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FRACTIONAL -HILFER DERIVATIVE SPACES: STUDY OF
KIRCHHOFF PROBLEM WITH P(-)-LAPLACIAN
OPERATOR
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Abstract

The paper focuses on the existence and multiplicity of weak solution to
the nonlinear Kirchhoff-type equations involving -Hilfer derivatives with
p(+)-Laplacian operators and Dirichlet boundary conditions. Through the
application of a critical point approach, along with genus theory and varia-
tional techniques, we establish the existence of infinitely many positive so-
lutions within appropriate i-Hilfer fractional derivative spaces. Our novel
main results contribute to the advancement of the literature on differential
equations involving -Hilfer fractional derivative.
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1 Introduction

Fractional derivatives serve as extensions of classical derivatives. The idea
of fractional differentiation used to align with ordinary differentiation until rela-
tively recently. However, contemporary research has shifted towards emphasizing
fractional differentiation as a broader concept than ordinary differentiation. Frac-
tional analysis, within mathematical analysis, explores various ways of defining
real number powers or complex powers of the differentiation operator and inte-
gration. Fractional differential equations, representing generalized and noninteger
differential equations, emerge in both time and space domains, featuring a power-
law memory kernel that captures nonlocal relationships [22].
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There are various options for introducing fractional integro-differentiation op-
erations, in particular, the Riemann-Liouville, Caputo, Grunwald-Letnikov ap-
proaches, and their various modifications. It is important to highlight that a ma-
jority of the literature on fractional differentiation predominantly focuses on Rie-
mann-Liouville and Caputo fractional derivatives. Additionally, there are other
established definitions, such as the fractional derivative of Hadamard, the frac-
tional derivative of Erdélyi-Kober, and more. For further details on fractional
calculus, interested readers are directed to [20, 33].

Currently, it is important to factor in the changing landscape of modern
physics and mechanics when creating mathematical models. Based on relevant
studies, we need to focus on specific areas to better grasp the theory behind the
main problem in this research. To achieve this, we use the generalized 1-Hilfer
fractional derivative to examine a nonlinear Kirchhoff equation with positive pa-
rameter. This equation follows Dirichlet boundary conditions and is expressed
as:

1 Hpvsw 7(2) it _ B )
DY W | A _ r(x)—2, 7(z)—2 0
(ats /Q | DR LI ) = € @)l 2, 0,

u=0, on 99,
(1)

with

L;/(f;)w(u) — HD'%,R;w (| HDg;rm;wu‘r(ac)—2 HDgf;wu)
where (2 is a bounded domain in RN (N > 3)_ with smooth boundary 02, h €
C(Q,R), ¢ is a positive parameters, 7,7 € CT () such that:

1<r_Sr(x)ST+<T_ST(UC)ST+<27_<T*($>_J\%<N (2)

for all x € 2 and h satisfies the following hypothesis:

(Ho) h: Q2 — [0,00) such that h € L>®().

HDYAY and HDgf;w are 1)-Hilfer fractional derivatives of order % <y <1and
type 0 < k < 1 defined later, this type of derivative are introduced by Sousa
et al. [27], by means of the Gronwall inequality. They discussed some of its
particular cases like the y-Riemann-Liouville fractional partial derivative and the
1-Caputo fractional partial derivative. For more detail we refer to in [28]. For
some applications of this type of operator we refer to [3, 5, 2, 4, 12, 13, 31]. It is
essential to note that, in the case where Kk — 1 and 9 (z) = x, our problem (1)
reduces to the integer case, for more detail see [27]. For this reason, we observe
that our problem generalizes many papers of Kirchhoff type in the literature
(integre of fractional case). Recently, many paper take into account the study
of Kirchhoff equation by using diferent operator. In [6] the authors utilazed the
variational approach with mauntaine pass theorem to show the existence and
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multiplicity of solutions for the following p(-)-Kirchhoff type equation

1
— i p(z)—2 — i
M (/Q OIS d:c) div(|Vu| Vu) = f(r,u), inf,
u =0, on 0f2,

(3)

where Q € RY is a bounded smooth domain, p € C(Q) with 1 < p(-) < N.
Chung in [8] used the mountain pass Theorem combined with the minimum prin-
ciple, to obtained at least two non-negative, non-trivial weak solutions for the
following p(z)-Kirchhoff-type equations,

1
—_ - . p(az)—2 _ )
M </sz p(x)|Vulp@ dw) div(|Vul Vu) = Mf(z,u), inQ,

u =0, on 012, (4)
u > 0, in Q

where Q C R¥ is a bounded smooth domain, p € C(Q) with 1 < p(-) < N and
A is a positive real parameter and f € C(f2 x R,R) is a Caratheodory function
that may change sign. In [19] Shapour et al., used variational methods and critical
point theory, to established the existence of multiple solutions for problem (3). For
more examples of Kirchhoff-type problem, we refer the reder to [1, 14, 18, 30, 32].

In the context of Kirchhoff-type problem involving tempered fractional deriva-
tives, we refer to [26]. The authors employed variational methods to establish the
existence of infinitely many solutions to the following:

(/w (OFat) D™D u(e) = fle.ule)), e,

uEW/\ ),

where Di’)‘(-) denote the left and right tempered fractional derivatives of order o €
(1/2,1], A >0, f € C(RxR,R) and M € C(R*,R™"). In [24], the authors studied
the existence and multiplicity of solutions to the following Kirchhoff equation with
singular nonlinearity and Riemann-Liouville fractional derivative:

Ag(t)
u(t)

T
(a + b/o IoD?(U(t))Ipdt> DT (@0 Dy (u(t)))) = + [t u(t)), t € (0,T),

u(0) =u(T) =0,

where a > 1, b, A > 0, p > 1 are constants, % <a<1l,0<y<1, geC(01])
and f € C*([0,T] xR, R). Under appropriate assumptions on the function f, they
employed variational methods to show the existence and multiplicity of positive
solutions of the above problem with respect to the parameter A. All this problem
discussed above are associated to the stationary version of the Kirchhoff problem.

E1ou|\ 0%u
)50 =0 (5)
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presented by Kirchhoff in 1883 [21], which extends D’Alembert’s wave equa-
tion. One notable feature of model (5) is that it contains a nonlocal term % +
% fOL }%f. The parameters L, h, E, u, Py in model (5) represent different
physical meanings, which we will not cover here.

Our approach to proving the existence and multiplicity results for problems
(1) relies on the utilization of the critical points theorem together with genus
theory and variational approach.

This work is organized as follows. In Section 2, we provide a brief overview
of the key features of variable exponent Lebesgue spaces and -Hilfer fractional
derivative spaces. Moving to Section 3, we present the existing solutions to prob-
lem (1), along with their corresponding proofs.

2 Preliminary

In this section we collect preliminary concepts of the theory of variable ex-
ponent Lebesgue space, classical and -Hilfer fractional derivative space (see
[10, 11, 17, 16, 15]).

2.1 Variable exponent Lebesgue space

In the following, we define
Ct(Q) = {7’ co): 1< <7t < —i—oo},

where

77 :=inf 7(x) and 77 :=sup7(x).

€ er

Denote by U(2) the set of all measurable real-valued functions defined in 2. For
any 7 € CT(Q), we denote the variable exponent Lebesgue space by

LT@(Q) = {u e U(Q): / lu(z)|" @ dz < oo},
Q

equipped with the Luxemburg norm

7(z)
|!U\Lf<z>=inf{>\>0: /‘u(x) dxgl},
ol A

then, the variable exponent Lebesgue space <LT(I) (Q), |- HLT(1)> becomes a Banach
space.
We have the following generalized Holder inequality

< 2lullpr@ 0l 7@ (6)

‘ /Q w(z)v(z)dz
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for u € L™@(Q), v € L7 ®)(Q) such that % + % =1.
At this point, let define the following map o, : L™®)(Q) — R by

7o) = [ u(o) o

Then, we can see the important relationship between the norm || - ||~y and the
corresponding modular function o,(,)(-) given in the next proposition.

Proposition 1. [17] If u and (ug)ren € L™®(Q), we have

ullpr) <1 (=1,>1) if and only if or5)(u) <1 (=1,> 1), (7)
I ullpre > 1, then ul7, ) < or@ (@) < Jlull7r ), (8)
If ullprer <15 then Jull77 ) < o) (u) < Jull ) 9)
kli)ngo |lur — u||;+@) =0, if and only if klgr;o Or(z)(up —u) = 0. (10)

Remark 1. Note that, by (8) and (9), we can derive the two subsequent inequal-
1ties:

ullpre) < 07y (u) + 1, (11)

+ —
r(2) () < [l ey + ull 7 - (12)

2.2 y-Hilfer fractional derivative space

Let A:=[c,d] (o <c<d<ox),n—1<y<n neNf ¢eCIR)
such that ¢ is increasing and ¢'(z) # 0, for all x € A.
e The left-sided fractional ¢-Hilfer integrals of a function f is given by

) = i [ 9006 — ) ), (13)
e The right-sided fractional i-Hilfer integrals of a function f is given by
) = 1 [ v 00) — vl ) (14)

e The left-sided v-Hilfer fractional derivatives for a function f of order v and type
0 < k <1 is defined by

Hynriter y _ prn=yw (1 A\ (1) (n—ry)s
DI VE(a) = T (W) ) ),
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e The right-sided w-Hilfer fractional derivatives for a function f of order v and
type 0 < k <1 is defined by

Hpynriter y _ pein=w (1 d (1) (n—ry)s
DYV () = 150 ( ) dx) 1 £(z).

Choosing k — 1, we obtain -Caputo fractional derivatives left-sided and right-
sided, given by

% =y L d\m
DYV f(2) = 17 ( 7 (x)@) £(z), (15)
Dg;_wf(x)zlgﬁ‘”%w(— w/;);;)nf(x). (16)

Remark 2. The y-Hilfer fractional derivatives defined as above can be written
in the following form

"D (2) = ITTVD) (),

and
HDZ’_K’wf(ﬂf) — Ig:%ngfpf(x),

with = v+ r(n—7) and Ig;7;¢, Igfwz’, Dz;ﬁ’ and Dgfﬁ as defined in (13), (14),
(15) and (16).

In this paper we take Q@ = A; X - - X Ay = [c1,d1] X - - X[en, dy] where
O0<cg<djforallie N, 0<~y,...,vynv < 1.
e The y-Riemann-Liouville fractional partial integral of order v of N-variables
f = (f1,...,fn) is defined by

VUE (o :L ! ) — y—1
it = [ ) e - ewrma

with ¢/(y)(¥(z) — ¥()"™F = ' (y) (@ (x1) — P(y))" - (yw) (Wlan) —
Y(yn))N ! and T(y) = T(m)T(2) - - - Tww), 2 = 2122 - - - oy and dy; =
dyidys - - - dyn, for all i € {1,2,..., N}.

o ID2Y is defined by

HD'y,ml/)f(xi) _ In(n—’y);zﬁ( 1 8N )I(l—ﬁ)("—’Y)%wf(xi)
C,T; C,T; 1/1’(%) 81_1 C,T; ’
with Ox; = 0x1,0x2,...,0ry and ¢'(z;) = ' (x1)Y (x2) - - - Y/ (xN) for all i €
{1,2,.., N}. Analogously, it is defined HD};Lw()
Now that we have all the necessary tools, we are ready to commence our study.
To facilitate this, we define the i-Hilfer fractional derivative space J{Z(Z;p (Q) as
follow
IO Q) = 9 = {ue L7O@) | FDpul e I ()},

7(z)
enduid with the norm

lullse, o, = lull - + [1PDIE | o -
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Proposition 2. [27] Let 0 <y < 1,0 <k <1 and 1 < 7(z). H,)(Q) is a
reflexive and separable Banach space.

Remark 3. We can define THZ’”’¢ (Q) 1= Hy(2),0() as the closure of C§°(2) in

(2),0
J{Z(’;)w(Q) which can be renormed by the equivalent norm ||ul| := || ]HDgf’¢u|HLT<z>.

This space is a separable and reflexive Banach space.

Proposition 3. [23] Let Q a Lipschitz bounded domain in RY. Let p € C°(Q).
Ifr: Q — (1,4+00) such that

Nt(x) .
, < N, —
1<r(z) <7(z) = V@) i (@) for all x € Q.
00, if yr(x) > N.

Then, the embedding

is compact and there is a constant cg > 0, such that ||ul|;r@) < collull.

2.3 Genus Theory

We introduce fundamental concepts related to Krasnoselskii’s genus (refer to
[7], [25]) which will be employed in the proof of our main results. Let X be a real
Banach space and

R = {A C X\{0}; A is compact and symmetric}.
Definition 1. Let A € R and X = R*. We define the genus of A as follows:
B(A) = inf{k >1; Jge C (A,Rk\{o}) . f is odd }

and &(A) = oo, if does not exist such a map for any k > 0.

Theorem 1. [25] Let Q C RY be bounded symmetric with boundary 0S). Assume
that 0 € 2, then &(0S2) = N.

Corollary 1. [25] The genus of unit sphere SN=1 of the space RY is N, i.e.
&SN = N.

Definition 2. Let X be a real Banach space and Y € C1(X,R). We say that T
satisfies the Palais-Smale condition ((PS) for short) if any sequence {uy}nen C
X such that {Y(un)}nen is bounded and Y'(u,) — 0 as n — oo, admits a
convergent subsequence.

Theorem 2. [9] Let T € C'(X,R) and satisfies the (PS) condition. Additionally,

we assume the following conditions:

(i) T is bounded from below and even,

(i3) There is a compact set N € R such that &(N) = k and sup T(z) < Y(0).
zeN

Then Y has at least k pairs of distinct critical points, and their corresponding
critical values are less than Y(0).
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3 Main result

Firstly, let us outline the definition of a weak solution to the problem described
by (1).

Definition 3. We say that u € H,(;)0(2) is a weak solution of (1) if
<a + 5/ ‘ Hpy, mTZJu"r(x)dx) / ‘ HDgf;lﬁu|r(x)—2 HDgf;wu HDgf;ngdx
Q
= g/ |u|r($)_2ugpdx . / h(ﬂ:)\u|T(z)_2g0d:n,
Q Q

for all p € H () 0(52).

Let us introduce the energy functional & : F ., o(©2) — R associated to
problem (1)

1 K (e B ki, r(z ?
Eu) =« /@)|HD% W )dx—|—2(/ﬂ()|HD% W )dx>

L @ Mz), @)
—{/ (:c ]u\ dx +/QT(£C)‘U| dz,

for all u € F; (4 0(€2).
Observe that & € C! (j'fr(;(;),o(Q); R) and it is noteworthy that the critical points

of € correspond to weak solutions of (1) and its Gateaux derivative is
(€' (u),v)
= <a +p / —\ Iyl @da:) / | D% |m(@)=2 Hpgesity Doy dy
- §/ u|"®) 2 yvda +/ h(z)|u|" ™ 20de,
Q Q

for all v € Hr(5)0(€2).
Let consider the following functional:

L(u) = /Q ﬁ| = Dy FuT@dz, for all u € Hor(2),0(52).
Note that £ € C! (¥ ( T(x ), ) and the derivative operator of £ in weak sense
L Ho)0(Q) — (K, )* is such that

(£'(w),v) = /Q | HD =2 Hpsty Bty

for all u,v € Hy(y),0(Q).

Theorem 3. Problem (1) admits at least k pairs of different critical points if (2)
hold.
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Proposition 4. [29] The functional £ is a conver. Moreover, the mapping
L Ho(z)0() — (J{T(.’E),O(Q))* is bounded homeomorphism and strictly mono-
tone operator, and is a mapping of type (Sy), i.e., if up — u in Hy (g o(2) and
limy, 00 (L' (un) — £/ (w), un — u) <0, then w, — u in Hy g ().

Lemma 1. The functional € satisfies the (PS) condition.

Proof. Let show that {uy, }nen is bounded in Hr (4 0(€2). Let {un fnen C Ho(z)0(2)
be a (PS) sequence. Employing a proof by contradiction, we assume that, possibly

after considering a subsequence, still denote by {un}nen, one has ||u,| — +o0
as n — 4o00. Let choose 0 < w < +, T1+, 2(:1) } According to Proposition 3,

for sufficiently large n, we have

¢+ |lunll > €(uy) — w<(’3’ (un), un>

1 . 2
Hnyvk ﬂ/ﬂ 7' x H 77”71/} 7'(33)
> o ( )/’ D0+ U | dl“*’ﬁ <2(T+ _) (/Q| D0+ Uq| dl‘)
( —w> |t |"®) daz 4 < >/h )t |7 dz.
Q

1 1 1
= (T+ - “’) "+ (2(#)2 - Tw—) el = o (r ) “’) il

Dividing the aforementioned inequality by ||u,|| and taking the limit as n — oo,
we arrive at a contradiction. It is implied by (2) that the sequence {uy,}nen is
bounded in H.(40(2).

Moreover, based on Proposition 3, we can assume that

E

U, — u strongly in L"®)(Q),
un(x) — u(z) a.ein Q, (18)
u, — u weakly in Ho () 0(Q),

Using Holder’s inequality and (18), one has

‘/ |un|T(x)72un(un—u)d:c‘ S/ \un]7(2)71|un—u|da:
Q

LT(I) 1
Therefore,
/ tn| " 20 (0, — w)dz — 0 as n —s oo, (19)
Q
and
/ lun "™ 20y (g, — w)dz — 0 as n — oo. (20)
Q
Then,

(¢ (up),un —u) — 0 as n — oo.
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This implies that,
(€ ).t =) (a +8 [ | g

/ ‘ HDV, ﬂ/J

- §/ lun|" 20y, (up — u) da —|—/ W) un |20y, (uy — u) dz — Oas n — oo.
0 Q

7(x)
Unp, dac)

T(x)—2 . . .
HDg;”’¢un ( HDgf’qﬁun — HDgf’wu) dz

Thus, we can infer from equation (19) and (20) that
]. H 0 Kl"¢' 7'(33)
o+ 5 —— | "Dy un dx
(z)—2 . . .
/ ‘ HD% MYy HDgf’wun ( HDg;”’¢un - HDg’f’lpu) dxr — 0 as n — oo.

Therefore, according to Proposition 4, we get u,, — u in 9{7(1-),0(9)- Hence,
we conclude the proof. O

Lemma 2. & is coercive and bounded from belows.

Proof. For any u € H(,) (), we have

2
o . 8 . ¢
¢ > HD'Y»I‘W/J 7(x) / HD%/’»ﬂlJ T(:L’)d B / r(x)
w2 5 [ rogeao - B ([ mogearian) - £
1

= 7(x)
+ p— h(x)|u|™ dzx.

Using Proposition 1 and 3, we have two cases:
Case 1: If ||ul| ;- > 1, then

«Q T 6 T ECO rt
E(u) = —[lull” + )2 lul ™ = =l

According to (2), € is coercive and bounded from below.
Case 2: If ||ul| /-y < 1, then

- T+ /3 7'Jr ECO r
E(u) = —[lul™ + 2(T+)2||’u||2 == [Jul]

Since 27" > 77 and 271 > 77, this implies that € is coercive and bounded from
below. O

Proof of Theorem 3

Let consider (s,),~ aschauder basis for J{,+ () and Y}, = span{sy, s2,..., 51},
the subspace of H,+ (£2) generated by s1,s2,...,5;. Clearly Y} is subspace of
H,+ 0(Q). Then, since H,+ 5(Q) C Hy(z)0(2) C L"@(Q) we have Y}, € L"@)(Q).
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Also, since Y}, is a finite dimension space, the norms ||| and ||-||; »«) are equivalent
on Y;. Therefore, there exists a positive constant ¢ such that

llull v > cillul|, for all u € Y.

Let u € Y}, such that ||u]| < 1, then using (Hp) one has

2
€(u) —a/ ( )| Aty |m(@) dx+§ </Q e )| Hpoy ’wu\T(”C)dx)

¢ [ olurs +/Ej§§| 7@

2
(0% . .
< _/ | HDgf’wu‘T(m)dx—i- 2 </ | HDgf,wur(:ﬂ)dx)
- / ’u‘rx dx + / ‘T(.Z’
< cl(uuuf + ||u||2f) ~ allullio + =l

A

- - +
< eg (Ilull™ + ul*) = eallul”
+ -t -t
=l Jes (™ =" Jul ) = .

There exists A € (0,1) sufficiently small such that MY < 1 and e T+

A2 < 4. Let consider S§ := {U € Vil [lull = /\}- We have €(u) <

AT (c?,)ﬁ'i*?"+ +eg\2T C4> for all u € S§. Thus

Because Y}, and R* are isomorphic, then S’f\ and S*~! are homeomorphic, thus
(6] (S’;) = k. According to Theorem 2, € has least k pairs of different critical
points.
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