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ON UNIVALENCE OF A NEW INTEGRAL OPERATOR

Constantin Lucian ALDEA' and Virgil PESCAR?

Abstract

In this paper we define a new integral operator and we obtain univalence
criteria for this integral operator.
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1 Introduction

Let A be the class of functions f of the form
f2) =2+ az",
k=2

which are analytic in the open unit disk U = {z € C: |z| < 1}. Let 8 denote the
subclass of A consisting of the functions f € A, wich are univalent in U.
We consider the integral operator Hg for f € A and some complex number

B (B # 0), which is given by

) = {5 [t du}ﬁ. 1)

Miller and Mocanu [3] have studied that the integral operator Hpg is in the
class 8 for f € 8%, 8 € R, f > 0, where 8* is the subclass of 8 consisting of all
starlike functions in U.

We define the integral operator
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J’Ylv""'ynaavn(z) =

° 1 Z —a L+L*1 i_,'_aifl Z;Lzl"%j
=X ) [ @ g C©
j=1

for f; € A and complex numbers «,v; (v; # 0), j = 1,n, which is a generalization
of integral operator Hpg.

Forn=1, fi = f, v1 =5, a =1, from (2) we obtain the integral operator
Hg.

Properties of certain integral operators were studied by different authors in
the following papers [10, 11, 12, 13, 14].

2 Preliminary results

We need the following lemmas.
Lemma 1. [//. Let o be a complex number, Re o > 0 and f € A. If
1— 2Re "
Re a f'(2)
for all z € U, then the integral operator F,, defined by

/ Cyol f’(u)du] , (2)

0

Q=

Fo(z) = [a

s in the class S.

Lemma 2. (Schwarz [2]). Let f be the function regular in the disk
Ur = {2z € C:|z| < R} with |f(2)] < M, M fized. If f(z) has in z = 0 one zero
with multiply > m, then

M m
FE) < Al (2 € Un) Q
the equality (in the inequality (3) for z # 0) can hold if
0 M
f(z) = eleﬁzm7

where 0 is constant.
Lemma 3. (Caratheodory [1]). Let f be analytic function in U, with f(0) = 0.
If f satisfies
Re f(z) < M, (4)
for some M > 0, then
(L= [zDIf(2)] < 2M[2|, (2 €U). ()
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3 Main results

Theorem 1. Let v;, a be complex numbers, Re ~y; # 0, M; real positive numbers,
j=1,n,p= ZJ 1Re >Oandf]€fl fi(2) = z+agjz? +az;z3+..., j =1, n.
If

Zéj((;)) —1‘ <M, (zel;j=Tn) (1)
and
> M; [|1,,+’a_1|]ﬁg\2/§p, (0<p<1) (2)
= i "
ZMJ [I% ’a;”] < 3*2/3, (p>1), (3)

then the integral operator Jy, vy, yn.am given by (2) is in the class 8.

Proof. We observe that

J717V2»~~~,’Yn:a,n (Z) -

1 4 a—1
/ > 17—1 fi(u)\ " n
U
We consider the function

h(z) :/OZ <f1£“)>"11+a7:1... (f"iu))wl"ﬁl du, (5)

for fj € A, j =1,n. The function h is regular in U.
We define the function g by

u

(fnw))%*“nld R
I u

zh/(2)
h'(z)

9(z) = , (zel). (6)

We have ¢(0) = 0 and from (5) and (6) we get

’<Z[ a;1|] z2fj(2)

] 5

, (e W). (7)
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From (1) and (7) we obtain

2 S ®

for all z € U.
Applying Lemma 2 we get

z Y | Ly e z z
ns;me+ et eew, )

From (6) and (9) we have

1— [z

p

zh"(2)
h'(2)

1—z2p & 1 —1
< f'uZM{+m W (10)

st 71 n

for all z € U.
For p € (0,1) we have 1 — [2|?? <1 — |2]?, 2 € U and from (10) we get

1—|2|%P zh”(z) (1-— z| )|2| — [ - 1|]
, (z€elU). 11
by W) LM |yt ] e D
Since
2
max 1—22 zlp = ——=, 12
ma (1= 2l = 5= 12)
from (2) and (11) we have
1— 2% | zh"(2)
<1 13
b |G | "
for all z € U and p € (0, 1)
For p € [1,00) we get - | > <1—|z% 2z € U and using (10) we obtain
1—|2|%P Zh”(z) [ 1|]
1|z M; , (zeW). 14
e EL \HZ el cew. oy
From (3), (12) and (14) we have
1—[2]% | 2B (2)
<1 1
p | W | <" )

for all z € U and p € [1,00).
i-}-affl L_i_Lfl
From (5) we obtain h/(z) = (fl(z)) Tt (f”—(z)) ™" and using (13)

z z

~—

(15), by Lemma 1 it results that the integral operator Jy, o, ~,.a.n given by (2
is in the class 3.

O
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Corollary 1. Let 8 be a complex number, Re 3 # 0, Re >0 and f €A,

f(z):z+a21z +as 23+ ...

If
Z]{QS) _1‘ ilﬂlR Z <zeU; 0<Re;<1> (16)
fa | (et

then the integral operator Hg € 8.

Proof. Forn =1, a=1, 17 =0, fi = f, and p = Re %, from Theorem 1 we
obtain Corollary 1. O

Corollary 2. Let the function f € A, f(2) =2+ a2 +az23+...
If

Zf’(Z) _ 1‘ < 3\2/57 (2: GU), (18)

f(2)

then the integral operator Alexander, given by
0= [ 10,
0 u

Proof. In Theorem 1 we take n = 1, a =1, 74 = 1, fi = f and we obtain
G € 8. O

s in the class 8.

Theorem 2. Let vy, a be complex numbers, Rey; #0, j =1,n,

= 1
p:ZRe;>O, [ €A, fj(z):z+a2j22+a3jz3+..., ji=1,n.

j=1 J

If
L [ 2fi(2) Re -
Re [d"( J 1>} <— __ (j=T,n;pe(0,1) (19)
fJ(z) 4|:L_|_|0‘;1:| ( )
B7]] n

or

fi(z 1 |a—1
i(2) %1 T

Re [ei" (Zf;(z) - 1>} < 4n[ ! } , (1=T,n; pel,00)), (20)

for all z € U and 6 € [0,2m), then the integral operator Jy, vy, yn.am, defined by
(2), is in the class 8.
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Proof. We take

: TR )\t
o [ (B ()
the function g is regular in U. We have
29" (2) _ = [1 a— 1] (zfj’(z) B ) 5
9'(2) ; Y T fi(2) L), (zel). (22)

Let us consider the function

0i(z) = e (Zéj(i"‘;) _ 1) . (=T 0e0,2m), (23)

z € U and we observe that ¢;(0) =0, j =1,n.
By (19) and Lemma 3, for p € (0,1) we obtain

|z| Re % .
()] < T o =T zel). (24)
21— J2l) [ + 21
From (20) and Lemma 3, for p € [1,00) we have
z
lpj(2)] < 12 — (j=Tn; zelU). (25)
(1~ J2l) [y + 122
PETIEV BT T
From (22) and (24) we get
1—[2]* | 29" (2) | _ 1 [2*]]
< , (zel; pe(0,1)). 26
N R EI G-

Since 1 — |2]?P < 1 —|z|? for p € (0,1), 2z € U, from (26) we have

1— 2p "
p 9'(2)
forall ze U, p e (0,1).
2
For p € [1,00), we have # <1-|z?, z€Uand from (22), (25) it results
that
1— 2p "
720G o)
p 9'(z)

for all z € U, p € [1,00).
i-}-affl L_i_L*l
From (21) we have ¢'(z) = (flT(Z)) et (f”T(z)> ™" and using (27)
and (28), by Lemma 1 it results that J,, 1. 4.0 given by (2) is in the class
8. O
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Corollary 3. Let 3 be a complex number, Re B # 0, p = Re % >0, feA,

f(Z) =z + CL212’2 + a3123 + ...

If
: ! 6| Re %
Re e“’<zf(z)—1>]g 5 (pe(o1 29
(5 7 e (20)
or
/
Re | (Zf (2) —1)] <Vl peito 30
< (H5 7 penoo) (30)
for all z € W and 6 € [0,27), then the integral operator Hg is in the class 8.
Proof. In Theorem 2 we take n=1, fi=f, 1 =06, a=1. O
Corollary 4. Let the function f € A, f(2) =2+ a2z +az 23 +...
If
/
- 1
Re | €' (Zf (2) — 1)} < -, 31
(5 i oy
for all z € W and 0 € [0,27), then the integral operator Alexander given by
Glz) = / F) (32)
0 Uu

1s in the class §.

Proof. In Theorem 2 we take n = 1, f; = f, 1 = 1, a = 1 and we obtain
GeSs. =
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