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Abstract

This paper focuses on three things. Firstly, we define a new type of im-
plicit relations which covers a multitude of contractive conditions in one go.
Secondly, we use this implicit relation to prove a new common fixed point
theorem for four occasionally weakly biased maps of type (A) in a dislo-
cated metric space. This theorem improves some results existing in the fixed
point theory’s environment. Thirdly, we will provide an example to illustrate
our main theorem and to expound the credibility and generality of our result.
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1 Introduction

Fixed point theory is of predominant significance in many domains of mathe-
matics, sciences and engineering. It is considered as one of the most active area
of research of the last 60 years, or so. It has prolific applications in distinct fields
as biology, chemistry, physics, engineering, game theory, economics, image pro-
cessing, and so on. In the last fifty years or so, several authors have made some
alterations to Banach contraction principle sometimes by expanding the contrac-
tive condition to a general one and other times by substituting the complete metric
space by different generalized metric spaces (see [1], [2], [3], [15], [19], [21], [28],
[31], and [32]). In particular, in 1985, Matthews [20] introduced the concept of
dislocated metric spaces under the notion of metric domains in order to promote
the notion of completeness in domain theory. In 2001, Hitzler and his supervisor
Seda [16] used the notion of dislocated metric spaces (d-metric spaces) in order to
retain a version of the Banach contraction map theorem. In 2012, Amini-Harandi
[6] introduced a new generalization of a partial metric space which is called a

1* Laboratory of Applied Mathematics, Badji Mokhtar-Annaba University, P.O. Box 12, 23000
Annaba, Algeria, e-mail: b_hakima2000@yahoo.fr



70 Hakima Bouhadjera

metric-like space. In fact, dislocated metric spaces and metric-like spaces are the
same. Using this definition, several authors studied the existence and uniqueness
of common fixed points under diverse conditions (see for example [7], [13], [14],
[18], [23], [25], [26], [33], [34]).

On the other hand, in the last few years, in [10] we put in the concepts of
occasionally weakly f-biased of type (A) and occasionally weakly g-biased of type
(A), and we revealed that the two new definitions coincide with our concepts;
occasionally weakly f-biased and occasionally weakly g-biased respectively given
n [11]. In this paper, we will demonstrate a unique common fixed point theorem
for occasionally weakly biased maps of type (A) on a dislocated metric space
through a new type of implicit relations. Our result enlarges and/or ameliorates
the one’s of [4], [5], [8], [9], [12], [17], [22], [24], [27], [35], [36], and others. Besides,
we will enhance our work by giving an example to expound the credibility and
generality of our result over the results of the involved articles.

2 Preliminaries

Definition 1. (/20]) A Metric Domain is a pair < D,d > where D is a non-
empty set, and d is a function from D x D to R™ such that

1.Vz,yeDd(z,y)=0=>z=y
2.V, yeDdzy) =dy,z)
3. Vx,y, z€Ddxy) <dzz)+d(zvy).

Definition 2. (/16, 6]) Let X be a non-empty set. A function d : XxX — [0, 00)
is said to be a dislocated metric (or a metric-like) (or a d-metric) on X if for any
x, Yy, z € X, the following conditions hold:

1. d(z,y) =0=>zx=y;
2. d(z,y) = d(y,x);
3. d(z,z) < d(z,y) + d(y, 2).

The pair (X,d) is then called a dislocated metric (metric-like) (d-metric)
space.

Example 1. If X = [0,00), then d(x,y) = x +y defines a dislocated metric on X.

Example 2. Let X = [0,00) define the distance function d : X x X — X by
d(z,y) = max{z,y}. Clearly X is a dislocated metric space.

Definition 3. ([10]) Let X and h be self-maps of a non-empty set X. The pair
(X, k) is said to be occasionally weakly X-biased of type (A) and occasionally
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weakly h-biased of type (A), respectively, if and only if, there exists a point p

in X such that Xp = hp implies
d(RXRp, hp)
d(hhp, Rp)

d(hXp, Xp),

<
< d(Rhp, hp),

respectively.

3 Main results

3.1 New type of implicit relations

Popa ([29], [30]) is considered as the first founder of implicit relations because
he unified a lot of explicit contractive conditions by inaugurating the implicit
contractive condition. Encouraged by this technique, we will instigate a new type
of implicit relations.

let I" be a family of all functions  : Rf_ — R satisfying the following conditions:
e (71): v is non-increasing in variables tq, t3, t4, t5 and tg,
o (y2): y(t,t,2t,2t,t,t) >0Vt > 0.

Example 3. 7(t1,t2,t3,t4,t5,t6) = t1 — aty — Bty — dtg, where o, 3,6 > 0 and
a+pB+0<1.

e (v1): It is obvious to see that vy is non-increasing in variables to, t3, t4, ts
and tg,

° (’)/2): ’y(t,t,Qt,Qt,t,t) =t—at—ft—3t=t(l—a—pF—-09)>0Vt>D0.
1
Example 4. ’7(t1,t2,t3,t4,t5,t6) = tl—l/(tg—i-tg +14 —|—t5+t6), where v € <0, 7> .

e (v1): It is clear to see that v is non-increasing in variables to, t3, t4, t5 and
t67
o (y2): v(t,t,2t,2t,t,t) = t(1 —Tv) > 0Vt > 0.
1
Example 5. v(t1,to, t3,t4,t5,t) = t1—pmax{ts, ts, g, t5, ts}, where p € <0, 2).
e (v1): Obviously,
o (y2): v(t,t,2t,2t,t,t) =t(1 —2u) > 0 Vt > 0.

Example 6. 7(t1,t2,t3,t4,t5,t6) = t1 — aty — Btg — T]t4 — 5t5 — )\tﬁ, where
a,B,n,6A>0and a+26+2n+90+ A < 1.

e (m): Clearly,
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o (y2): y(t,t,2t,2t,t,t) =t(l —a—28—-2n—3—X) >0Vt > 0.

Example 7. ~(t1,to, t3,ta,t5,t6) = t1 —wta—vmax{ts, t4 } —7t5, where w,v, 7 > 0
and w+2v+ 7 < 1.

e (m): Trivial,
o (v2): y(t, t,2t,2t,t,t) =t(l —w—2v—7) >0Vt > 0.

Example 8. 7(t1,t2,t3,t4,t5,t6) =t — aty — bmax{tg,t4} — Ct5 — dt(;, where
a,b,c,d>0anda+2b+c+d < 1.

e (71): Evident,
o (72): Y(t,t,2t, 2t t,t) =t(1 —a—2b—c—d) >0Vt > 0.

Example 9. 7y(t1,t2,t3,t4,15,16) = t§ — pth — omax{t§,t}j} — otf, where k is a
positive integer, p, 0,0 >0 and p+ 250+ o < 1.

e (71): Clear,
o (v2): y(t, t,2t,2t,t,t) =t"(1 —p—28p—0) >0Vt > 0.

Example 10. 7y(t1,t2,t3,t4,t5,16) =t} — (t4 — & max{t§, t4} — ¢tk — xt§, where
is a positive integer, (,&,6,x >0 and ( +2'€+ 7+ x < 1.

e (71): Obvious,

o (v2): y(t,t,2t,2t,t,t) =t"(1—(—2¢—c—x) >0Vt >0.

3.2 A unique common fixed point theorem for quadruple maps

Theorem 1. Let X, h, © and 3 be self-maps of a d-metric space X satisfying the
following condition

v (d(Ra, hy), d(vx, 3y), ANz, ux), d(hy, 3y), d(vx, hy), d(Rz, gy)) <0 (1)

for all x, y € X, where v € T'. If the pair (N,2) as well as (h, ) is occasionally
weakly 1-biased of type (A) and occasionally weakly j-biased of type (A), respec-
tively, then R, h, v and 7 have a unique common fized point.

Proof. By hypotheses, there are two points u and v in X such that Ru = 1w implies
d(vu, Ru) < d(Nwu,2u) and hv = jv implies d(yyv, hv) < d(hyv, yv).
First, we are going to prove that Nu = hv. Suppose that Nu # hv, from
inequality (1) we have
(N, ), do, 30), d(Ru, 1), d(ho, o), d(ou, h), d(Ru, 30))
= y(dRu, ), dXu, ), d(RXu, Ru), d(hv, hv), d(Ru, hv), d(Ru, hv)) < 0.
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Since v is non-increasing in t3 and t4, using the triangle inequality we get

0 Y(d(Ru, Av), d(Ru, hv), d(Ru, Ru), d(hv, hv), d(Ru, iv), d(Ru, hv))

>
> y(dRu, ), d(Xu, hv), 2d(Ru, iv), 2d(Ru, Av), d(Ru, ), d(Ru, hv)),

contradicts (7y2) thus Ru = hv.
Now, we assert that NNu = Nu. If not, then the use of condition (1) gives

0 > ~(dXRu, hw), d(1Ru, jv), d(RRu, Ru), d(hv, jv), d(1Ru, iv), d(RRwu, jv))
Y(d(RXRu, X)), d(aRu, Ru), d(NRwu, 1Ru), d(Nu, Ru), d(1Ru, Xu), d(XRu, Ru)).

Since the pair (XN,2) is occasionally weakly :-biased of type (A) and ~ is non-
increasing in to, t3, t4 and t5, using the triangle inequality we get

Y(d(RXRu, X)), d(NRu, Nur), 2d(RRu, Ru), 2d(NRwu, X)), d(RRwu, Ru), d(RRwu, Ru)) <0,
contradicts (72) hence ®Ru = Nu and so 1Nu = Nu.
Suppose that hihv # hv. Using inequality (1) we obtain

Y(d(Ru, hhw), d(1u, ghv), d(Ru, w), d(hhv, ghv), d(wu, i), d(Ru, jiv))
= 7(d(hw, hiw), d(hv, ghw), d(hv, hv), d(hhw, jhwv), d(hv, hlw), d(hv, giiv)) < 0.

As ~ is non-increasing in to, t3, t4 and tg, and the pair (%, ) is occasionally weakly
J-biased of type (A), the use of the triangle inequality gives

~v(d(hv, hhiw), d(hv, hiv), 2d(hv, hiv), 2d(hv, hiw), d(hv, hiv), d(hv, hiv)) < 0

contradicts (y2) thus Ahw = hv and so jhv = hv; i.e., Alu = Ny and JNu = Nu.
Put Nu = w = hv = jv = w, therefore w is a common fixed point of maps N, A, ¢
and .

Finally, let w and ¢ be two distinct common fixed points of maps X, A, ¢+ and
J- Then, w = Xw = hw = w = jw and t = Nt = ht = 1t = jt. By condition (1)
we have

y(d(Xw, ht), d(ww, gt), d(Nw, ww), d(ht, jt), d(rw, ht), dNw, jt))
= ~(d(w,t),d(w,t),d(w,w),d(tt),d(w,t),d(w,t)) < 0.

Since v is non-increasing in t3 and t4, by the triangle inequality we obtain

0 y(d(w,t),d(w,t),d(w,w),d(t,t),d(w,t),d(w,t))

v(d(w,t),d(w,t),2d(w,t),2d(w,t),d(w,t),d(w,t))

AVARAYS

which implies that ¢ = w. O
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3.3 Illustrative example

Example 11. Let X = [0,31) with the d-metric d(x,y) = max{z,y}. Define

Lifzeo1] 0ifz € [0,1]
Ny = 12 hwz{ 1 .
5 o€ (1,31), 7 ez e (1,31,
and
[ 30zifzel0,l] [ 0ifzelo1]
m_{ 3ifz e (1,31), _{ 30 if z € (1,31).

First it is clear to see that X and 1 are occasionally weakly 1-biased of type (A)
and h and j are occasionally weakly 7-biased of type (A). Take y(t1,ta,t3,t4,t5,t6) =

1
t1 — gmax{tg,tg,t4,t5,t6}, we get

1. for x, y € [0,1] we have Nx = g, hy =0, v = 30z and 3y = 0 and

v (d(Rz, hy), d(uz, gy), d(Rx, 2x), d(hy, 3y), d(2x, hy), d(Rz, 7y))

z _ %max {301’, 30z, 0, 30z, g}

2

IA
o

1
,hy=—, =3, yy =30 and

2. Forz, y € (1,31), we have Rx = 1

[

v (d(Rz, hy), d(vz, gy), d(Rx, 2x), d(hy, 3y), d(2x, hy), d(Rz, 7y))
— i _ %max {30,3,30,3,30}

39

4
< 0.

1
3. For x €10,1], y € (1,31), we have Rx = g, hy = 7 e= 30z, yy = 30 and

v (d(Rz, hy), d(vz, 3y), d(Rz, 2x), d(hy, 3y), d(2x, hy), d(Rz, 7y))

- v 1] 1 30, 30, 30 302, 2L 30
= max, g,y 5 Imax , 302, 30, max T (0

z 1
—_ _ _1
= max{2,4} 0

0.

IN
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1
4. Finally, for z € (1,31), y € [0,1], we have Rz = 5 hy=0,12=3, =0

and

v (d(Rz, hy), d(uz, 3y), d(Rx, 2), d(hy, 3y), d(2x, hy), d(Rz, 7y))

1 1 1
g — 3max{3,3,0,3,5}

< 0,
so, all hypotheses of the above theorem are satisfied and O is the unique common
fized point of maps R, h, v and J.
Remark 1. Note that the main results of [9], [17], [22], [24], [27] and [35] are

not applicable because the four maps are not continuous and R(X) = |0, 3 %

1(X) ={0,30}.

3.4 Some results

Corollary 1. Let X, h, © and 3 be self-maps of a d-metric space X satisfying the
following condition

d(Nz, hy) < ad(ux, 3y) + Bd(wx, hy) + vd(Rz, gy)

for all x, y € X, where a, B, >0 and o+ B+ < 1. If the pair (N,1) as well as
(h,9) is occasionally weakly 1-biased of type (A) and occasionally weakly j-biased
of type (A), respectively, then X, h, v and j have a unique common fixed point.

Proof. Use Theorem 1 and Example 3. O

Remark 2. The above corollary improves Theorem 3.1 of [17] and Theorems 2.1
and 2.6 of [9].

Corollary 2. Let X, h, © and ) be self-maps of a d-metric space X satisfying the
following condition

d(Nw, hy) < g(d(vz, 3y) + d(Rz,22) + d(hy, gy) + d(ux, hy) + d(Rz, 3y))

1
forallz,y e X, y€ <0, 7). If the pair (N,2) as well as (h, ) is occasionally weakly

1-biased of type (A) and occasionally weakly j-biased of type (A), respectively, then
N, A, 1 and 7 have a unique common fixed point.

Proof. Use Theorem 1 and Example 4. O

Remark 3. The above corollary improves and extends Theorems 2 and 4 of [24]
and improves Theorems 1 and 3 of [27].
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Corollary 3. Let X, &, v and j be self-maps of a d-metric space X satisfying the
following condition

d(Rz, hy) < ¢max{d(wz, ), d(Nz, 1), d(hy, 3y), d(1x, hy), d(Rz, jy)}

1
for all x, y € X, where ¢ € <0, 2). If the pair (X,1) as well as (h,7) is occa-

sionally weakly 1-biased of type (A) and occasionally weakly j-biased of type (A),
respectively, then R, h, 1 and j have a unique common fized point.

Proof. Use Theorem 1 and Example 5. O

Remark 4. The above corollary improves and extends Theorems 1 and 8 of [24]
and improves Theorems 2 and 4 of [27].

Corollary 4. Let X, h, © and 7 be self-maps of a d-metric space X satisfying the
following condition

d(Rz, hy) < ad(ux, gy) + Bd(Rz,1x) + vd(hy, 3y) + 0d(ex, hy) + Ad(Rz, 3y)

for all x, y € X, where o, 3,7,0,A >0 and a+ 28+ 2y +§ + A < 1. If the pair
(N,2) as well as (h,)) is occasionally weakly 1-biased of type (A) and occasionally
weakly 3-biased of type (A), respectively, then W, h, v+ and j have a unique common
fixed point.

Proof. Use Theorem 1 and Example 6. O

Remark 5. The above corollary improves Theorem 3.1 of [22] and Theorem 3.1
of [35].

Corollary 5. Let X, h, v and j be self-maps of a d-metric space X satisfying the
following condition

dP(Rz, hy) < ad”(wx, gy) + bmax{d’(Rz, wx), d"(hy, jy)} + cd” (wx, hy)

for all x, y € X, where p is a positive integer, a,b,c > 0 and a + 2Pb 4+ ¢ < 1.
If the pair (X,1) as well as (h,7) is occasionally weakly 1-biased of type (A) and
occasionally weakly j-biased of type (A), respectively, then R, h, 1 and j have a
unique common fized point.

Proof. Use Theorem 1 and Example 9. O

Remark 6. The above corollary extends and improves Theorem 1 and Corollary

1 of [12].

Corollary 6. Let X, h, 1 and 7 be self-maps of a d-metric space X satisfying the
following condition

d?(Nz, hy) < adP(ux, gy) + bmax{d’ (Nx,z), d” (hy, 3y) } + cd” (1x, hy)
+ddP (N, gy)
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for all x, y € X, where p is a positive integer, a,b,c,d >0 and a+2Pb+c+d < 1.
If the pair (X,2) as well as (h,)) is occasionally weakly 1-biased of type (A) and
occasionally weakly j-biased of type (A), respectively, then R, h, 1 and j have a
unique common fized point.

Proof. Use Theorem 1 and Example 10. 0

3.5 A unique common fixed point theorem for a sequence of maps

Theorem 2. Let s, j and {Ry, }n—12_. be self-maps of a d-metric space X satisfying
the following condition

Y(dRpz, Ry 1y), d(ez, gy), dRpz, 23), dRp g1y, ),
d(l{B, Nn—l—ly); d(Nn(L‘, jy)) S 0

for all z, y € X, where v € T'. If the pair (R,,1) as well as (N,4+1,7) is occa-
sionally weakly 1-biased of type (A) and occasionally weakly j-biased of type (A),
respectively, then v, 3 and {X,}n=12 . have a unique common fized point.

Acknowledgments: The author is very grateful to the editors and referees
for careful reading, pertinent remarks, suggestions, and proposed corrections to
improve the manuscript.
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