourier-Bessel series corresponding to the Bessel functions of the first kind (see
also [1]). The following theorem explain the meaning of the Fourier-Bessel series
based on the orthogonality relations.

Theorem 1 (Orthogonality of the Bessel Functions [3]). For each fized nonneg-
ative integer n the sequence of the Bessel functions of the first kind Jp(hpi7),
In(hnar), ... with hym = aym/R where a,m is the mth positive zero of Jp, (m =
1,2,3,...), forms an orthogonal set on the interval 0 < r < R with respect to the
weight function r, that is

R
/0 rJIn (Rm®) Jn (hnjr)dr =0 (§ # m,n fized). (6)



336 Jaipong Kasemsuwan, Sorin Vasile Sabau and Uraiwan Somboon

The Fourier-Bessel series for vibrations of a circular membrane independent of
angle in subsection 3.1 corresponding to J,, (n fixed) is f(r) = > o ApmJn(hnmr),
(with hpp = apm/R). Here the coefficients are

2 R
Apm = ) /0 rf(T)Jn(hnmr)dT7 (7)

R2J72L+1(0‘nm

e (ED! ()
where Jy, (hpmr) = Zz:o 2l+nl!(n +1)!

first kind and o, is the mth positive zero of J,,, (m =1,2,3,...),

is the Bessel function of order n of the

The Fourier-Bessel series for vibrations of a circular membrane depending on
both radius and angle in subsection 3.2 corresponding to J, is

f(r,0) = Z Z T (Nym) (Anm cos(nb) + Bnm sin(n@)).

n=0m=1

Here the coefficients are

9 27 R
Apm = / / f(r,0)Jn(hpmr) cos(nB)rdrdd, 8
o ) 0 cos(nt) 0
2 T 50,007 r) sin(n0) (9)
Bom = / / F(r,0)Jn(hpmr) sin(nd)rdrdd, 9
7TR2J721+1(04nm) 0 0

o (D) (rngr) 4"
where Jy, (hnmt) = ZZ:O 240l (n 4+ 1)!

first kind and au,, is the mth positive zero of J,,(n =0,1,2,....m =1,2,3,...).

is the Bessel function of order n of the

3 Analysis of method

In this section, we will show how to use the DTM to the problems of vibrations
of a circular membrane. The presented problems include the vibrations of a circu-
lar membrane independent of angle studied in subsection 3.1 and the vibrations
of a circular membrane depending on both radius and angle studied in subsection
3.2.

3.1 Vibrations of a circular membrane independent of angle 6.

In this section, we consider a circular membrane of radius R which is fixed
along the boundary circle, the initial shape f(r), and assume that the initial
velocity g(r) is equal to zero. The model of the problem is

Pu ,[(0%u 10u
oz = <a2+a> (19)

u(R,t) =0 for all ¢t > 0,u(r,0) = f(r),u(r,0) = 0. (11)
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The calculation consists of the following three steps.

Step 1 By the method of separation of variables, we obtain two linear ODEs form
the wave equation in Eq.(10).
The method of separation of variables uses the substitution

u(r,t) =w(r)g(t). (12)

Differentiating Eq.(12), we obtain

Pu_ Py u_du o -
oz~ Va or ~ @ M o2 T a4
By substituting Eq.(13) into Eq.(10), we obtain
d?g o [ d*w 1dw
ST _ 228+ 2. 14
Y C(dr2g+rdrg (14)

Dividing the result by c?wg, we have

1 d’¢g 1 ([dw 1ldw
e ) 15
c2g dt? w(er +r dr) (15)

The variables are now separated. Hence, both sides are independent and this can
only be so if they are equal to a constant. This constant must be negative in order
to obtain solutions that satisfy the boundary condition without being identically

zero. Thus,
1 d?¢ 1 (dw 1ldw
- Tl S 16
Agdt?  w <dr2 T nm (16)
Eq.(16) gives the two linear ODEs,
d2
5+ X =0, A = chum, (17)
Pw  1d
by defining s = Ay, we reduce d—gu + fd—w + h2,,w = 0 to the Bessel equation,
r rdr
that is )
d“w dw
2 2,

Step 2 We apply the differential transform method to ODEs in Eqgs.(17) and (18)
to obtain the recursive formulas.

Applying the fundamental operations of DTM in Table 1 to Eqgs.(17) and (18),
respectively, we obtain

NG (k)

Gh+2) =T

(19)



338 Jaipong Kasemsuwan, Sorin Vasile Sabau and Uraiwan Somboon

k
> 61—k =1+ 1)(k—1+2)W(k—1+2)+

‘ : (20)
S oIk -1+ D)W (k—1+1)+> 6(1-2)W(k-1)=0,

— =0

with the initial values G(0) = Apm, G(1) = 0,W(0) = 1 and W (1) = 0, where
Apm are the coefficients of the Fourier-Bessel series in Eq.(7).

Step 3 Using the recursive formulas in Eqs.(19) and (20) we find the coefficients
of the series solutions of the Eqgs. (17) and (18), respectively.
To find the series solution of Eq.(17), we substitute into Eq.(19), then we obtain

-2, G(0) N Anm -2 G(1)

2) = — nm _ _'nm — _ nm —
G(2) . S GE) . 0,
G(4)=— 19 =55 G(5) = oy = 0,

_A%mG(4) )\%mAnm —/\%mG<5)
G(6) = - 30 720 G =- 42 =0,

where, G(0),G(1),G(2), ... are the coefficients of the series solution.
Hence, we obtain the solution corresponding to Eq.(17), by substituting A,,, =

Qnm

CR,

Gom(t) = A [ 1 — 2c2a?, 2 2ctal 4 B 4c8a8 16 28l 18 o (21)
R? 3R4 45R6 315R8

To find the series solution of Eq.(18), we substitute &£ = 1,2, ... into Eq.(20) and
we obtain

k=1; 60-2(1-0+1)(1-0+2)W(1—0+2)+
50-1)(1—-0+1)W(1—-0+41)+
SO0—2W(IL-0)+61-2)1—-14+1)1—-1+2)W(1—-1+42)+
S1-DA—-1+D)WA-14+1D)+601-2)W (1 —-1)=0
W(1)=0

k=2 W(2) = _‘Z(O) = —i, k=3, W(3)= —mgu) =0

k=4, W34 = _?/6(2) = 61? k=5 W(5) = _2/5(3) =0

Since, W (k) = _W(k]z_ 2), k=234, .. or W(k+2) = (;Vj:(;))z k=0,1,2,3, ...

and W(0), W(1),W(2), ... are the coefficients of the series solution. Hence, we
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obtain the series solution corresponding to Eq.(18), by substituting s = hp,r =
Qnm,

R
4R? 64R*  2304RS ' 147456R® 14745600R10
Therefore, the series solution of vibrations of a circular membrane is
202042 t2 a2 7'2
3 o= 3 (1 0 (1)
(23)

where A,,,, are the coefficients of the Fourier-Bessel series corresponding to J,
which can be calculated by Eq.(7) and o, is the mth positive zero of J,,.

Next, let us consider the general case, when the solution can also depend on angle
6.

3.2 Vibrations of a circular membrane depending on both radius
and angle.

We now consider a circular membrane of radius R which is fixed along the
boundary circle, with the initial shape f(r, ), and the initial velocity g(r, #) equal
zero. The model of the problem is

@_ 62 +1au+i@ (24)
otz o2 " ror  r2002 )
u(R,0,t) =0 for all t > 0,u(r,8,0) = f(r,0),u(r,0,0) =0. (25)
The calculation consists of the following three steps.
Step 1 Three ODEs form the wave equation in Eq.(24) using the method of

separation variables.
We define a solution in the method of separation of variables,

u(r, 0,t) = z(r,0)g(t). (26)
Differentiating Eq.(26), we obtain
Pu_ Ry ou_os ou_ o oo
o~ “a ar — o a2 T 929 M be2 T 0627
Substituting Eq.(27) into Eq.(24) gives

d?g 0%z 10z 1 0%z
T (arz 9t 2ot T R | (28)

Dividing both sides by ¢?zg yields

1 d>¢g 1(0% 10z 10%
Bl A 2
cZgdt? =z (87"2 + r2 Or + 72 692> (29)
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The variables are now separated. Hence, both sides must equal a constant, that
is

1d>g 1(08% 10z 10% )
L S A 30
g dt? =z (87’2 T Zar T 2 oe nm? (30)
Eq.(30) gives an ODE and a PDE, as follows:
0%z 10z 10 9
a7 Tror Tr2ge s =0 (32)

The PDE as Eq.(32) can be separated by substituting z = w(r)q(6) and its deriva-
tives into Eq.(32), we obtain

d*w ldw 1 d*q

On the both sides, multiplying by r%/wq and then rearranging the equation, we
obtain
1d%q 1{ od*w dw
s = PP | = B2 2 34
q do? w <r dr? T dr nm” (34)

The variables are now separated. The expressions on both sides must equal a
constant, that is

1d%q 2w dw
== hyr? = —n? 35
C]d92 w (T dr? tr dr) " (3)
Eq.(35) gives two ODEs, as follows:
d2
do?
gz Tt (h2,,r* —n*)w =0, (37)

+n?qg=0, (36)

Eq.(37) is known as the Bessel equation of order n where n = 1,2,3,.... The
nonnegative integer n in Eqs.(36) and (37) depends on the initial shape as shown
in Table 2

Table 2: The values of nonnegative integer n corresponding to given initial shape
f(r,0), and the initial values G(0), G(1),Q(0) and Q(1).

Initial shape f(r,8) Value of n | G(0) | G(1) | Q(0) | Q(1)
w(r) 0 Aom 0 1 0
w(r)sin(N0), N =0,1, ... N Bym 0 0 N
w(r)cos(NO), N =0,1, ... N ANm 0 1 0
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Step 2 We apply the differential transform method to ODEs in Eqgs.(31), (36)
and (37) to obtain recursive formulas.
Taking the DTM of Eqgs. (31), (36) and (37),respectively, we obtain

_ —AmG(k)
_n%Qh)
Q(k+2) = THEED(k+2) (39)
k
n?W(k)=> 6(1—2)(k—1+1)(k—1+2)W(k—1+2)+
=0
. L (40)
N 60— 1)k — 1+ W (k —1+1) + “R?;" S 61 - 2W (k- 1).
=0 =0

Step 3 Using the recursive formulas in Egs.(38), (39) and (40) to find the coeffi-
cients of the series solutions of ODEs.
Substituting & = 0,1, 2, ... into Eq.(38), we obtain

_)\2 _ )2
G(Q):_)‘WQLG(())7 G(g):_)‘nﬂéG(l):Q
G)=-——"5"= "5 G(5)=-—"3; 0,
GO =5 =g+ D= =0

where, G(0),G(1),G(2), ... are the coefficients of the series solution. Hence, we
obtain the solution corresponding to Eq.(31),

a2 12 ctat tt Sab 16 Bl 8
Inm(t) = G(0)| 1 — 5 — + YR 5 s = (41)
2R 24R 720R 40320R

where the values of G(0) depend on the initial shape, as shown in Table 2.
Substituting k = 0, 1,2, ... into Eq.(36), we obtain

n? n2
o) = 120, o = -7,
_ n?G(2) _ n*Q(0) _ n?Q(3) _ n*Q(1)
QM) = - 12 24 QO)=- 20 120
__n*QM) _ n’Q0) on2Q()  nbQ(1)
Q6) = - 30 720 QT =~ 42~ 5040 °
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where, Q(0),Q(1),Q(2), ... are the coefficients of the series solution. Hence, we
obtain the solution corresponding to Eq.(39),

QO 1A g QU0 gy Q)

n(0) = 1 ... (42
0:(6) = Q(0)+ Q)6 : - e (a2)
Substituting k = 1,2, 3, ... into Eq.(37), we obtain
2 W(0
k=1; n?W(1)=W(1), k=2 W)= 2O
ns—4
a2, W(1) aZ, W(2)
k=g W) = Tt k= W) = DS
apnW(3) W (4)
k—57 W(3)_ n2_257 k_67 W(6)_ 367
: apnW(k —2) apmW (k)
Slnce, W(k) = —k2 kf = 2 3 4 .., O W(k + 2) = m,
0,1,2,.... Hence, we obtain the solution corresponding to Eq.(40),
W (1) = W(0) + W(1)r + W(2)r2 + W(3)r3 + - - (43)
Therefore, the solutions of vibrations of a circular membrane is
T‘ ‘9 t Z Z wnm Qnm Qn(‘g)
n=0m=1
_ZZG )(W O + W+ Wy + )
n=0m=1 (44)

a2, 2 clal th
2R2 24R4

<Q<o> Q- 80 oW )

2 6

where the values of G(0) depend on the initial shape function, it can be A,
or By, (see Table 2), here A,,, and B,,, are calculated by Eqgs.(8) and (9),
respectively, and aupy, is the mth positive zero of J,.

The following shows the calculations of A,,, and B, corresponding to the
value of nonnegative integer n. Let us recall Egs.(8) and (9), we have

2 2 R
Ay = / / F(r,0)Jn (hpmr) cos(nf)rdrdf, and
0 0

TR? ‘]5—4-1 (nm)

2 2t rR
By = / / f(r,0)Jn(hpmr) sin(nd)rdrdo,
0

WR?JEL-&-l(O‘nm) 0
As we can see Eqs.(8) and (9) consist of the integral forms of the initial shape
function f(r,0) = w(r)q(r). Here, we illustrate the three cases of ¢(0) i.e., (i)
q(@) = 1 (ii) q(d) = cos(NE) and (iii) q(f) = sin(N€), here the calculations of
A,m and B, are as follows:
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1. If ¢(0) = 1, then f027r cos(nf)df = 0 for N < 1 except n = 0. Thus A, are
available for n = 0. That is Ao, are obtainable when ¢(6) = 1.

2. If q(f) = cos(NO), N = 0,1,2, ..., then fozﬂ cos(NB) cos(nf)df = 0 forn # N.
Thus A,;, = 0 when n # N. Besides f027r cos(INO) sin(nf)df = 0 for all n.
Thus By, = 0, for all n. Therefore A, are available for n = N. That is
ApNm are obtainable when ¢(0) = cos(N0), N =0,1,2, ....

3. If ¢(f) = sin(NF),N =0,1,2, ..., then f027r sin(N @) cos(nf)df = 0 for all n.
Thus Ay, = 0, for all n. Besides fo% sin(NN @) sin(nf)df = 0 for n # N.
Thus By, = 0 when n # N. Therefore B, are available for n = N. That
is By, are obtainable when ¢(0) = sin(N6),N =0,1,2, ....

As summarized in the Table 2, if we know the value of n then we obtain the initial
values G(0), G(1),Q(0), Q(1), and the similar for the initial values of the recursive
relation in Eq.(40). Observe that W (k),k = 0,1, 2, ... also depend on the value of

n as shown in Table 3.

Table 3: The initial values W (k),

=0,1,2,... depending on n of Bessel equation

in Eq.(37).

Value of n | W(0) | W(1) | W(2) | W(3) W(n—-1) | W(n)

0 0
A1m
! 2
9 0 a2m
3 g A3m
48

. Onm
n 0 gl

Table 4: The values of ay,,,, where the mth is positive zero of Bessel function .J,,.

m 1 2 3 4 5 6
n
0 240483 | 5.52008 | 8.65373 | 11.79153 | 14.93002 | 18.07106
1 03.83171 | 7.01559 | 10.1735 | 13.3237 | 16.4706 | 19.6159
2 513562 | 8.41724 | 11.6198 | 14.796 | 17.9598 | 21.117
3 6.38016 | 9.76102 | 13.0152 | 16.2235 | 19.4094 | 22.5827
4 7.58834 | 11.0647 | 14.3725 | 17.616 | 20.8269 | 24.019
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4 Applications

In this section, four examples of the problem are illustrated corresponding to
the method in the previous section. Example 1 shows the vibrations of a circular
membrane independent on angle corresponding to the problem in the subsection
3.1. Examples 2, 3 and 4 show the vibrations of a circular membrane depending on
both and angle corresponding to the problem in the subsection 3.2. The accuracy
of the method is assessed by data value comparisons with the analytical solutions.

Example 1. Consider the problem of vibrations of a circular membrane depending
on radius in Eqs.(10) and (11) with radius 1, ¢ = 2, the initial shape f(r) = 1—1?
and the initial velocity equal to zero. Hence, the series solutions in Eqs.(21) and
(22) are as follows:

dom(t) = Apm [ 1 — 202 12 4 204, t* _ 408,.t% 208 18 B 4o 10

m m Om 3 45 315 14175 ’
won(r) — 1~ Bttt a8 abr® | adgr®

mn 4 64 2304 = 147456 147456000 ’

where Aoy, are calculated by Eq.(7) and aoy, is the mth positive zero of Jy as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

u(r,t) = Z Worm (1) gom (1)

m=1

> a2 r2  ad ot 204 4
— Aom| 1= Om om” ... 1—22t2 om~” ..
£ (1= B ) (1o 2
= (1 — 1.4455872 + 0.552586r* — - --)(1.10802 — 12.8158t% 4 24.7055t* — - )—

— 7.61782)r% +14.5078r7* — ... )(0.139777 — 8.51839t2 + 86.5221¢* — .- - )+
— 18.722r2 + 87.6281r% — - .. )(0.045476 — 6.81119t> + 170.025t* — .. ) — - -

(1
(1
The analytical solution of a circular membrane in this example is

u(r,t) = Z A Jo(amr) cos(2ammt) = 1.10801Jp(2.40483r) cos(4.80966t)—

m=1

0.13978.J5(5.52008r) cos(11.04016t) + 0.04548.Jy(8.65373r) cos(17.30746t) — - - - .

Figure 1 shows the motion of the series solution for the first term (m =
1,001 = 2.40483), the second term (m = 2,02 = 5.52008) and the third term
(m = 3, ap3 = 8.65373) at the initial time.
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(@) a, =2.40483 () a, =5.52008 (©) &, =8.65373

Figure 1: Normal modes of the vibrations of a circular membrane independent of
the angle for Example 1.

Example 2. Consider the problem of vibrations of a circular membrane depending
on both v and 0 in Eqs.(24) and (25) with radius 1, ¢ = 1, the initial shape
f(r,0) = 1 —r* and initial velocity equal to zero. From the initial shape, the
nonnegative integer n can only be zero (see Table 2) because Ay, = 0 when
n > 1 (i.e., Aom # 0) and Bpy, in Eq.(9) is always zero. The initial values are
G(0) = Aom, G(1) = 0,Q(0) = 1,Q(1) = 0,W(0) =1 and W(1) = 0.

Hence, we obtain the series solutions corresponding to Eq.(41), (42) and (43), as
follows:

s — Ag 1 B, obut' 0Bt byt el
m m 2 24 720 40320 3628800
qo(0) =1
won(r) = 1 — QB | bt Bt afr® el
m 4 64 2304 147456 147456000 ’

where Ao, are calculated by Eq.(8) and aoy, is the mth positive zero of Jy as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

u(r, 97 t) = Z qn(g) Z wnm(r)gnm(t) = qo(e) Z wOW(T)QOm(t)
n=0 m=1 m=1

= (1 — 1.44587% + 0.5225861r% — - - )(2.73318 — 7.90328t> + 3.80886t* — - - - )—
(1 —7.61782r% 4 14.5078r% — - --)(0.971432 — 14.8004¢> + 37.5822t* — .. )+
(1 —18.7218r2 4 87.62617% — --.)(0.344381 — 12.8948t% + 80.4712t* — ... ) — ...

The analytical solution of a circular membrane in this example is

[o.9]

16(ang2(a0m) — 2J3(a0m))
u(r,0,t) =
mzl Oéng%(Oéom)
= 2.73318J(2.40483r) cos(2.40483t) — 0.971432.J(5.520087) cos(5.52008t)+
0.344381.J5(8.65373r) cos(8.65373t) — - - - .

Jo(aomr) cos(aomt)
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Figure 2 shows the motion of the series solution for the first term (m =
1,01 = 2.40483), the second term (m = 2,ap2 = 5.52008) and the third term
(m = 3, ap3 = 8.65373) at the initial time.

<’

(@) a, =2.40483 (b) a, =5.52008 (©) @, =8.65373

Figure 2: Normal modes of the vibrations of a circular membrane depending on
both r and 8 for Example 2, when n = 0.

Example 3. Let us consider the FExample 2 with the initial shape defined by
f(r,0) =r(1 —r*) cos(0). From the initial shape, we obtain only n =1 (see Table
2) because App = 0, when n =0 and n > 1, and By, in Eq.(9) is always zero.
The initial values G(0) = A, G(1) = 0,Q(0) = 1,Q(1) = 0,W(0) = 0 and

w(1) = Him Then, we obtain the series solutions in Eqs.(41), (42) and (43) as
follows:
R SO s WAt WL WA VL
" " 2 24 720 40320 3628800
6> ¢+ 6 63
) =1— — — — — B
a1(0) 5 24 720 40320
Wi (r) = Uml a3t ad,r? B o4 " af, r? B atl rit N
AT 16 384 18432 1474560 176947200 ’

where A1y, are calculated by Eq.(8) and aypy, is the mth positive zero of J1 as shown
in Table 4. Therefore, the series solution of vibrations of a circular membrane is

u(r,0,t) = an(e) Z Wi (1) gnm (t) = q1(0) Z Wim (1) g1m (1)
n=0 m=1 m=1

02 ¢
= <1 —gto ) [(1.915867« — 3.5160773 + -)(0.964141 — 7.07776t> 4 - - - )—

(3.5078r — 21.58117° 4 - - - )(0.387905 — 9.54606¢> + - - - )+

(5.8099r — 98.05647> 4 - - )(1.3701 x 10® — 9.24954 x 109% 4 ---) — - ..
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The analytical solution of a circular membrane in this example is

u(r,6,t) = cosf Z BlarmJa(arm) = 2Ja(@um)) J1(cimr) cos(amt)
m=1

a?m‘]%(alm)
— cosf [0.96414J1(3.83171r) cos(3.83171t) — 0.387905.J, (7.01559r) cos(7.01559¢) +

1.3701 x 10%.J;(11.6198r) cos(11.6198¢) — - - -

Figure 8 shows the motion of the series solution for the first term (m =
1,11 = 3.83171), the second term (m = 2,12 = 7.01559) and the third term
(m = 3,013 = 10.1735) at the initial time.

As show in Table 5, the approximate series solutions of the vibrations of a
circular membrane obtained by using the DTM are compared with the analytical
solution. The results given in Table 5 showed that, the series solutions obtained
by the DTM are equal to the analytical solutions.

(@) a,, =3.83171 () a,, =7.01559 (©) a,=10.1735

Figure 3: Normal modes of the vibrations of a circular membrane depending on
both r and 0 for Example 3, when n = 1.
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Table 5: The comparison results for Example 3 between DTM solutions and
analytical solutions at the initial time.

0 0 T 2

Anm r DTM | Analytical | DTM | Analytical | DTM | Analytical

0 0 0 0 0 0 0
ain = 3.83171 0.01 0.01847 0.01847 -0.01847 | -0.01847 | 0.01847 0.01847
0.02 0.03692 0.03692 -0.03692 | -0.03692 0.03692 0.03692

0 0 0 0 0 0 0
a2 = 7.01559 0.01 0.01036 0.01036 -0.01036 | -0.01036 0.01036 0.01036
0.02 0.02715 0.02715 -0.02715 | -0.02715 0.02715 0.02715

0 0 0 0 0 0 0
a3 = 10.1735 0.01 0.00856 0.00856 -0.00856 | -0.00856 | 0.00856 0.00856
0.02 0.00170 0.00170 -0.00170 | -0.00170 | 0.00170 0.00170

Example 4. Let us consider the FExample 2 with the initial shape defined by
f(r,0) = r(1—r*)cos(20). From the initial shape, we obtain onlyn = 2 (see Table
2) because Apym =0, when n = 0,1 and n > 2, and By, in Fq.(9) is always zero.
The initial values are G(0) = Aam, G(1) = 0,Q(1) = 0,Q(1) = 0,W(1) = 0 and

@
W(2) = % Therefore, the series solution of vibrations of a circular membrane

u(r,0,t) =3 qn(0) > Wom(r)gm (t) = q2(0) D wam (r)gam(t)
n=0 m=1 m=1

3
(1.052167% — 6.212097% + - - )(0.145193 — 5.14345t% + - - - )+

204
= <1 —20%+ — — .. ) {(0.6419537"2 — 1.410947* 4+ )(1.1876 — 15.6612 + - - - )—

(1.45248r% — 16.3427r% + - --)(0.197975 — 13.3653t> + ---) — - } .

where Agy, are calculated by Eq.(8) and ooy, is the mth positive zero of Ja as
shown in Table 4.

5 Conclusions

The importance of the differential transformation method (DTM) lies in the
initial values of the recursive formulas derived from the conversion of the ODEs
problem, and the recursive formulas used to find the coefficients of the series so-
lution of the problem. In this work, solving of the vibration problem of a circular
membrane, the initial values of the recursive formulas can be calculated from the
coefficients of the Fourier-Bessel series which is in the integral form of the initial
shape of the membrane. The comparison of the DTM series solutions and the
analytical solutions show that these are the same, hence it follows that the DTM
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method is suitable for this type of problems. Moreover, we consider that DTM
is easier to use from the programming point of view. Since in the case of the
nonlinear vibrating circular membrane problems are difficult to be unsolvable an-
alytically, we intend to modify and apply the steps of the DTM method presented
in this work to these problems, in a future research.
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