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MODAL ANALYSISOF ISOTROPIC
RECTANGULAR PLATESUSING AN
ANALYTICAL METHOD

M.S. FETEA?

Abstract: The paper aimsis to determine the modal and total responses of
an isotropic rectangular flat plates. As is known, for the rectangular flat
plates, the modal analysis method is applied to an infinite number of degrees
of freedom. The study has been made considering the simplifying hypothesis
according to which the plate material is isotropic. The studied plate
considered in the paper is loaded on its surface by a uniformly distributed
harmonic force. In applying modal analysis the damping was considered

neglected.
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1. Introduction

In the paper the problem of dynamic
calculation of flat plate was formulated
into the theory limits of engineering plates
assumptions (Kirchhoff model).

The material of the studied plate studied
is considered to be isotropic.

Considering the principle of D'Alembert
the differentia equation of plate motion
havetheform[1], [3], [9], [10]:
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v* - double Laplacian operator [1]
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Ir - material density.

! Technical University of Cluj-Napoca.

h - constant thickness of the plate.

B Eh?® 3
D= 12(1- n) )

D - bending strength stiffness of the
plate [6].

m - Poisson ratio.

p(x y,t) = p((x,y)- f(t)-  distributed
harmonic disturbing force [1], [2], [5].

w(X,y,t)- transversa  displacement
rectangular plate points.

2. Objectives

The objective in this work is to
determine the plate numerical values of
modal and total displacements, the own
pulsations the and dynamic multiplier
functions using an analytical method.

It was also followed the solving of
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algebraic equations system resulting from
imposing the boundary conditions.

The anaysis was performed for the
vibration modesij (1,1) and (1,3).

The objective in this work is to
determine the numerical values of ther
movements and pulsation functions
multiplier dynamic modal and total plate
using an analytical method.

3. Material and M ethods

The plate considered in the paper have
two opposite sides clamped and the others
two simply supported,.

The plate considered is loaded with a
system of distributed harmonic forces on

the surface having the intensity P, and

pulsation Q. Materia of rectangular plate
is homogeneous and isotropic considered.

Median plate surface dimensions
considered are:

a=4[m|- plate length.

b=2[m] - plate width.

h=0.2[m] - the plate thickness.

The plate considered have the following
boundary conditions:

- for x=0, x=4, the boundary is
simply supported.

- for y=0, y=2, the boundary is
clamped.

Dt /.-'/fz'/,"

.oox
=

T
|
|

kol
|
|
|

T TR T T L

¥r

Fig. 1. Median plate surface

For determining the own pulsations and
vibrations shapes functions it starts from
the free vibrations differential equation [1],

[2]. [6]:

Viw(x, y,t) = LDh\./;/(x, y,t)=0 (4)
Differential equations of free vibration
has the following general solutions form

[1]. [2]. [€]

m n

w(x, y,t) = qu)ij (X, y-h;(t) ®)

-1 j-1

Where:
@, (X, y) - the shapes functions plate.

h; (t) - thetime functions.

After replacing the general solution into
the differentials equations of free vibration
will be obtained the normal modes
differentia equation of vibration.

Theformis[4], [6], [9]:

rhw,
Vi, (X,y)-———=0 (6)
D
W;; the rectangular plate own
pulsations
For the norma modes differential

equation of vibrations was adopted the
following solutions

(%, Y) =YJ-(y)-sin“°?X @

Differential equation of free vibration
becomes|[1], [4], [5]
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Differential Equation  characteristic

equation (8) hasthe form:
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The roots of this equation are the
following

rhw? i%p?
JW W,
’ a

Fy4 = il\/w

For the determined solutions are adopted
the following notations:

(10)
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General solution of differential equations
can be written as [1]:

Y, = Acha,y+Bsha,y+C, cosb,y+ D, sinb,y

where:

A,B,C,D, - unknown integration
constants to be determined.

The unknown integration constants of
plate equation are determined by imposing
the boundary conditions. For clamped
sides of plae y=0, y=b with the
length b=2, the boundary conditions are
written as[5], [6]:

Y(0)=0
y=0—>{Y,(0):0 14

Y(b)=0
y:ba{Y,(b):O (15)

Following the caculation algorithm
adopted are obtained 4 homogeneous
algebraic equations having 4 unknowns.
The unknowns of these equations are the
constants of integration.

The system of equations has the form:

A+C =0
a,B +bD, =0

Acha b+ B;sha,b+C, cosb,b+D,sinb,b=0
a;Asha,b+a;Bcha,b—b,C sinb,b+b,D; cosb,b=0

In order to have non-zero solution the
homogeneous system of equations must
have the determinant equal to zero.

Corresponding to the own pulsations of
their norma modes of vibration considered
are determined the parameters pulsations

values | ,,1 ;.
The expression for calculus of the own
pulsations hasthe form [1], [3]:
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Dynamic multiplication functions for
normal modes of vibration considered was
determined using the relationship [1], [9],
[10]:
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1-—
W,

17

Using the expressions presented is
determined the modal and total
displacements points plate for normal
modes of vibration considered..

Tthe modal responses into displacement
was determined using relations:

W = ®@,'F, (18)

The tota plate response in displacements
was determined using equation (16) by
applying the principle of superposition:

WX, Yit) = Wi (X, Y, ) + wa(x, y,t) - (19)
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The total and modal value loading is also
determined for the case studied of dynamic
plate.

Therelasionis:

p=FKR-Y (20)

4. Results and Discussions
At conducting numerical study analysis

were considered the following initial data
of the problem presented.

Are taken into consideration the
following values:
1. Young's modulus:
E=21 106[0"""\'} 1)
cm’?
2. Poisson rétio:
m=0.2 (22

3. Digtributed uniformly disturbing force
modul e on the surface plate:

= 10{ KN } (23)
m?
4. The disturbing force pulsation:
O~ 10{ rad } 24)
Sec

5. The value bending strength stiffness
plate value determinedis:

(25)

D = 2.181. 10“[daN}

cn’

Substituting into (14), are determined
their own pul sations values.

The pulsations parameters determined
are[1]:

I1:54.8

,=69.3
;\F \F " 65[rad
(27)

\F 693 \F 31 17 rad (28)

The coefficients of the general solution
for normal vibration modes considered
are

(26)

54,8
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rh i%p?
b, = |, 3_: ~1675 (30)
rh i%p?
agz\/wg F+: =3141  (31)
2 22,4 2
bi=\/w W IPT 11 @)
D a’

The unknown integration constants
determined by the homogeneous agebraic
system for the mode number 1 of vibration
arel
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A+C =0
a,B +b,D, =0

(33)

Acha b+ B;sha,b+C,cosb,b+D,sinb,b=0
a,Asha,b+a,B,cha,b-b,C sinb,b+b,D, cosb,b=0

By performing the algebraic calculations
by the system equations are obtained the
values

1 —al
cha, =& € _ 57308 (34)
1_ al
sha, = eaTe — 27.29 (35)
cosb, =0.998
. (36)
sinb, =0.058
By following the caculations are
obtained the constants of integration
values.
A=1
=—0.966
. (37)
C=-1
D, =116

Following the same algorithm for
vibration mode i = 3, by solving the
homogenous algebraic equations system
integration constants obtained are:

A=1

=1.01
> (38)
C,=-1
D,=2.88
For the shape vibration functions

corresponding to the normal modes of
vibrations considered, we obtained the
following values:

®, =1.507
D, =226

(39)

The corresponding dynamic multiplier

dynamic functions [1], [2], [4], for the
studied vibration modes are:
Y, = % =119 (40)
Q
1-—
Wl
1
Y, = =111 (41)
Q
1--5
WS
Using expressons of the modal

responses in displacement are obtained the
following numerical values:
-for mode number 1:

w, =®,¥, =1.804[cm]| (42
- for mode number 3:
w, =@, =2.5[cm]| (43)

The total plate response was determined
by applying the principle of superposition
(1. [2], [4].

W(X, Y, t) =W, (X, Y, t) + W, (X, y,t) = 4.304 [cm]
(44)
The determinated loads corresponding to
the normal modes of vibration are:

p,=P W =119 {K—'ﬂ (45)
m
P =P, ¥, = 11.1{%} (46)

Watching the results obtained by the modal
analysis (displacements and loadings) for
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the rectangular plate, can be expressed
some conclusions with theoretical and
practical aspects.

As aconclusion from the results obtained
in paper are:

- for mode 1 of vibration the dynamic
multiplication factor is about 7% higher
than for mode 3 of vibration;

- the modal responses into displacement
values are inversely proportional for mode
1 and are about 27% lower than for mode
3

- regarding the modal loads is
ascertained that for vibration mode number
1, the loading mode is about 7% higher
than for the vibration mode 3

5. Conclusions

The paper is intended to be an example
of analytical calculation of rectangular
plates type structures using the modal
analysis method. The moda andyss
method allows the determination of total
and the modal responses into displacement
and the modal and total responses into
sectional efforts. The work follows and
shows detailed calculation algorithm
through a detailed presentation of the work
stages. Thus, following the steps algorithm
presented in the paper, can be determined
the dynamic modal responses depending
on the product of the static bending
moment and static shear forces static with

the dynamic  multiplication  factor
determined [1], [7], [8] [10].

The expressions are
M (X% y,1) = M (X, Y)Y (47)
T, (X y,1) =T, (X, y)'¥; (48)

M (X, y,t) = ZZ M; (X, Y)'¥;  (49)
i=1 j=1
The application of modal analysis using
analyticahk or numerical method for

structure strength, is a very important
mathematical engineering calculus
regarding the dynamic study of different
types of structures.
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