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Abstract

The paper deals with Bessel systems and Riesz-Fisher systems in Banach
spaces with respect to some Banach space of vector-valued sequences. The
notions of X-Bessel systems and X-Riesz-Fisher systems were introduced
and the characterization of such systems were established. X-frames and
X-Riesz g-bases are also studied in this paper. The relations between them
are obtained.
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1 Introduction

In recent times, due to numerical applications, the interest in frames has in-
creased greatly. The frames have found applications in signaling processes, data
compression, information processing, when studying the features of surfaces of
crystals and nano-objects and in other fields. The notion of frame was introduced
by R.J.Duffin and A.C.Schaeffer [1] when studying the theory of nonharmonic
Fourier series with respect to the perturbed system of exponents. In [1] the frames
in abstract Hilbert spaces were also studied. Note that the non-empty system of
non-zero elements of Hilbert spaces {f,},cy is called a frame in H if there exist
constants A > 0 and B > 0 such that for each f € H
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where ||| ;; is a norm in H generated by the scalar product (-,-). If {f}nen C H
is a frame, then there exists a frame {g,},cy C H such that every f € H has a
representation of the form

F=(Fr9n)fn =Y (fs fn)on
n=1

n=1

Later, a lot of literature was devoted to frames (see, for example [2-7]). It is
known that the frames in Hilbert spaces are the generalizations of the Riesz bases
introduced and studied by N.K.Bari [8], i.e. the bases equivalent to orthonormal
ones. The stability of frames is very important to obtain new frames. Similarly to
theorems of stability of orthonormal bases, the stability of frames in Hilbert spaces
was studied in [9-11]. One of the important directions of frames in Hilbert spaces
is the study of generalizations of frames. The notions of g-frame and g-Riesz bases
were introduced and several properties of frames and Riesz bases in Hilbert spaces
were obtained in [12]. The g-frames were also considered in [13, 14]. Another
generalization of frames in Hilbert spaces was studied in [15, 16], where the notion
of t-frames was introduced and many properties and noetherian perturbation of
such frames were studied. The Banach generalizations of frames were first studied
by K. Grochenig in [17]; in this paper, the notions of Banach frame and atomic
decomposition were introduced. Banach frames, atomic decomposition and their
stability were also studied in [18-20]. The important results were obtained in the
case of spaces [,, p # 2. In [21] the p-frames and atomic decompositions with
respect to shift of subspaces L, were obtained as generalizations of frames and
Riesz bases in Banach spaces. The results with respect to p-frame decompositions
and its relationship with ¢-Riesz bases were studied in [22]. Then the results of
[23-25] were taken to general Banach spaces of number sequences (for these and
other facts see [11]).

The Banach generalization of frames with respect to Banach spaces of vector-
valued sequences were considered, the notions of X-frame and X-Riesz g-bases
were introduced, necessary and sufficient condition theorems were established in
[26, 27]. The present paper was devoted to the generalization of Bessel systems and
Riesz-Fisher system with respect to space X. The notions of X-Bessel systems
and X-Riesz-Fisher systems were introduced, the criteria of X-Bessel property
of the system and X-Riesz-Fisher system were proved and their relations with
X-Riesz g-bases were studied.

2 Auxiliary notions and results
Let X and Z be Banach spaces with appropriate norms |-||y and ||-||,. The
dual space of the to space X is denoted by X*. By mx : X — X*™ we denote a

canonical mapping of space X into space X**, i.e.

mx(x)(z*) = 2" (z), Vo € X, V2™ € X™.
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For a reflexive space X the canonical mapping is an isometric isomorphism. The
image of the operator T': X — Z is denoted by Im7T'. The adjoint of an operator
T € L(X,Z) is denoted by T*, where L(X,Z) denotes the space of all linear
bounded operators acting from X to Z. We need the following theorem.

Theorem 1. [28]. Let X and Z be Banach spaces and let T € L(X,Z). Then
the equality ImT = Z holds if and only if there is a number ¢ > 0 such that

|T* fll = = cllfllz-,Vf € Z".

Let X be some Banach space of sequences consisting of the vectors of X
with coordinate vise linear operations such that operators ej, : X — X, er(x) =
{0ixx};cy and €] : X = X, e;({Tn},en) = zi are continuous ( K B-space). X is
said to be C'B-space if for every & = {z;},cy € X

T = Z er(zk)

k=1

For C'B-space X, the conjugated space X* is isometrically isomorphic to the space
Y of sequences {7}, y C X* with the finite norm

> it

Heikenll = sup

|Z]|=

Indeed, for Vi* € X*

o0 o0
T ({zr}pen) Z =z (),
=1 k=1
where 27 = T*e;. We have
o0
[{aitienlly = sup > ai@n)| = sup [7°(@)] = 12"z
[Zl=1 |, IIOJH—

Vice versa, for each such sequence {r;}, ., C X* a linear continuous functional
~ o0 ~
Z* is determined on X by the formula z*(z) = kz r(zk), T = {Tr}peny € X and

E .Tk .Z'k;

k=1

1Z"]| ¢« = sup [2°(Z)] = sup = [{=itren|ls -

[[Z]|=1 llz[|=1

Throughout the paper, space X* is identified with space Y. Let us consider the
system of operators {gx },cny C L(Z, X). The following notion is the generalization
of the notion of frame in Hilbert spaces.



306 Migdad I. Ismailov

Definition 1. The system {gi}.cn is said to be X-frames in Z if there exist
constants A > 0 and B > 0 such that

Allelly < [{or()hen | x < Bllzllz . ¥z € 2. (1)

Constants A and B are called X -frame bounds of {9k} pen- If there exists an
operator S € L(X,Z) such that S ({gn(2)},en) = 2,2 € Z, then ({gr}ren +S)
is called Banach X -frame in Z.

Obviously, the system {gi},cn is X-frame in Z if and only if the operator
U:Z — X, given by the formula

U(z) = {9r(2)}pen V2 € Z (2)

is bounded and has a bounded inverse on ImU.
By Lx+ ({gn},en) we denote the set of all possible finite sums of the form

zk:x}';gk, where z} € X*.

Definition 2. The system {gi}c is said to be g-complete in Z* if Lx+ ({gn}neN) =
Z* in the norm of Z*. The system {gi},cn i called g-biorthogonal in Z* if there
exists a system {A;},cy C L(X, Z) such that

gkAj = 6kj-

The system {gi}yen is said to be g-biorthogonal system to {A;}; . C L(X, Z).
The system {gi}ren 5 said to be g-minimal in Z* if Va* € X*, 2* # 0 and

Vk € N the relation x*g ¢ Lx+ <{gn}n7§k> holds.

Lemma 1. The g-minimal system {gi}cn C L(Z, X) is minimal.

Proof. Assume the contrary, i.e. let the system {gy},cy be not minimal. Then

Jko such that gy, € L ({gn}n?éko). Consequently,

Mn
. "
gy = Jim 2 g
i=1,iko
Hence Vx* € X*, z* # 0, we get
Mn
T g, = nh_>nca>0 E o'zt g,
i=1,iko

which means that x*gy, € Lx+ ({gn}m&kO). This contradicts g-minimality of the
system {gx }cn - The obtained contradiction proves the theorem. O

The following lemma holds as for an ordinary basis.
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Lemma 2. Let X be a reflevive CB-space. Then for Vi* = {7 }een € X* the
following expansion holds
o0
= Z Tre).
k=1

Proof. Let us take Vi* = {z}}, _\ € X* and e > 0. By virtue of the fact that X
is C'B-space, 3M > 0 such that V& = {z3},cy € X

Z ek(:ck)
k=1

Taking this and xj, = 7¥e;, into account , we get

n n
> @ik > whei(#)
k=1

k=1

< M||#||¢,¥n € N.

X

= sup
lzll=1

)Z'*

<Mz % - (3)

Let us show the validity of the relation Lx« ({6}2} ke N) = X*. Assume the

contrary. By virtue of reflexivity of X, there exists & = {Zr}pen € X, % # 0 such
that
x¥en () =0,Vz* € X*,Vke N

ie. *(zr) = 0. So, & = 0. This contradicts the assumption. Therefore, 37* €
Lx-~ ({e,’g}keN) such that

(4)

~ % ~% €
— 7 g <
17" = 7l %e < 377

Using (3) and (4) we get

n
T — Z xer,
k=1

< |7* =yl +
X

(& — §)exe
k=1

X*
<(+M)# -7 lg <e.
O

Definition 3. The system {gy};,c is said to be X*-Riesz g-basis in Z* if {9k} ren
is g-complete in Z* and there exist constants A > 0 and B > 0 such that

oo
Z T1.9k
k=1

Constants A and B are called lower and upper bounds of the X*-Riesz g-basis
{gk}keN; recpectively.

Allz*) 5. < < BJ|E*) g, VE* € X*. (5)

Z*
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It is easily shown that the system {gj},, forms X*-Riesz g-basis in Z* if
and only if operator T : X* — Z*, determined by the formula

T(E*) = whge,VE* = {af} ey € X, (6)
k=1

is bounded and bounded invertible.

3  X-Bessel systems and X-Riesz-Fisher systems

In this section we study Bessel systems and Riesz-Fisher systems in Banach
space with respect to Banach space of the sequence of vectors. We establish
their characterization and also relation between the frames and Riesz bases in
Banach space with respect to CB-space X. Let X and Z be Banach spaces, X
be CB-space and {g},cn C L(Z, X).

The following notion is the generalization of Bessel sequence with respect to
Banach space of scalars.

Definition 4. The system {gi}cn @5 said to be X -Bessel in Z if
{96(2) }en € X,Vz e Z.

We have the following criteria of X-Bessel property of the system.

Theorem 2. The system {gi}pcn 15 X -Bessel in Z if and only if there exists
an operator U € L(Z,X) such that

epU = gn,Vn € N. (7)

Proof. Necessity. Let the system {gi},cn be X-Bessel in Z. Let us consider
operator U, : Z — X,Vn € N defined by the formula

Un(z) = Z engk’(’z)'
k=1

It is clear that U, € L(Z,X). By condition, Yz € Z relation {gx(z)}cy € X
holds. So,
lim Uy(z) = U(z).

n—o0

By the uniform boundedness principle, the sequence {||Uy| };.c n is bounded. There-
fore, U € L(Z, X ). Furthermore

enU(2) = e, ({9k(2) bren) = on(2),

i.e. (7) holds.

Sufficiency. Let there exist an operator U € L(Z,X) and let condition (7)
be fulfilled. We take Vz € Z and set U(z) = Z. Then it follows from g,(z) =
epyU(z) = oy, that {gr(2)},cny = T, i.e. the system {gp}cn is X-Bessel in Z. [



On Bessel and Riesz-Fisher systems with respect.... 309

The following statement follows from this theorem.

Corollary 1. Let the system {gi}.cn be X -Bessel in Z. Then 3B > 0:

{96(2)}ien || < Bllzll .2 € 2.

Proof. By Theorem 2 operator U : Z — X determined by formula (2) is bounded.
Therefore Vz € Z we have

{gr(}ken || = 1UE)z < U2l -
Thus, the required number satisfies condition ||U]| < B. O

Theorem 3. In order for the system {gi},cn to be X -Bessel in Z it is necessary,
and in the case of reflexivity of X, it is also sufficient that the following relation

szgk
k

holds for any finite sequence {x;} C X*.

< BI{zi}x- ®)

7%

Proof. Necessity. Let the system {gi},cn be X-Bessel in Z. Let us take an
arbitrary finite sequence {z;} C X*. Taking into account Corollary 1 we get

| > ign > wigr(2)
k k

< It s [Hon(e)hex] < BI G-

= sup <

l[=lI=1

Z*

i.e. (8) holds.
Sufficiency. Assume that (8) holds for any finite sequence {z}} C X*. Take

~ ~ o0
V{x}} ey € X*. Since X is reflexive , by Lemma 2 the expansion * = ) xjej
k=1

holds. Therefore,

—0

X*

m
> wiei,
k=n

for m > n and n — co. Then Vz € Z for m > n and n — oo, using (8), we get

m m
> whan(2)| < ||D_ who
k=n k=n

m

> zhek

k=n

< Izl < B 1] = 0.

X*

VA

oo ~
Thus, Vz € Z the series ) z}gx(2) converges and so, {gr(2)},cn € X i.e. the
k=1
system {gy},cn is X-Bessel in Z. O

The following definition generalizes the notion of Riesz-Fisher system (Hilbert
system) in Hilbert space (see [8, 29]).
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Definition 5. The system {g},cn is said to be X -Riesz-Fisher ( X -Hilbert) in
Z if )
V{zptheny € X, 32 € Z 2 gi(2) = 2.

We give characterization of the X-Riesz-Fisher system.

Theorem 4. For the system {gi},cn to be X -Riesz-Fisher in Z, it is sufficient,
and in the case of g-completeness of {gr},cn i Z* it is also necessary that there
be S € L(X,Z) such that

gnS =e€,,Yn € N. 9)

Proof. Sufficiency. Let 3S € L(X,Z) be such that (9) holds. We take Vi € X.
Let S(z) = z. According to (9) we have

gn(z) = gnS(i) = 6:1(‘%) = Tn,

i.e. the system {gy},cy is the X-Riesz-Fisher system in Z.
Necessity. Let {gi},cn be g-complete in Z* and X-Riesz-Fisher system in Z.
As {gr}pen is X-Riesz-Fisher system in Z for Vi € X,3z € Z : go(2) = z,,. Such
an element is unique. Indeed, let 321 € Z : g, (21) = zp,. Then g,(z — z1) = 0 for
Vn € N. By g-completeness in Z* of the system {gy},cn we have f(z — z1) =
0, f € Z*. This is possible only if z = z;. We define operator S assuming S(Z) = z.
Let us show the closeness of operator S. Suppose that
lim %, = Z,5(%,) = zn
n—oo
and
lim S(z,) = 2.
n—oo
Since {gk}rcy is X-Riesz-Fisher system in Z, there exist z, € Z such that
- - ( - .
{9r(zn) bpen = Tn. Let T, = {mkn)}keN and Z = {z}}cn- Then lgrologk(zn) =

lim x,(c " = g, Tt follows from hm zn, = z that hm gk(zn) = gx(z) and therefore

n—o0

{9k(2)} ey = T, 1e. S(Z) = 2, operator S is closed By the closed graph theorem
operator S is bounded. On the other hand, we have

GnS(E) = gn(2) = x, = €(2),Vi € X,
i.e. (9) holds. O

The following properties of g-complete X-Riesz-Fisher system follows from
this theorem.

Corollary 2. Let the system {gy},cn be g-complete in Z* and be X -Riesz-Fisher
system in Z. Then 3A > 0:

All2lly < Hor(=)een |l 5 »

for any z € Z for which {gi(2)}en € X
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Proof. Let z € Z be such that {gi(2)},cn € X. By Theorem 4 there exists an
operator S € L(X,Z) such that S({gx(2)}ren) = 2z Then

1211z = [|SHgk() een) || 7 < N8I [{96(2) kel 5 -

Consequently, A < ﬁ is the required constant. O

Corollary 3. Let the system {gi},cn be g-complete in Z* and be X -Riesz-Fisher
system in Z. Then the system {gi}rcn i g-minimal.
Proof. Assume the contrary, i.e. let the system {gi},cn be not g-minimal. Then

there exist * € X*,2* # 0, and kg € N such that z*gy, € Lx~ ({gn}n?éko). We

have

Mn
gk, = lim 12;@ """ gi (10)
i=1,1ko

By Theorem 4 there exists operator S € L(X, Z) such that (9) holds. From (10)
we get

Mn mMn
. * . *
ey = g, S = nlg]go E :cgm") giS = nlgglo E xz(m") e;.
i=1,i#ko i=1,i#ko

Hence, for Vo € X we get z*(x) = x*gg,Sek, () = 0. Therefore, z* = 0. The
obtained contradiction proves the theorem. O

In the case of reflexive space we have the following criterion for X-Riesz-Fisher
System.

Theorem 5. Let X be a reflevive CB-space and Z be reflexive. The system
{9k} pen is X-Riesz-Fisher system in Z satisfying condition Vi = {xp},cn €
X,32€ Z : gi(z) =z and

AHZHZ < H{xk}kENHX' (11)

if and only if condition

; (12)
P

All{zidlz- <

Z T}k
k

holds for any finite sequence {x;} C X*, where A is some positive constant.

Proof. Necessity. Let {gi},cn be X-Riesz-Fisher system in Z and condition (11)

be fulfilled. Let us take an arbitrary finite system {z}} € X*. By reflexivity of X

there exists {z3}cn € X such that {2k} renl 5 = 1 and 3 @f(zr) = {2} } .-
k
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Since {gx}ren 18 X-Riesz-Fisher system in Z, there exists z € Z : gi(z) = xs.

Then
ZUCZ(%) = szgk(z)
k k

> T ! > Tiok
k 7% k Vi

< —
- A
Sufficiency. Let condition (12) be fulfilled. We take ¥ {z}},cy € X. Let us
determine a linear functional ¢ on Lx«({gx}cn) by the formula:

" (Z 332%) = ().
P P

Obviously, a fact that a functional is well defined follows from inequality (12).

Using (12) we get
@ (Z xng)‘ =D wilan)
k k

1
trihienlls < & ondienllx

{5 =

<

<llzllz

<

< [{zH x-

)

Z T}k
k

i.e. the functional ¢ is bounded on Lx+({gk}ren) and [l¢| < & H{xk}keNHX By
the Hahn-Banach Theorem we continue ¢ to the linear continuos functional on
the whole Z* preserving the norm. We denote this functional also by (. Thus,
w € Z* and

VA

1
()] < 5 IHedienlls 112 . f € 2. (13)

By the reflexivity of Z there exists z € Z such that o(f) = f(2),f € Z* and
el = |||l ;- It is clear that Vz* € X*

¥ gr(2) = p(x*gr) = 2™ (zp).

Hence, from the arbitrariness of z* € X* we get gi(z) = ;. Consequently,
{9k} e n is the X-Riesz-Fisher system in Z. Further, from (13) we have

1
21z = llell < — Handeenllx -
O

The following theorem establishes the relation between the X-Bessel system
and X-Riesz-Fisher system.

Theorem 6. Let X be a reflexive CB-space and Z be reflexive. For the system
{9x} e to be the X -Riesz-Fisher system in Z, it is sufficient, and in the case of
g-completeness of {gr}ren 0 Z* it is also necessary that the following conditions
hold:

1) {9k }ren has the g-biorthogonal system {Ay}cn C L(X, Z);

2) the system {Ap}pcn 15 X*-Bessel in Z*.
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Proof. Sufficiency. Let the system {gx},cn be g-complete in Z* and conditions
1) and 2) be fulfilled. We take V{x},cn € X. From X*-Bessel property in Z*
of the system {A;},cy it follows by Theorem 1 that the operator V : Z* — X+

determined by the formula V(f) = {A;‘(f)} . is bounded. Thus, for Va* € X*
je

we have
B) =Y A5(N)(x) =D FA;(w).
j=1 Jj=1

Then

On the other hand, we have
Vi(z"gn) (@) = 75 (2)(V(2z"gn)) =

=V (13(2))(2"gn) = 2" gn(n,' V7 (2)).
So, from the obtained relations we have z*(z,,) = 2*g,,(7,' V*74()). Hence, by
the arbitrariness of z* € X* we have

gn(wglv*wX (Z)) = xn.

Assume that 7,'V*7¢(Z) = 2. Then gn(2) = z,,¥n € N, ie. {gx}yey is the
X-Riesz-Fisher system in Z.

Necessity. Let {gi} ey be g-complete in Z* and be the X-Riesz-Fisher system
in Z. By Theorem 4 there exists an operator S € L(f( , Z) satisfying conditions
gnS =€y, Yn € N. Assume that

Aj = S’ej,j € N.
Then Vn,j € N we get
gnl\j = gnSe; = ey ej = Opj,

i.e. {gr}pen has g-biorthogonal system {Ax}, .y C L(X, Z).
Furter, V7 = {21}y € X we have

[e.e]

B) = 5> ej@) =3 Sejay) = Ajlay).
j=1 J=1

J=1

Consequently, Vf € Z*
B) =Y fA(z) =D A5(f) ()
j=1 j=1

- oo
Thus, for V& = {zp}ycn € X the series »  A7(f)(x;) converges, and so
j=1

{A;‘(f)} v E X*, ie. the system {Ag},cy is X*-Bessel in Z*. O
JjE
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The following theorem is a criterion for X*-Riesz g-bases property of systems.

Theorem 7. Let X be a reflexive CB-space and Z be reflexive. For the system
{9k} pen to be the X*-Riesz g-bases in Z*, it is mecessary and sufficient that
{9k} ren be both X -Bessel system and X -Riesz-Fisher system in Z satisfying the
nequality

Allzllz < [Hor(enll 5 2 € 2, (14)

where A > 0 is some constant.

Proof. Necessity. Let {gi},cny be X*-Riesz g-bases in Z*. According to Theorem
3 and Theorem 5, {gi}cn 1S X-Bessel system and X-Riesz-Fisher system in Z.
The validity of the left hand side of inequality 9 remains to be shown. We take
Vz € Z. By X-Bessel property of the system {gi},cy we have {gx(2)},cn € X.
Then by condition 11 there exists zp € Z such that gi(20) = gr(z) and A 2] <
[{91(20)}pen || 5- Consequently, g (z0—z) = 0 and therefore Vi* = {a}},\ € X+

the relation ) x;gx(20 — 2) = 0 holds. Then from g-completeness of system

k
{9k} pen in Z* we have f(z0 —2) =0, Vf € Z* and hence z = z.
Sufficiency. Let {gx},cn be X-Bessel system and X-Riesz-Fisher system in
Z and the left hand side of inequality (1) be fulfilled. According to Theorem 3
and Theorem 5, (5) holds. It remains to show the completeness of {g},c in Z*.
Assume that {gi},y is not g-complete in Z*. By virtue of reflexivity of Z,

e Z,2#0: Zx}igk(z) =0,z € X"
k

Then for an arbitrary & = {z}},_y € X* we get T*({gr(2)}ren) = 0. Hence
9rx(2) = 0 and so from (14) we have z = 0. The obtained contradiction proves the
theorem. ]

The following theorem establishes the relation between X*-Riesz g-basicity
and X-frame property of a system.

Theorem 8. Let X be a reflezive CB-space and Z be reflexive. The system
{9k} pen forms X*-Riesz g-basis in Z* with bounds A and B if and only if

1) {9k} pen 18 X -frame in Z with the bounds A and B;

2) {9k} pen is g-minimal in Z*.

Proof. The necessity of the theorem follows immediately from Theorem 7 and
corollaries 1, 2 and 3.

Sufficiency. Let conditions 1) and 2) be fulfilled. Then operator U determined
by formula (2) is invertible on ImU and by Theorem 1 operator U* is surjection in
X*. Let us consider operator T determined by formula (6). It is easy to show that
U* T. Therefore, T is a surjection in X*. Let us find KerT. Assume that T'z*

Z zpgr = 0,2 = {xp},cn. U Fho : 2f) # 0, then 2} gk, = — Z x}gr and
f= k=1,kko
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this contradicts g-minimality in Z* of the system {gx},c - So Vk we have z} = 0,
i.e. KerT = {0} and therefore T is bounded invertible. Consequently, the system
{9r}pen forms X*-Riesz g-basis in Z*. O

The following theorem for X-Riesz A-basis is proved in the same way.

Theorem 9. Let X be a reflexive CB-space. The system {Ak}pen forms X -Riesz
A-basis in Z with bounds A and B if and only if

1) {Ap}pen 08 X*-frame in Z* with bounds A and B;

2) {Ar}pen s A-minimal in Z.

We now study expansion in spaces Z and Z*.

Theorem 10. Let ({gi},cy S) be a Banach X-frame in Z with bounds A and
B. Then there exists X*-frame in Z* {A}ren C L(X, Z) with bounds & and %
such that

z= ZAkgk(z),Vz € Z, (15)
k=1

F=> Mg, Vf € Z*. (16)
k=1

Proof. Determine the operator Ay € L(X,Z) by the formula Ay = Seg. Then
Vz € Z we have

z=SU(z Z exgr(z Z Sergr(z Z Aggr(z

k=1

Equality (16) follows immediately from (15). Further we have
S = {0 (N} pen Y € 27 (17)

Indeed, VZ = {zn},cn € X we get
S*(N)(@) = F(S@) = F(Q_ Serlan)) = Y F(An(ar) = D AL(f) ()
k=1 k=1 k=
Then from (17) we have

[{A%(S) g = 15" Fllx- < ISTIFN 2 = % 11l 2

Using (15) we get

I£llz- = sup [f(2)] = sup
Izll=1 I=l1=1

Zf Ay (gx(= )))'

k=1
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= sup
llz]l=1

> AL (9r(2)

k=1

< B el 5.
e, 511 < AL eenl -

In the case of X-Riesz A-basis, the following theorem is valid.

Theorem 11. Let X be a reflevive CB-space and Z be reflexive. Suppose that
{9k} pen forms X*-Riesz g-basis in Z* with bounds A and B. Then there exist
a unique X -Riesz A-basis {Ar}eny C L(X,Z) in Z with bounds % and % such
that equalities (15) and (16) hold. Furthermore, {Ap},cn is a unique system
g-biorthogonal to { gk} cn-

Proof. By Theorem 8 the system {g},cy is X-frame in Z with bounds A and
B. It is clear that operator U is bounded invertible and HU_lH = % Thus,
({gk}ren -U™') is a Banach X-frame in Z. By Theorem 10 the system {Ay}, .y C
L(X,Z),A, = U le; forms X*-frame in Z* with bounds %, % and equalities
(15) and (16) are fulfilled. It is clear that gxA; = 0y;. Indeed, if A;(z) = z, then
ej(x) = U(z), and so gi(z) = Opjz. The uniqueness of g-biorthogonal system
{Ax} e follows from expansion (10). Let us show A-minimality of the system
{Ar}pen- Assume the contrary, let {Ay},cy be not A-minimal in Z. Then

dre X,z 75 0,3kg : Ako(x) = Lx <{Aj}j7ﬁko)’ i.e.

Ap(@) = Tim 3= Aj(ai™).
]:17‘7#]{:0
Hence, we have
T = gro(Ako (@) = T >~ g (A5(af™)) =0,
j=1,k#ko

that contradicts the assumption z # 0. Therefore, by Theorem 9 the system
{Ar} ey forms X-Riesz A-basis in Z. O
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