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ON THE GEOMETRY OF THE TANGENT BUNDLE WITH
VERTICAL RESCALED GENERALIZED
CHEEGER-GROMOLL METRIC

Lakehal BELARBI*!, Hichem EL HENDI ? and Fethi LATTI 3

Abstract

Let (M,g) be an n-dimensional smooth Riemannian manifold. In the
present paper, we introduce a new class of natural metrics denoted by G7
and called the vertical rescaled generalized Cheeger-Gromoll metric on the
tangent bundle TM. We calculate its Levi-Civita connection and Rieman-
nian curvature tensor. We study the geometry of (T'M,G7) .
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1 Introduction

We recall some basic facts about the geometry of the tangent bundle. In the
present paper, we denote by I'(T'M) the space of all vector fields of a Rieman-
nian manifold (M, g). Let (M, g) be an n-dimensional Riemannian manifold and
(TM, 7, M) be its tangent bundle. A local chart (U,2");=1.., on M induces a
local chart (7= *(U),z%,4")i=1..n on TM. Denote by Ff’j the Christoffel symbols of
g and by V the Levi-Civita connection of g.

We have two complementary distributions on T'M, the vertical distribution V and
the horizontal distribution H, defined by

V(%u) = ker(dﬂ(zm)

= {ai a({?ji|(a;,u);ai € R}
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0 i ik O
g{(m,u) = {%kz,u) —a ujrijaiyk

where (z,u) € T'M, such that T, yTM = H; ) S V(zu)-

](x’u);ai IS R}

.0
Let X =X Zﬁ be a local vector field on M. The vertical and the horizontal lifts
T
of X are defined by

XV =Xx_— 1
i 1)
) (0 . 0
H_ xit — — x? — Tk
X X dxt X {81‘i wly 8yk} (2)
0 \H ) o\V 0 o 0
Consequently, we have (8301) =54 and ((3:1:’> = a—yi, then (@, @)izl..n

is a local adapted frame in TT'M. The tangent bundle T'M of a Riemannian
manifold (M, g) can be endowed in a natural way with a Riemannian metric g*,
the Sasaki metric, depending only on the Riemannian structure g of the base
manifold M. It is uniquely determined by

gs(XH,YH) = g(X,Y)om
FxXYY) =0 (3)
gS(XV,YV) = g(X,Y)om

for all vector fields X and Y on M. More intuitively, the metric ¢° is constructed
in such a way that the vertical and horizontal sub bundles are orthogonal and the
bundle map 7 : (T'M, g°) — (M, g) is a Riemannian submersion.

The geometry of the tangent bundle T'M equipped with Sasaki metric has been
studied by many authors K. Yano and S. Ishihara [23], A. Salimov, A. Gezer and
N. Cengiz ( see [4], [14], [15], [21]) etc. The rigidity of Sasaki metric have incited
some geometers to construct and study other metrics on TM. J. Cheeger and
D. Gromoll have introduced the notion of Cheeger-Gromoll [5]. It is uniquely
determined by

ggg(XH,YH) = g(X,Y)onm
gea(XT YY)y =0 (4)
gea(X", YY) = {g(X,¥)+ g(X,wg(V,u)} o

Where X, Y €e I'(T'M), (z,u) € TM, o =1+ gz(u,u).
M. Benyounes, E. Loubeau, and C. M. Wood in [3] introduced the geometry of
the tangent bundle equipped with a two-parameter family of Riemannian metrics
is called generalized Cheeger-Gromoll metric given by

GXT YN = g(X,Y)

GXY Yo = w(92(X,Y)+ qge(X,u)ge(Y, 1))
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for all vectors fields X,Y € ['(TM), r* = |jul| = /g(u,u), where w = (1 +
|u[|?)~t, p,q € R and q positive ensure non-degeneracy.

Dida H.M, Hathout F in [8], we define a new class of naturally metric on T'M
given by

Lo (XT YT = g, (X,Y)
X YY) =0 (6)
L X YY) = f(0)gp(X,Y)

for some strictly positive smooth function f in (M, g) and any vector fields X and
Y on M. We call G/ vertical rescaled metric.

Motivated by the above studies, we define a new class of naturally metric on T'M
given by

GHXH Y ™) = 6(X)Y)
XYY gy = 0
GHXY Yoy = F@)wP(92(X,Y) + q9a(X, u)ga (Y, u))
where f be strictly positive smooth function on M and any vector fields X and

Y on M. For f = 1 the metric Gf is exactly the generalized Cheeger-Gromoll
metric. We call G7 the vertical rescaled generalized Cheeger-Gromoll metric.

In this paper, we introduce the vertical rescaled generalized Cheeger-Gromoll
metric on the tangent bundle T'M as a new natural metric non-rigid on T'M. First
we investigate the geometry of the vertical rescaled generalized Cheeger-Gromoll
metric and we characterize the sectional curvature (Proposition 3.1) and the scalar
curvature ( Proposition 3.3).

2 Vertical rescaled generalized Cheeger-Gromoll
metric
Definition 2.1. Let (M, g) be a Riemannian manifold and f : M —]0,4o00[ be

a strictly positive smooth function. We define the vertical rescaled generalized
Cheeger-Gromoll metric Gf on the tangent bundle TM by

GHXT Y M) = (X)Y)
XYY gy = 0
XYY )y = F@)oP(90(X,Y) + qg0(X, u)ga (Y. w)
for all vector fields X,Y € T(TM), and r* = ||ul| = \/g(u,u), where w = (1 +

|u)|>)~t, p,q € R and q positive ensure non-degeneracy.
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Remark 2.1.

1. If f =1,p=q =1, then GI is the Cheeger-Gromoll metric.
2. If f =1, then G' is the generalized Cheeger-Gromoll metric.
3. If f=1,p=q=0, then G is the Sasaki metric.

4 GHXY,UY) = fubg(X,u)(1 + gr?).

5. GHUV,UY) = fuPr?(1 4 qr?).

where X, U € I'(TM) and Uy = u :ui;; €T, M and (z,u) € TM.

Lemma 2.1. (/3]). Let (M, g) be a Riemannian manifold and T M be the tangent
bundle of M. Then, for each (x,u) € TM and every real valued function h on
M, we have the following:

1. Xg,u)(h(ﬁ)) =0,

2. XV ((h(r?)) = 21 (r?)g(X, u),

(2,u)
3. Xv(g(X7 u) =g(X,Y),

4. XH(g(Y,u) = g(VxY, u),

5. XM (g(Y,2) = X(9(Y, 2)).
for all vector fields X,Y,Z € I'(TM).

Lemma 2.2. Let (M, g) be a Riemannian manifold and (T M, G7) its tangent bun-
dle equipped with the vertical rescaled generalized Cheeger-Gromoll metric, then
we have

xX2@hyv,zVy) = X}f)Gf(YV,ZV)
+GI (VY)Y 2V + GH(Vx2), YY)
XV(GIYY,2Y)) = —2pfurtg(X,u) [g(Y, 2) + gV, u)g(Z,u)]

Fafo? [9(X,Y)g(Z,u) + 9(X, Z)g(Y,u)|
forall X,Y,Z € T'(TM).

Proof. Using Lemma 2.1, we have
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XHGIYY,2Y) = XT(fur(g(Y, 2) + ag(V.u)g(Z, u)]
+ X g(¥, 2) + qg(Y, u)g(Z,u)]
= X(f)e"[9(Y. 2) + ag(Y,u)g(Z,u)|
+f? |g(VxY, Z) + (Y, Vx2)
+ag(Vx Y, u)g(Z,u) + ag(Vx Z,u)g (Y, w)]
= X;f)Gf(YV, ZV) + G (VY)Y ZY)

+ GH((Vx2)V. YY)

XY@V, 2Y) = XV()f|9(Y.2) + ag(Y,u)g(Z,u)|
++ fur XY [g(Y.2) + qg(Y,w)g(Z,0)|
= —2pfurlg(X,u)|g(Y, Z) + g(Y,uw)g(Z.u)|

+afe? [9(X,Y)g(Z,w) + (X, Z)g(Y,u)

2.1 Levi-Civita connection of G

Lemma 2.3. Let (M,g) be a Riemannian manifold. If V (resp. V) denote the
Levi-Civita connection of (M, g) (resp. (TM,G7)), then we have

1. GI(VynYH ZH) = GI(VxY)H, ZH)
2. GH(VynYH ZV) = —%Gf(ZV, (R(X,Y)u)")
3. GI(VynYV,Z") = Gf(fwP(R(u, Y)X)H, ZH)

b GHVxuYV, 2V) = GHELYY 4 o(VxY)V, 2Y)
5 GI(VyvYH ZH) = Gf(gwp(R(u,X)Y)H, ZH)
6. G/ (VyvYH, 2V = Y;f)Gf (ZV,XV)

7. GH(VyvYV, ZH) = Gf(—}Gf(XV,YV)(gmdf)H, zH)
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f(1+qr?)

8 G (VyvYV,2V)= 2 Gf([af(xv,UV)YV+Gf(YV,UV)XV Z)

+2

q2w—2p

_9_t= f XV VN f YV VN f ZV \4
f2(1+qT2)3G( ’U )G( 7U )G( 7U )

for all vector fields X, Y, Z € T'(TM).

Proof. We shall repeatedly make use of the Koszul formula for the Levi-Civita
connection V stating that

2GI (VYT ZF) = XUGH(YI,ZF) +YI(G/ (2%, X7)) — Z*(G/ (XP, Y 7))
G (X', Y7, ZM) + G (Y7, (2%, X)) + GT (2, [XP, YY)
for all vector fields X, Y, Z € T'(T'M) and i, 5,k € {H,V}.

The result is a direct consequence of the following calculations using Definition
2.1 and Lemma 2.2

26/ (Vxn Y, Z9) = X(9(Y,2)) +Y(9(Z, X)) — Zg(9(X,Y))
—g(X, [K Z]) +9(Y) [Zv X]) + g(Z, [X’ Y])

= 29(VxY Z)

= 267 ((vx)*, z"7)
2GI(VyuYH 2V = GH(ZzV,[xXH yH))

= —GN(Z",(R(X,Y)u)")
2GF(VyuYV,ZH) = GIYV, [zH, xH))

= -GV, (R(z,X)u)")
= G/((R(X, 2)w)V,Y")
= pr(g(R(X, Z)u,Y)—G—qg(R(X,Z)u,u).g(Y,u))
= GI(fuP(R(u,Y) X)), ZH)
206G (VynYV, 2y = XHGIYY,ZV))
-GV, (Vx2)V)+ G2V, (VxY)Y)
= Gf()(jc‘ﬂYV+2(VXY)V,ZV)
20 (Vv YH, 20y = —af(xV,[vH, zH))
= GHXY,(R(Y,Z)w)")
= fu?|g(R(u, X)Y, Z) + qg(R(Y, Z)u, w)g(X, u)
= G/ (fwP(R(u, X)Y)H, ZzH)
266GV YH, 2y = YH(GH(ZV,xV)
GI(xY,(vy2)V) - GH(ZY, (Vv X)Y)
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= YHGHXY,ZV)+GI( XV, (Vy2)V)+ G/ (ZY, (Vy X))
—-GH(xY, (Vy2)") - GI(ZY, (Vy X))

Y;f)Gf(ZV,XV)

26/ (VyovV, 2%) = ~27(G! (XY, YY)

+ XY (V) + G, (VX))

— _@Gf(x\/jyv)

el (—;Gf (XY, YY) (gradf)¥, zH)
From the lemma 2.1, we have
2WGI( VYV, 2V = XV(GIYY,z2V)+YV(c/(zV,xV)) - 2V T (xV, YY)
= 2fpuPg(X,u) (9(Y, Z) + q9(Y,u)g(Z, u))
+qfwP(9(X,Y)g(Z,u) + g(X, Z)g(Y,u))
—2fp? gV u) (9(X, Z2) + q9(X,u)g(Z, u))
+qfwP(9(X,Y)g(Z,u) + g(Y, Z)g(X,u))
+2fputtg(Z,u) (9(Y, X) + q9(Y, u)g(X, u))
—qfwP(g(Y, Z)g(X,u) + g(X, Z)g(Y,u))
= —2fpqw?g(X,u)g(Y, u)g(Z, u)
+2fw”(pw + q)9(X, Y)g(Z, u)
—2fpwPtt [Q(Xa u)g(Y,Z) + g(Y,u)g(X, Z)}

pr—p—i-l
Cf1+gr?)
2(pw + q)w™P
f(1+qr?)
2q2w72p
Rt e

26/ (V. YV, 2 [Gf xV, UV + 6y, UV)XV}

GI(xV, YY)

Using Lemma 2.3, we have

Theorem 2.1. Let (M,g) be a Riemannian manifold and ¥V be the Levi-Civita
connection of the tangent bundle (TM,G'). Then we have

(Vxu Yoy = (VXY>H - %(R(X,Y)u)v
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.. vV R B X(f)yv v
(Vxn YN = 5w (R(u,Y)X) TR +(vxy)
fop oY) v

VvV _ T TV oYY+ afyY oV xY
e ew = ~ 51T g7 [G XV, UMYV + G yV, U)X ]
(pw + qw "
f(+qr?)

q2w—2p
RREGE
Loy YV)( df)H

of , gra
for all vector fields X,Y € I'(T'M) and (x,u) € TM, where R denote the curvature
tensor of (M,g).

(vXV YH) (z,u)

+ al(xV,vY)

Gl xV,u"a!/ vV, uVyuv

Definition 2.2. Let (M, g) be a Riemannian manifold and K : TM — TTM be
a smooth endomorphism bundle of the tangent bundle TM. Then we define the
vertical and horizontal lifts KV : TM — TTM, K" : TM — TTM of K by

KY(n)=> mK(0i)"
i=1
and

K™(n) =Y mK(©@)"
i=1

where > it m;0i € 7 (V) is a local representation of n € € (TM).
From Definition 2.2 and Theorem 2.1, we have

Proposition 2.1. Let (M, g) be a Riemannian manifold and ¥V be a the Levi-
Civita connection of the tangent bundle (TM,GT). If K is a tensor field of type
(1,1) on M, then

(vXHKH)(x,u) = (VXK)H - %(R(X, K(u))u)v

(VXHKV)(LU) = gwp <R(u, K(u))X)H + );(J{)K(u)v + (VXK(u)>V

(VXVKH)(I’U) - <K(X))H—|- ng<R(u,X)K(u))H+ 21fg(K(u),gmdf)XV
wP+1

(VXVKV)(M) — _W [Gf(XV7 UK (u)V + G/ (K (u)Y, UV)XV}

(pw +q)w? v

g O E@ + (K00)
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q2w72p
L+ ar)

—21fo(XV, K(u)") (gmdf)H

for any X, Y € T'(TM) and (p,u) € TM.

GH(xV, UG (K ()Y, UV uY

3 Curvature tensor of vertical rescaled generalized
Cheeger-Gromoll metric

Using Theorem 2.1 and Proposition 2.1 and formula of curvature, we have

Theorem 3.1. Let (M, g) be a Riemannian manifold and (T M,G7) its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric. If
R (resp R) denote the Riemann curvature tensor of M (resp(TM,GY)), then for
Al XY, Z e I'(TM) and p = (x,u) € TM, we have the following formulas

fu?

R(xH yHyzH = (R(X, Y)Z)H + (R(u, R(X, Y)u)Z)H
+% (R(u, R(X, Z)u)Y)H - % (R(u, R(Y, Z)u)X)H

sy (Ve yn) - S (R r )

+2(J{8) (R(u, R(X, Z)u>v + Zz(? (R(X7 Y)U)V

P

R Y)ZY = L ]a(v.2) + ag(¥iua(Zw)| (Vxgradr)

+°"Zp [g(Y, Z) +qg(Y,u)g(Z, U)} (R(X7 gmdf>“>v

. [ — (Y, u) (R(u, Z)X)H + 9(Z,u) (R(u, Y)X) H]
2 ()’

f2w2p
4

X (D)5 [007.2) + a0 w)g(Z, )] (gradua )

H P
<R(u, Y)R(u, Z)X> — ST 9(R(u, 2)X, gradf)y"

RxV.yV)z? = %(R(X,Y)Z)H

—pfuwpt [g(X, u) (R(u, Y)Z> " —g(Y,u) (R(u, X)Z) H}
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RXT yVyzH =

R(xHYH)zV

R(XV,YV\zV

with

A

L. Belarbi, H. El hendi and F. Latti

/ 2;“’21) [(R(u, X)R(u, Y)Z) . (R(u, Y)R(u, X)Z) H}

+w7 {g(R(u, Y)Z, gradf)XV —g(R(u, X)Z, gmdf)YV}

2
WP H P
LX) (R 2y ) =
wp
-5 9

2

(R(X,Y )u, Z) (gmdf> i (R(X, Y)Z) v

_% (R(X, R(u, Z)Y)u) T % (R(Y, R(u, Z)X)U)V
Vi pw+tq

—pwg(Z,u) (R(X, Y)u) +( )a(R(X, Y )u, Z)U"

1+ qr?
Ag(Z,u) (Y, u) XV = g(X,u)Y" |

B [g(Y, 27XV — g(X, Z)YV}
Clg(X,u)g(¥, 2) - g(V,u)g(X, 2)| UV

fu?
4
w2
2 3(2,u) [o(Y,w)(R(w, X)grad)"

—g(X, u)(R(u7 Y)gradf)H]

[9(2,Y)(R(u, X)gradf)" — g(X, Z)(R(u,Y )gradf)"]

pw((p+2¢—2)w—q) quP 2
— — 2 Vgrad
Tt g if |gradf||
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PP —plp—w+q WP

B — W 2
o - Pp=2)(1—=qw’+palp—3)w—g’
(14 gr2)?

Notice that A, B and C are related by: A — qB = C(1 + qr?).

3.1 Sectional curvature of vertical rescaled generalized Cheeger-
Gromoll metric

In the following, we consider for all VW € I'(TTM),V # W
QV,W) = G(V,V)GW, W) — |GV, W)[

G(V,W) = G(R(V,W)W,V)

Lemma 3.1. Let (M, g) be a Riemannian manifold and (T M, G7) its tangent bun-
dle equipped with the vertical rescaled generalized Cheeger-Gromoll metric, then
for any orthonormal vector fields X, Y € I'(T'M), we have

1. Q(XH, yH) =1,

2. QX YY) = fur 1+ alg(Vu)?],

5. QXY YY) = P (14 lg(X,0) 2 + alg(YV, w)]?).
Proof. The statement is a direct consequence of Definition 2.1. O

Lemma 3.2. Let (M, g) be a Riemannian manifold and (TM,G/) its tangent bun-
dle equipped with the vertical rescaled generalized Cheeger-Gromoll metric, then
for any orthonormal vector fields X, Y € T'(T'M), we have

1. G(XH Y H) = g(R(X, Y)Y, X) = 22| R(X, Y )ul

4f
20.72
+ R(u, V) X2,

_ 2,, w
2. G(XH,YV) = [% _ ;g(vxgmdf,X)] [1 + qlg(Y, U)P]

5. G(XV, YY) = fur |A(lg(V,w)? + [g(X,u)2) + B.

The constants A and B are as in (Theorem 3.1).

Proposition 3.1. Let (M, g) be a Riemannian manifold and (T M, G') its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric. If
K (resp., K denote the sectional curvature tensor of (M, g)(resp., (TM,GY)),
then for any orthonormal vector fields X,Y € I'(TM), we have
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(x# vy = K(x,¥) - LR v,

. K
e _ for X w P
_ WP
8 KXY = s o Al a0 8]

Proposition 3.2. Let (M,g) be a Riemannian manifold of constant sectional
curvature X and (TM,GT) its tangent bundle equipped with the vertical rescaled
generalized Cheeger-Gromoll metric. If K denotes the sectional curvature tensor
of TM, then for any orthonormal vector fields X, Y € T'(T'M), we have

Ry = 3= B e R 1 o],
. p>\2 )2 X 2 —p+2
5 KXV, YY) = w [Allg(Y, )P +lg(X, u)?)+B].
fa+g(X,u)]? +1g(Y, u)?) ’ 7

Proof. The proof of Proposition 3.2 is deduced from Proposition 3.1 and the fol-
lowing equations

R(X,Y)Z = A\ [g(Y, 2)X — g(X, Z)Y}

IR Y)ul? = ||A[ (Y, )X — g(X, u)Y ]|
= Nlg(X,uw)]* + gy, u) )
IR@Y)XIP = IA|g(Y: X)u = g(X,w)Y ||
= Ng(X,u)|?
O
Lemma 3.3. Let (z,u) be a point of TM with w # 0 and (En, ..., Ep) be a local
orthonormal on M such that Eh = ﬁ Then (F1, ..., Foy,) is a local orthonormal
frame on (TM,G7).
Where F; = EH, Fq = WEY and Fpij = L]:”E;’, i = 1,m,
j=2,m.

Lemma 3.4. Let (M,g) be a Riemannian manifold and (TM,GY) its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric. If
(B, ..., Enm), (resp (Fi,.., Fon)) are local orthonormal on M (resp., TM ), then
foralli,j =1,m et k,l =2, m, we have
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— 3fw
1. K(F;, Fj) = K(E;, Ej) — —— | R(E;, Ej)|1%,

_ 9 w—p+2
2. (EaFm-‘rl) |E4‘(f};)| 2f g<vElgradfaEZ)7
E; 2 P2
% R(F Fsn) = 4G BB + P~ & g(vp grady 1),

J— 1+q 2
4o K(Foiky Fg1) = qup(lJrq:?)Jrcﬂ2 [pr(§+qr2)

A+ B],
5. ?(Fm—kka Fm-‘rl) “B.

T
Lemma 3.5. let (Ey, ..., Ey,) be local orthonormal frame on M, then for alli,j =
1, m, we have

Z 1R(u, B:)E;|* = Z IR(E;, Bj)ul|?

7.7 1 ,j 1
Proof.
m m
Y IR ENE|> = Y g(R(u, Ei, Bj, R(u, Ei)E))
i,j=1 6.j=1
m
= Y wuwg(R(Ey, E)E), Es)g(R(Ey, Ei)Ej, Es)
i,5,k,l,s=1
m
= Y wwg(R(Ej, Eo)Ey, E)g(R(E), BBy, Ej)
ikl s=1
m
ij,s=1
m
= > IR(E: Ej)ul?
ij=1

O]

Proposition 3.3. Let (M, g) be a Riemannian manifold and (TM, GY) its tangent
bundle equipped with the vertical rescaled generalized Cheeger-Gromoll metric. If

o (resp.,a) denote the scalar curvature of (M, g) (resp.,(TM,GY)), then for any
orthonormal frame (E1, ..., Ey,), we have

S|
|

2 — 3fwP mw P2 m||gradf||?
o+ 2 S e Bl - M A + e

L - (m —2)w™P
Y [qup(l +qr?) + qr? (pr(l + qr2)A +B)+ o 2fq

ij=1

+2(m —

B



260 L. Belarbi, H. El hendi and F. Latti

Proof. Using Lemma 3.4

Ql
Il
=
o3
Iy

m

- Z F(Fi7FJ')+2ZF(EaFm+J + Z ? m+17Fm+J)

1,j=1,i#j i,j=1 ,Jj= 77'7£J
m m

m
= Y, KF.F)+2) K(F,Fna)+2 Z K(F;, Frsj)
i,j=1,i#j i=1 i=1,j=2
m m

+ 2 K(Fpnii, Fni1) + Y K(Fnsi, o)
i=1 =2t

7 = Z (K (E;, Ej) — 3fw ——|R(E;, Ej)|I*]

. 2 —p+2
r2 (BUE oV grads, )

" 1 E; 2 —p+2
2 Y iR EpE) P+ DL -2 (v grads, )

1+ ar? r?
9 A+ B
* Z qup (14 qr?) + qr? [fw”(l + qr?) + Bl

1,j=2,i7#£]
m 2 —p+2
= o > 3fw 2 |R(E;, E)|? + lgradf|® — w tracey(Vgradyf)
| 2f2 /
i,j=1,i#j
2 « gradf||?
203 R BB 2 + (m - 11
4 L 2f
i=1,7=2
— 1) P2
— (m;wtmceg(Vgradf)
1+ qr2 r2
F2m =l o) R (R
+(m —2)(m — _ B
( )(m —1)[Z— 7 ]

Hence,

Q

2 — 3fwP mw P2 m||gradf||?
o+ 2N e B P - o+ g

4,j=1
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14 qr? r2 (m —2)w™P
2 —1 A+ B - B
F2m=1) fqwP(1 4 qr?) +qr2(pr(1+qr2) B 2fq

O]

Corollary 3.1. Let (M, g) be a Riemannian manifold of constant sectional cur-
vature A\ and (T M, Gf) its tangent bundle equipped with the vertical rescaled gen-
eralized Cheeger-Gromoll metric. If & denotes the scalar curvature of (TM,GT),
then for any orthonormal frame (E1, ..., E,,) on M, we have

14 qr? r2
faqwP(1 4 qr?) + qr? " fwr(1 4 qr?)

7 = +2(m—1)[ A+ B)

mA 9 92—3fwP (m—2)w?
+ 5 + A 1 + 274 B
m_ - |lgradf ||?
+— | —w PTPA(f) +
d RET

Proof. Taking account that ¢ = m(m—1)X and for any vector fields X, Y, Z € TM

then we obtain

> IR(E:, Ej)ul® NS Nlg(u, B E; — g(By,u) B

i,j=1 4,j=1
= N (lg(u, Ep)* = 2g(u, E;)g(Ei, u)dij + |g(Ei, u) ]
ij=1
= Nmlull® = 2[jul® + m|lu?]
= 2X%(m — 1)r?

we deduce that

_ 2 —3fwP  mw P2 m||gradf||?
_ _ _ 2,.2 _ o
g = m(m—1A+2(m—1)\r 1 7 A(f) + TE
1+ qr? 72 (m — 2)w™P
2(m—1 A+B)+——B
e 7 e R Tl P (T R T
O
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