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QUANTUM APPROACH ON CONVOLUTION OF
HARMONIC UNIVALENT MAPPINGS

Asena ÇETİNKAYA1 Omendra MISHRA∗,2 and Saurabh PORWAL3

Abstract

In this paper, we construct a new family of locally univalent and sense-
preserving harmonic mappings Tc,q[f ] by using quantum approach in the open
unit disk D. We prove that the convolution of a harmonic convex mapping
Tc,q[f ] with a right half-plane mapping is q-convex in the direction of the real
axis provided that the convolution is locally univalent and sense-preserving.
Further, we show that the convolution of Tc,q[f ] with a vertical strip mapping
is also q-convex in the direction of the real axis. In particular, the results in
this paper generalize or improve (in certain cases) the corresponding results
obtained by recent researchers.
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1 Introduction

Quantum calculus is the calculus without use of the limits. The history of
quantum calculus dates back to the studies of Leonhard Euler (1707-1783) and
Carl Gustav Jacobi (1804-1851). In [13, 14], Jackson initiated a serious study
in q-alculus, and developed the q-derivative and q-integral in a systematic way.
Later, geometrical interpretation of the q-calculus has been applied in studies of
quantum groups. The great interest to quantum calculus is due to its applications
in various branches of mathematics and physics; as for example, in quantum
mechanics, analytic number theory, Sobolev spaces, group representation theory,
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theta functions, gamma functions, operator theory and several other areas. For
more definitions and properties of q-calculus, one may refer to the books by Gasper
and Rahman [9], and Kac and Cheung [15].

The q-derivative operator (or q-difference operator) of a function h, defined
on a subset of C, is given in [13] by

(Dqh)(z) =


h(z)−h(qz)

(1−q)z , z ̸= 0

h′(0), z = 0,

where q ∈ (0, 1). Note that limq→1−(Dqh)(z) = h′(z) if h is differentiable at z.

For a function h(z) = zn (n ∈ N), we observe that

Dqz
n = [n]qz

n−1,

where

[n]q =
1 − qn

1 − q
= 1 + q + q2 + ...qn−1

is the q-number of n. Clearly, limq→1− [n]q = n.

Under the hypothesis of the definition of q-derivative operator, we have the
following rules [15]:

(1) Dq(ah1(z) ± bh2(z)) = aDqh1(z) ± bDqh2(z), where a and b are real or
complex constants,

(2) Dq(h1(z).h2(z)) = h1(qz)Dqh2(z) + h2(z)Dqh1(z),

(3) Dq

(
h1(z)

h2(z)

)
=
h2(z)Dqh1(z) − h1(z)Dqh2(z)

h2(z)h2(qz)
, h2(z)h2(qz) ̸= 0.

Jackson [14] also introduced the q-integral of any function h by∫ z

0
h(t)dqt = z(1 − q)

∞∑
n=0

qnh(zqn),

provided that the series on right hand side converges.

Let H denote the class of complex-valued functions f = u + iv which are
harmonic in the open unit disk D = {z : |z| < 1}, where u and v are real-valued
harmonic functions in D. Functions f ∈ H can also be expressed as f = h + g,
where h the analytic and g the co-analytic parts of f , respectively. According
to the Lewy’s Theorem [17], every harmonic function f = h + g ∈ H is locally
univalent and sense preserving in D if and only if the Jacobian of f , given by
Jf (z) = |h′(z)|2−| g′(z)|2, is positive in D. This case is equivalent to the existence
of an analytic function ω(z) = g′(z)/h′(z) in D, which is called as the dilatation
of f , such that

|ω(z)| < 1 for all z ∈ D.
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Clunie and Sheil-Small [5] introduced the class of all univalent, sense-preserving
harmonic functions f = h + g, denoted by SH, with the normalized conditions
h(0) = 0 = g(0) and h′(0) = 1 . If the function f = h+ g ∈ SH, then

f(z) = h(z) + g(z) = z +

∞∑
n=2

anz
n +

∞∑
n=1

bnzn, (|b1| < 1, z ∈ D) . (1)

A subclass of functions f = h+g ∈ SH with the condition g′(0) = 0 is denoted
by S0H. The subclass of functions f in SH

(
S0H
)
, denoted by KH

(
K0

H

)
, consists

of functions f that map the unit disk D onto a convex region, and the subclass
of functions f in SH

(
S0H
)
, denoted by S∗H

(
S∗0H
)
, consists of functions f that are

starlike. We also note that for g(z) ≡ 0 in D, the class SH reduces to the class S of
univalent functions, which is a subclass of normalized analytic functions, denoted
by A. The class KH reduces to the class K of convex, and the class S∗H reduces
to the class S∗ of starlike functions.

A domain E in C is said to be convex in the direction η (0 ≤ η ≤ π) if every
line parallel to the line through 0 and eiη has an empty or connected intersection
with E. Let KH(η) be the subclass SH whose members map D onto the domain
convex in the direction of η (0 ≤ η ≤ π). Functions in KH(0) are said to be convex
in the direction of the real axis or simply CHD functions. Similarly, functions in
KH(π/2) are called as convex in the direction of the imaginary axis.

Connection of q-calculus with geometric function theory was first introduced
by Ismail et al. [12]. These authors defined the class of q-starlike functions by

S∗q =

{
f ∈ A : Re

(
zDqf(z)

f(z)

)
> 0, q ∈ (0, 1), z ∈ D

}
.

Later, Ahuja et al. [1] defined and studied the classes of q-convex and q-close-
to-convex functions defined, respectively, by

Kq =

{
f ∈ A : Re

(
Dq(zDqf(z))

Dqf(z)

)
> 0, q ∈ (0, 1), z ∈ D

}
,

Cq =

{
f ∈ A : Re

(
Dqf(z)

Dqh(z)

)
> 0, h ∈ Kq, q ∈ (0, 1), z ∈ D

}
.

The classes S∗q , Kq and Cq reduces to the classes S∗, K and C as q → 1−. Here,
C denotes the usual class of close-to-convex functions. Recently, q-calculus was
studied in the theory of analytic functions by several researchers [10, 11, 22]. But
research on q-calculus in connection with harmonic functions is fairly new and not
much studied (see [16, 27]).

In [2], Ahuja et al. defined the class Hq consisting of q-harmonic functions in
D. A harmonic function f = h+ g defined by (1) is said to be q-harmonic, locally
univalent and sense-preserving in D, denoted by Hq, if and only if the second
dilatation wq satisfies the condition

|wq(z)| =

∣∣∣∣Dqg(z)

Dqh(z)

∣∣∣∣ < 1, (2)
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where q ∈ (0, 1) and z ∈ D. Denote by SHq the class of all univalent, sense-
preserving harmonic functions f = h + g. If g′(0) = 0 in series (1), we get the
class S0Hq

Note that as q → 1−, Hq, SHq and S0Hq
reduce to the families of H, SH

and S0H, respectively. Further, denote by KHq (K0
Hq

), the subclass of SHq (S0Hq
),

which consists of functions f that map the unit disk D onto a convex region. The
class KHq (K0

Hq
) was studied by Ahuja et al. in [3].

The convolution or Hadamard product of analytic functions f(z) =
∑∞

n=1 anz
n

and F (z) =
∑∞

n=1Anz
n in D is defined by (f ∗ F )(z) =

∑∞
n=1 anAnz

n. The

convolution of two harmonic functions f = h + g and F (z) = H(z) + G(z) is
defined by

(f ∗ F )(z) = (h ∗H)(z) + (g ∗G)(z).

Rusheweyh and Sheil-Small [26] showed that the convolution of two convex
analytic functions is convex. But the convolution of two harmonic convex map-
pings need not to be convex, and it may even fail to be univalent. Therefore, it is
interesting to study the convolution properties of two harmonic convex mappings.
Convolution of harmonic functions has been studied in [4, 6, 7, 8, 18, 19, 20, 21, 24].

Let fη = hη + gη be a subclass of harmonic mappings obtained by shearing of
analytic vertical strip mapping

hη(z) + gη(z) =
1

2i sin η
log

(
1 + zeiη

1 + ze−iη

)
, (π/2 ≤ η < π). (3)

Note that the function, defined by (3), is convex and univalent in D. In
addition, this function maps D onto Ωη = {w : η−π

2 sin η < Re(w) < η
2 sin η} or onto

the convex hull of three points (one of which may be the point at infinity) on
the boundary of Ωη. In other words, the image of D may be a vertical strip, a
halfstrip, a trapezium, or a triangle.

In 1984, Clunie and Shiel-Small [5] introduced a technique, called as shearing
technique, to construct new univalent harmonic functions on the open unit disk
D, and provided an interesting example of a univalent harmonic right half-plane
mapping given by

T0(z) =
1

2

[
z

1 − z
+

z

(1 − z)2

]
+

1

2

[
z

1 − z
− z

(1 − z)2

]
.

The mapping T0 is the right half-plane mapping that maps the disk D onto the
region {w : Re(w) > −1/2} (see [8]).

In 2012, Stacey Muir [23] considered a transformation Tc[f ], where f is an
analytic function such that f(0) = 0 and f ′(0) = 1, to generate the new harmonic
function

Tc[f ](z) =
1

1 + c

[
f(z) + czf ′(z)

]
+

1

1 + c
[f(z) − czf ′(z)],

where c > 0 is some real number. Clearly, for c = 1 and f(z) = z/(1 − z) the
transformation Tc[f ] becomes to the transformation given by T0.
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In this paper, motivated by the above discussed transformations and by using
q-derivative operator, we generate a new family of locally univalent and sense-
preserving functions. For an analytic function f in D with f(0) = f ′(0) − 1 = 0,
we define the function

Tc,q[f ](z) =
1

1 + c
[f(z) + czDq(f(z))] +

1

1 + c
[f(z) − czDq(f(z))], (4)

where c > 0, q ∈ (0, 1) and z ∈ D. Then, if letting f(z) = z/(1 − z), we observe
the generalized right half-plane mapping by

Tc,q[I](z) =
1

1 + c

[
z

1 − z
+

cz

(1 − z)(1 − qz)

]
+

1

1 + c

[
z

1 − z
− cz

(1 − z)(1 − qz)

]
,

and for c = 1 and f(z) = z/(1 − z), we have

T1,q[I](z) =
1

2

[
z

1 − z
+

z

(1 − z)(1 − qz)

]
+

1

2

[
z

1 − z
− z

(1 − z)(1 − qz)

]
. (5)

We note that in the limiting case q → 1−, the transformation Tc,q[f ] becomes
Tc[f ]. For c = 1, f(z) = z/(1−z) and q → 1−, the transformation Tc,q[f ] becomes
T0. It is interesting to note that (5) provides the extremal function for q-convex
function, where

|an| ≤
[n]q + 1

2
, |bn| ≤

[n]q − 1

2
. (6)

In this paper, we establish a necessary and sufficient condition for functions
Tc,q[f ] to be locally univalent and sense preserving in D. Further, we prove that
the convolution of harmonic convex mappings Tc,q[f ], respectively, with a right
half-plane mapping and with a vertical strip mapping are univalent and q-convex
in the direction of the real axis provided that the convolution is sense-preserving.

2 Auxiliary lemmas

We need the following results to prove our main theorems in the next section.

Lemma 1. [5] A locally univalent harmonic function f = h+g in D is a univalent
mapping of D onto a domain convex in the direction η if and only if h− e2iηg is
an analytic univalent mapping of D onto a domain convex in the direction of η.

Lemma 2. [26] Let ϕ and G be analytic in D with ϕ(0) = G(0) = 0. If ϕ is convex
and G is starlike, then for each function F analytic in D satisfying ReF (z) > 0,
we have

Re
(ϕ ∗ FG)(z)

(ϕ ∗G(z))
> 0, (z ∈ D).

Lemma 3. [25] Let f be an analytic function in D with f(0) = 0 and f ′(0) ̸= 0,
and let

φ(z) =
z

(1 + zeiθ) (1 + ze−iθ)
, (θ ∈ R, z ∈ D) .
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If

Re

(
zf ′(z)

φ(z)

)
> 0, (z ∈ D)

then f is convex in the direction of the real axis.

3 Main results

In this section, we first investigate necessary and sufficient conditions for Tc,q[f ]
to be locally univalent and sense-preserving in the open unit disk D.

Lemma 4. The function Tc,q[f ], defined by (4), is locally univalent if and only if
f is q-convex.

Proof. Consider Tc,q[f ] = F = H + G. Since F is locally univalent if and only if
|DqG(z)| < |DqH(z)| for all z ∈ D. The function F will be locally univalent if
and only if ∣∣∣∣(1 − c)Dq(f(z)) − czDq(Dq(f(z))

(1 + c)Dq(f(z)) + czDq(Dq(f(z))

∣∣∣∣ < 1.

It can be seen that above inequality is equivalent to

Re

{
zDq(zDq(f(z)))

zDq(f(z))

}
= Re

{
1 +

qzD2
q(f(z))

Dq(f(z))

}
> 0,

which is analytic condition for convexity. Thus Tc,q[f ] is locally univalent if and
only if f is q-convex.

Theorem 1. The function Tc,q[f ], defined by (4), is q-convex in the direction of
imaginary axis if and only if f is q-convex.

Proof. We have Tc,q[f ] = H +G. Where H +G = 2z
(1+c)(1−z) , from Lemma 1 and

Lemma 4, the proof is obvious.

Theorem 2. Let ϕ ∈ Kq and the function Tc,q[f ], given by (4), be locally univalent
and sense-preserving in D. Then ϕ∗Tc,q[f ] ∈ SHq and is q-convex in the direction
of the imaginary axis provided f ∈ Kq.

Proof. By convolution, the functions ϕ and Tc,q[f ] = h+ g can be written as

ϕ ∗ Tc,q[f ] =
1

1 + c
[ϕ ∗ f + cDq(ϕ ∗ f)] +

1

1 + c
[ϕ ∗ f − cDq(ϕ ∗ f)]. (7)

The mapping ϕ∗Tc,q[f ] = ϕ∗h+ϕ∗g is locally univalent and sense-preserving
because |ϕ ∗Dqg(z)| < |ϕ ∗Dqh(z)| for all z ∈ D; thus, by Lemma 4∣∣∣∣(1 − c)Dq(ϕ ∗ f(z)) − czDq(Dq(ϕ ∗ f(z))

(1 + c)Dq(ϕ ∗ f(z)) + czDq(Dq(ϕ ∗ f(z))

∣∣∣∣ < 1.
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Hence, the mapping in (7) is locally univalent and sense-preserving if and only if
f is q-convex, and equivalently shown by

Re

{
zDq(zDq(ϕ ∗ f(z)))

zDq(ϕ ∗ f(z))

}
= Re

{
zDq(ϕ ∗ zDq(f(z)))

ϕ ∗ zDq(f(z))

}
= Re

{
ϕ ∗ zDq(zDq(f(z)))

ϕ ∗ zDq(f(z))

}
> 0,

where we have used the fact

Dq(f1(z) ∗ f2(z)) = f1(z) ∗ zDqf2(z).

It is noted that, the above expression reduces to (f1(z)∗f2(z))′ = f1(z)∗zf ′2(z)
when q approaches 1. In view of Lemma 4 and Theorem 1, we conclude that ϕ∗f
is q-convex in the direction of the imaginary axis.

Next, we investigate convolutions of Tc,q[f ] with a half-plane mapping and
with a vertical strip mapping are q-convex in the direction of the real axis. We
first generate the q-case of Lemma 3 for proving the next theorems.

Lemma 5. Let f be an analytic function in D with f(0) = 0 and (Dqf)(0) ̸= 0.
Suppose that φ is given by

φ(z) = z(Dqψ)(z), where lim
q→1−

φ(z) =
z

(1 + zeiη) (1 + ze−iη)
, (8)

for η ∈ R, z ∈ D. If

Re

(
z(Dqf)(z)

φ(z)

)
> 0, (z ∈ D)

then f is q-convex in the direction of the real axis.

Proof. By Ahuja et al. [1], an analytic function f is said to be q-close-to-convex
if there exists a q-convex function ψ such that

Re

(
(Dqf)(z)

(Dqψ)(z)

)
> 0, (9)

where q ∈ (0, 1) and z ∈ D. Since ψ ∈ Kq, then φ = z(Dqψ) ∈ S∗q. Thus, the
q-close-to-convex function in (9) can be rewritten as

Re

(
z(Dqf)(z)

φ(z)

)
> 0, (10)

where φ is a q-starlike function.

Now, let consider the function which is an analytic function that maps D onto
a convex hull. Taking q-derivative of the function ψ, we get

φ(z) = z(Dqψ)(z). (11)
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Since ψ is q-convex in one direction, it maps |z| = r < 1 for every r near 1
onto a contour C that is cut by every straight-line parallel to this direction in
two, and only two points z1 = reiη1 and z2 = reiη2 for η ∈ R. Hence, the function
φ = z(Dqψ) given by (11) is q-starlike in one direction. Due to Pommerenke [25],
we conclude that the function f in (10) is q-convex in one direction of the real
axis if the q-starlike function φ in (10) has the form given by (11).

Theorem 3. Let the function Tc,q[f1], where f1 = h1 + g1 = 2z
(1+c)(1−z) with

ωq1 = −z, and let the function f2 = h2 + g2, where h2 + g2 = z
1−z with ωq2 = −z

be two harmonic convex mappings . Then Tc,q[f1] ∗ f2 ∈ S0Hq
and is q-convex in

the direction of the real axis provided Tc,q[f1] ∗ f2 is locally univalent and sense
preserving.

Proof. Let

F1 = (h1 − g1) ∗ (h2 + g2) = h1 ∗ h2 + h1 ∗ g2 − h2 ∗ g1 − g1 ∗ g2 (12)

and

F2 = (h1 + g1) ∗ (h2 − g2) = h1 ∗ h2 + h2 ∗ g1 − h1 ∗ g2 − g1 ∗ g2, (13)

where
F1 = (h1(z) − g1(z)) ∗ z

1 − z
= (h1(z) − g1(z)) (14)

and

F2 = (h2(z) − g2(z)) ∗ 2z

(1 + c)(1 − z)
=

2

(1 + c)
(h2(z) − g2(z)) . (15)

Then from (12) and (13), we observe that

1

2
(F1 + F2) = h1 ∗ h2 − g1 ∗ g2.

We only need to prove that F1 + F2 is q-convex in the direction of the real
axis. From (14) and (15), we get

(F1 + F2)(z) = (h1(z) − g1(z)) +
2

(1 + c)
(h2(z) − g2(z))

and

zDq (F1 + F2) (z)

=z (Dqh1(z) +Dqg1(z)) p1(z) +
2

(1 + c)
z (Dqh2(z) +Dqg2(z)) p2(z)

=
2z

(1 + c)(1 − z)(1 − qz)
p1(z) +

2z

(1 + c)(1 − z)(1 − qz)
p2(z), (16)

where for each j = 1, 2,

pi(z) =
Dqhi(z) −Dqgi(z)

Dqhi(z) +Dqgi(z)
,
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and where we have used the fact

z(Dqf)(z) =
z

(1 − z)(1 − qz)
∗ f(z). (17)

Since fi ∈ K0
Hq

, the dilatation ωqi = Dqgi/Dqhi satisfy |ωqi | < 1, and hence

Re (pi(z)) = Re

(
1 − ωqi(z)

1 + ωqi(z)

)
> 0.

From (16), we get

zDq (F1 + F2) (z) =
2z

(1 + c) (1 − z) (1 − qz)
(p1(z) + p2(z)) ,

and, by letting the q−starlike function φ(z) = z
(1−z)(1−qz) , we get

Re

(
zDq (F1 + F2) (z)

φ(z)

)
= Re

(
2

(1 + c)
(p1(z) + p2(z))

)
> 0

for all z ∈ D. By Lemma 5, it follows that F1 + F2 is q-convex in the direction of
real axis.

Remark 1. Letting c = 1 and q → 1−, we get the result by Dorff and Rolf [8,
Theorem 4.126] as particular case of Theorem 3.

Theorem 4. Let the function Tc,q[f1] = h1+g1 ∈ K0
Hq

be a mapping with h1+g1 =
2z

(1+c)(1−z) , and let the function fη = hη + gη ∈ K0
Hq

be a vertical strip mapping

given by (3). If Re
(
zDq(F3+F4)(z)

φ(z)

)
> 0, and Tc,q[f1] ∗ fη is locally univalent and

sense preserving, then Tc,q[f1] ∗ fη ∈ S0Hq
and is q-convex in the direction of the

real axis.

Proof. Let

F3 = (h1 − g1) ∗ (hη + gη) = h1 ∗ hη + h1 ∗ gη − hη ∗ g1 − g1 ∗ gη

and
F4 = (h1 + g1) ∗ (hη − gη) = h1 ∗ hη + hη ∗ g1 − h1 ∗ gη − g1 ∗ gη,

where
1

2
(F3 + F4) = h1 ∗ hη − g1 ∗ gη.

As previous theorem, we want to show that F3+F4 is q-convex in the direction
of the real axis. First, we observe

z (DqF3) (z) = zDq

[
(h1 − g1)(z) ∗ (hη + gη)(z)

]
= z(Dqh1(z) −Dqg1(z)) ∗ (hη + gη)(z)

=

[
z(Dqh1(z) +Dqg1(z))

Dqh1(z) −Dqg1(z)

Dqh1(z) +Dqg1(z)

]
∗ (hη + gη)(z)

=
2z

(1 + c)(1 − z)(1 − qz)
p1(z) ∗ (hη + gη)(z),
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where Re(p1(z)) > 0 for every z ∈ D. Since ψ = hη + gη is q-convex, then
φ = zDq(hη + gη) is q-starlike, thus by applying Lemma 2 and the fact (17), we
get

Re

(
z(DqF3)(z)

φ(z)

)
= Re

(
(hη + gη)(z) ∗ p1(z) 2z

(1+c)(1−z)(1−qz)

zDq(hη + gη)(z)

)

= Re

(hη + gη)(z) ∗ 2p1(z)
(1+c)

z
(1−z)(1−qz)

(hη + gη)(z) ∗ z
(1−z)(1−qz)

 > 0, (z ∈ D) . (18)

Similarly, for F4, we get

z (DqF4) (z) = zDq

[
(h1 + g1)(z) ∗ (hη − gη)(z)

]
= (h1 + g1)(z) ∗ z(Dqhη(z) −Dqgη(z))

= (h1 + g1)(z) ∗
[
z(Dqhη(z) +Dqgη(z))

Dqhη(z) −Dqgη(z)

Dqhη(z) +Dqgη(z)

]
=

2z

(1 + c)(1 − z)
∗ zDq(hη + gη)(z)p2(z)

=
2

(1 + c)
zDq(hη + gη)(z)p2(z), (19)

where Re(p2(z)) > 0 for all z ∈ D. Then, from (19), we have

Re

(
z(DqF4)(z)

φ(z)

)
> 0, (z ∈ D) . (20)

Considering (18) and (20) together, we arrive at

Re

(
zDq(F3 + F4)(z)

φ(z)

)
> 0, (z ∈ D) .

Hence, by Lemma 5, we observe that F3 + F4 is q-convex in the direction of real
axis.

Remark 2. Letting c = 1 and q → 1−, we get the result by Dorff [6, Theorem 7]
as particular case of Theorem 4.

Finally, we shall use shearing technique to enforce our idea for providing an
alternative approach to construct a harmonic univalent function by q-calculus in
place of ordinary calculus, and illustrate an example as follows:

Example 1. Let f = h+ g with h(z)− g(z) = z− 1
[2]q

z2 and ωq(z) =
Dqg(z)
Dqh(z)

= z.

We compute h and g explicitly so that f ∈ S0
Hq

. So

Dqh(z) −Dqg(z) = 1 − z, Dqg(z) = zDqh(z), (21)

On q-integration and normalization gives

h(z) = z g(z) =
1

[2]q
z2
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Thus the mapping f = h+ ḡ is given by

f = z +
1

[2]q
z2

In Example 1, by using q-calculus with a suitable dilatation, we generate a
harmonic function.
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q-differential operator, AIMS Mathematics, 2 (2017), 622–634.



100 A̧sena Cetinkaya, Omendra Mishra and Saurabh Porwal

[12] Ismail, M.E.H., Merkes, E. and Styer, D., A generalizations of starlike func-
tions, Complex Variables, 14 (1990), 77–84.

[13] Jackson, F.H., On q-functions and a certain difference operator, Trans. Royal
Soc. Edinburgh, 46 (1909), 253–281.

[14] Jackson, F.H., On q-definite integrals, Quart. J. Pure Appl. Math. 41 (1910),
193–203.

[15] Kac, V. and Cheung, P., Quantum calculus, Springer-Verlag, New York, 2002.
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