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1.1 Introduction

Electrostatics is a branch of physics that studies electric charges at rest.

The first observation of an electric effect was made in 600 B.C. by a Greek mathematician
and astronomer, Thales of Miletus. He discovered that a piece of amber, having been rubbed,
would attract small bits of straw and feathers.

The Greek word for amber, Aektpov, or electron, was thus the source of the word
'electricity’.
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A plastic balloon having been rubbed on a sweeter would be
attracted to it: https://phet.colorado.edu/en/simulation/balloons-
and-static-electricity

An ant inside Baltic amber



https://phet.colorado.edu/en/simulation/balloons-and-static-electricity

Charles Francois du Fay (1698-1739): two types of electrification are possible in:
- vitreous materials - glass and mica
- resinous materials - amber, sulphur, hard rubber and resins

When rubbed with silk or cotton:

- the vitreous and resinous materials become oppositely electrified in the sense that
bodies with opposite electrification attract each other

- bodies with the same electrification repel each other

Al suppotting silk fiber
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1.2. Microscopic charge carriers

The measurement unit for the amount of charge: C (Coulomb)

By microscopic charge we understand charged particles and ions which can carry both
positive and negative charges.

The numerical value of a charge can only be an integral multiple of the elementary charge,
le|=1.6021892(46)-10-° C.

Electron - is the material carrier of an elementary negative charge e=-1.6021892(46)-10-1° C.
It is usually assumed that an electron is a structureless point particle, i.e. the entire charge of
an electron 1s concentrated at a point.

Contradictions: The energy of the electric field created by a point charge is infinite and

hence the inertial mass of the point charge must also be infinite. This is in contradiction with
the experiment since the electron rest mass is m,=9.11-10-3! kg.

Proton - is the carrier of a positive elementary charge. Unlike an electron, a proton is not
considered as a point particle. Collisions (at very high energies) between electrons and
protons give us conclusion about charge distribution inside the proton. A proton consists of
two point guarks with a charge +(2/3)-|e| and one point quark with a charge —(1/3)-|e|.
m,=1.672621777(74)x1072" kg, q=1e[=1.6021892(46)-10° C

Neutron - 1s a neutral particle which consists of two quarks with a charge -|e|/3 and one
quark with a charge +(2/3)-|e|.

m =1.674927351(74)x1027 kg, q=0. p @@ @a |,
@ 0 .




Electrostatic generators

An electrostatic generator, or electrostatic machine, is an
electromechanical generator that produces static electricity, or
electricity at high voltage and low continuous current.

- In 18th century they became fundamental instruments in the
studies about the science of electricity. Electrostatic
generators operate by using manual (or other) power to
transform mechanical work into electric energy.

- Electrostatic generators develop electrostatic charges of
opposite signs rendered to two conductors, using only
electric forces, and work by using moving plates, drums, or
belts to carry electric charge to a high potential electrode.

The charge is generated by one of two methods: either the
triboelectric effect (friction) or electrostatic induction.

The surface charge imbalance, which yields static electricity,
can be generated by touching two differing surfaces together and
then separating them due to the phenomena of contact
electrification and the triboelectric effect. Rubbing two
nonconductive objects generates a great amount of static
electricity.

A Van de Graaff generator



1.3. The Coulomb’s Law (1784)
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Coulomb’s torsion balance used to quantify the
interaction force between two charged small spheres

This i1s an experimental law of physics that
quantifies the amount of force between two
stationary, electrically charged particles. The

electric force between charged bodies at rest is
conventionally called electrostatic force or
Coulomb force:
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If the two charges have the same sign, the
clectrostatic force between them 1s
repulsive; if they have different sign, the
force between them is attractive.



The force exerted by charge q, on charge q, is:

Fi _ 1 qqu [N] F_:l . 1 QIQZ 7'12 [N] gl

2 2 2

- 2 L
dre, 1, dre, 1, 1, . / 9>
- scalar writing Vs

~ , £y,
1.,/ %, - unit vector — 4

Cavendish made first experimental verification in 1722 but did not published the results

- one can write:

Ezz( 1 ¢ fiz]qz and ﬁ21:£ 1 ¢, ?21)% -with: F, +F, =0

2
47e, I’é "y dre, 1y 1y - from Newton’s 3™ Law

The charges ¢, and g, create in the space surrounding them a field named electric field
which is characterized by the strength E which is a vector.

The field strength, E , is a local concept - it has a definite value at each point in space.
qar [N/C]=[V/m] }"{w _ q'_ E’ - the force that acts on a charge g’

1
: placed in electric field

E(F)=
) Are, r- r

g, = 8.854187817.. x 10712 F/m is the vacuum permittivity
7 - the position vector drawn from the point of location of the charge to the point
where the field strength 1s measured 8



The electric field strength is a vector which, at each point of space, points directly away
from q, if q is positive, and directly toward q, if q is negative

Lines of force for point charges:

Simulation of electric field lines
created by a 1 nC point
charge, placed in vacuum; at
0.84 m, E=12.1 V/m

Check this value by using the
expression of E.
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https://phet.colorado.edu/sims/html/charges-and-fields/latest/charges-and-fields_en.html



1.3.1. Superposition Principle

Superposition principle for interaction of point charges is used to calculate the
resulting force and, hence, the field created by such distribution.

-
s - 3= Iy + 1,
F13 — — - - — — —
% Iy =gk Iy =qk E=E,+E,;
2 =qE5;
g, k. - generalization for an arbitrary number of charges: FE = Z ;

~NA\N 2
% N o

6.9 deg
+ 5.49 Vim

Qfﬁ- @ N e Simulation of the electric

- - D e mmy wmy - field created by 2 point
1843 e : charges of 1 nC each.
e TN T https://phet.colorado.edu/en/si

mulation/charges-and-fields

= m
Test charge. The measurement of the electric field is reduced to the measurement of the
force acting on a point charge. The point charge (yellow in this image) used for measuring

the strength of an electric field is called test charge
10


https://phet.colorado.edu/en/simulation/charges-and-fields

Ernshaw’s theorem: There exists no configuration of fixed charges, which would be stable
in the absence of forces other than the forces of Coulomb’s interaction between the charges of
the system. It is assumed that charges are held at various points in space by the force of no
electrostatic origin

For example, the competition between Coulomb’s force and gravitational force can give a
stable configuration of fixed charges

Solved application:

Two identical particles, carrying the same charge, g, and having the same mass, m, are placed
in vacuum at a distance d between them. What should be the ratio between the charge, q, and
the mass, m, for which the repelling Coulomb’s force cancels the gravitational force that acts
between these particles?

N - 1
Wl}?1 F2m F,=F, = qz:F;
-— gl ¢ N Areg, d
Fod g 1 Ry poop =M g 42667259107 mikgls?
& d the universal gravitational
We find at equilibrium: constant
1 gq m-m qz
* " ame, d® 4 = = m’> =7 A,
0

6.67259-107" .
:% =y -4rne, = \/ =8.61-10""" C/kg (specific charge)

9
9-10 1



1.4. Potential nature of the electrostatic field

We can assume a fixed charge Q; in the field created by Q is moving a test charge q from A
to B. The elementary work, d/, done to move the charge with d7 can be expressed by:

dW = Fdi = qE -di  E-—2

drg, r

The work done to move the charge q from A to B:
(B)

B S dr
W, _q(LEdr preel j

W g =2 (1) _ Qg (1 ]

dreg\ 1), Amg,\r, 1

J 0 1 Q 1
(V. -V \=U, |=|=[V Vv, = .V, = =
] Va=Vs) =V {C} v Y dne, v, T 4me,

- where V, and Vj are named potentials in A and B and U, 1s potential difference
- Uxp=Va-Vs

E d — the distance
: ) +Q -Q b " "
In uniform electric field, E=ct., =» U ,z=E-d etween the metallic
A B plates A and B

12



In a general way one can write the work performed in an electric field as:

dW = ﬁ di = qE . di - the elementary work 1 E’
aw Fdl - - w9 . -
or = — FEd Z - j Edl =U wicHv] 2
q q q DL

- work performed per unit of charge

W =¢q-U | with U potential difference (voltage)

The Potential nature of a Coulomb field

A force field is called a potential field if the work done upon a displacement in this field

depends only on the initial and the final points of the path and does not depends on the
trajectory. In mathematical language this can be expressed by:

§Edl =0| and,it E=YE  then |[JEdl=0
L L

where L 1s an arbitrary closed contour over which the particle moves.

13



1.4.1. The electrostatic field is a potential field

Using the Stokes integral theorem, we find:

§Edi=jjcurzEd§=o for any dS curl E=rot E=VxE=0
L S

which 1s the differential form of the statement that the electrostatic field is a potential field

— —

i ]k
Here: curlE =rot E=VxE = 0 0 @ , WithV:;g-Fji_Fl;g
ox 0Oy Oz ox ~ o0y Oz
E E E nabla operator
X y z

So, we can define a scalar potential ¢ (or simply V) from which E can be calculated as:

E=—gmde=—VV:—(lT 8V+]8V+1€8Vj

ox oy 0z

It comes that the potential, V, of a given electric field is defined only to within an
additive constant.

- for a point charge q: V(7)) =— 9 J.dfz 1 . if ¥ (0)—>0
drgy s r°  Amg, r

14



If: E :E1 +Ez =—gradV,—gradV,=—grad(V, +V,)=—gradV
with: V=V +7,

Z i for a system of point charges
dre,

Vix,y,z)=

i

Field potential of continuously distributed charges

For a very large number of charges (e.g. comparable with the number of atoms or molecules
inside the substance, the discrete approach of summation cannot be applied. In this case, can
be used a continuous charge distribution approach even if, in reality, the charges are discrete.

In function of the system’s extend in space, we can consider:

a) Volume charge density, p, is defined as p = q/V [C/m?] if the charge is uniformly
distributed inside the substance or, more general, as p = dq/dV [C/m?3]. This approach is
used for objects with comparable extends over x, y and z axes;

b) Surface charge density, o, is defined as 0 = q/S [C/m?] if the charge is uniformly
distributed inside the substance or, more general, as 0 = dq/ds [C/m?]. This approach is
used for objects with extends over x and y axes much larger than over z axis. In other
words this is used to describe two dimensional systems like like sheet of paper, etc.;

c) Linear charge density, v, is defined as y = g/l [C/m] if the charge is uniformly
distributed inside the substance or, more general, as y = dq/dl [C/m]. This approach is
used for objects with unidimensional objects, like strings, carbon nanotubes, etc.

15



The potential generated in point P by a continuous charge distribution can be expressed by:

“ o 5 “

dV =dx'-dy'-dz

p(x y Yz")-dx'dy'dz'

e

+(y=y") +(z—2)

X

When the surface charge distribution is considered the above formula becomes:

O'dS
i dre, ”

Vix,y,z)=

dS =dx'-dy'

G(X y',z")-dx'dy'
4ne, % \/x x y y) (z—z')2

16



1.5. Solved and proposed applications — part 1

1. Four point charges are distributed on the corners of a square of side a=1 m as in the
figure below. The charges are ¢, = ¢,= 1 nC, ¢q;= q,= -2 nC. Find a) the field strength and
b) the potential at the point P lying at the intersection of the diagonals.

1 1
P o dng, 1’

42

/oq3 a) E =E,= il

dre, r

- |%| 1 |Q4| 1 2 \/5
E=E =———=—"""-—:;d=+2a" =a~2 =a—
a 4E ’ ! 4re, P 4re, P2 ¢ a\/—:>r “ 2
2 2
s L af 1 g, 1 laf 1
E=JE2+E2 = q L 3l b 4 L s
q \. q R \/[47[50 r2+47r<90 rzj +(47z50 r2+47zgo r?
1 4
2
R~
0 0 0 0
1 1 . a’
E:47r50 r—z(q1+|q3|)\/§ with r2:7
E=—1 -i(q +|q |)\/§z9-1092(1+2)-10_9\/§
4rng, a* ’ 1
E=7637 V/im

17



Simulation results show a field of 76.2 V/m directed like in the figure below.
Red charges are of 1 nC whereas blue charges are of 2 nC; the distance between them is 1 m.
The simulator allows using charges which are multiples of +£1 nC

™ \ \ 1 l ! / ‘+J' (W Electric Field )
Pl \ \ l l / / D Direction only
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https://phet.colorado.edu/sims/html/charges-and-fields/latest/charges-and-fields en.html
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Cont.

b) the potential in point P

1 1 \/5

—(q,+9,+4q5+4q,) r=aq—
drg, r 2

V=V+V,+V,+V,=

| Simulation results show a potential of -25.85 V.
¥ What can be the source of errors?

https://phet.colorado.edu/sims/html/charges-and-
fields/latest/charges-and-fields_en.html
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2. Two point charges q;=4 nC and q,=-2 nC are set apart at a distance d=1 m. Calculate the
electric field strength at a point P lying at a distance d/2 between the charges, on the line
uniting them.

—2 . F I A
o . . E=#1+52:>E:4 cll 2—!—4 cE: 5
qi=4nC E, g=-2nC 7e (d/2) 47, (d/2)

P »
< »

3. Three point charges are distributed on the corners of a square of side a=1 m, as in the
figure below. The charges are ¢,=¢;=1 nC and g,=-2 nC. Find the field strength and the
potential at the point P lying on the fourth corner of the square.

d

do e ® d3
a
E, E1
ql L B »>
E, ~
v FE

13 20



4. Two particles, A and B, carrying charges q,=2 pnC and qgz=4 pC, are placed in air, at a
distance d=1.8 m between them, see the figure bellow.
Calculate: (a) the electric field strength (the intensity of the electric field) in points on the line
AB where the potential is zero and (b) the electric potential in points where the resulting
electric field strength is zero.

1 1

d q q
. a) v(x)=v V,(x)= 4 550
)V (2)=V,(2)+s () drg, x  dme, d—x

X
A B
—) < > L > Because q, and qz >0 =» there are no

L, q E E, q s Ey  points on the line AB for which V=0; in
fact nowhere V=0.

q, L_ qp 1 44 _ 4

dre, X' 4re, (d—x) ~ e (d—x)

b) E,+E,=0 = E,=E, =

q,(d-x) =g, = q,d°-2q,d x+q,-x" —q,-x" =0
(QA_QB)'xz_ZC]Ad')H'QAdZ =0

_2qAa”_r\/4qf1a’2 +4(qB —qA)qu2

(qB—qA)-x2+2qu-x—qu2 =0 = x,=

2(QB_QA)
x = ~2q,d + 44> +4(9,~4.) 0,4 _ 2q,d+\[4q,9,4 _-2q,d+2d\q4, 182 s m
Z(qB_QA) 2(QB_QA) Z(QB_QA) ,

- the negative solution has no physical meaning
21



Cont.

1 q ., 1 ds 1 4q4 dp
V(x)=V,(x)+V,(x)= =
()C) A()C)—l- B(x) 472'80 X +47z'go d—x 472'80( X +d—xj

with x=0,745 m

2 . 4
0,745 1,8-0,745

V(O,745m):9-109£ j10‘6:5,83-104 \%

5. Two particles, A and B carrying charges q,=2 nC and qg=-4 nC, are placed in air, at a
distance d=1.8 m between them, see the figure bellow.

Calculate: (a) the electric field strength (the intensity of the electric field) in points on the line
AB where the potential is zero and (b) the electric potential in points where the resulting
electric field strength is zero.

. X
— ) —> > >L<—
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6. Calculate the electric field strength in a point situated at distance x from the center of a
ring of radius R, uniformly charged with linear charge density Y.

dE=2 1 (vap)”
dre, r
dE L+ a’E‘L = it remains only the x component of the field
dg 1 dg 1
dE. = dE cos0 = 1 —cosf = 1 > al —
Arg, r drg, r (x2 +R2)

23



dq 1 X dq X

_ yRda X

T dre, x>+ R’ (x2 +R2)m 4z, <x2 + R? )3/2

2
R
E = 4 i 5 da
0 47e, (x2 + 2)
27 -¥R X
L=k = 4 o302
& (x + R )
o ¥ Rx
b= Ex - 5 5\3/2
2¢&, (x +R )
E=0 1fx=0orx —> o The electric field is 0 in the centre of the ring

4re, (x2 +R’ )3/2

24



7. Calculate the electrical potential generated, by a circular ring with radius R, which
carries a charge Q uniform distributed, in a point situated on the axis of symmetry at a
distance d above the ring surface.

z A B Q . ‘
/4 iR linear charge density
d av dg 1 ydl 1 _yRdO 1
= —=dV = =
dre, r drey \Jd> + R> 4ns, d* + R?
r
dg=y-dl; y=0/27R the charge is uniform distributed
__dl=R-do
R
o~ 40 V:T yR__ 1 o 2tyR__ 1 _yR 1
0 476 \Jd* + R’ 4rmey, \d*+R* 26 d*+R?
_ OR 1 0 1 1
27R-2&, \|d* +R> 4m-g,\Jd*+R> d
ifd>R = V= 0 ! X Q 1 d=0=>V = 0 l
Am &, d\1+R* /d* 4m-&,d 47e, R

- the potential behaves like for a point charge, Q, if d>>R ’e



1.6. Gauss’s law for electric field

a) Suppose that a point charge q is inside of a volume V bounded by a closed surface S

The flux of the electric field through an elementary surface dS is: d® = E - dS
- the flux of the field E through an arbitrary closed surface S

—

O = ﬁEdS with E(F)= li

47750 ¥y

- to estimate ® we can calculate the flux of the field E
through a spherical surface §,

D, = ﬁﬁod},
So

with E, = L% and ﬁdSo — 47Z'R§ q is in the center of a
dre, R, spherical surface S,

o dpas, = E, 145,

OOSO

But ®,= ® because the same number of electric field lines crosses S and S,

®=-2| Gauss electrostatic theorem for a point charge
€

26



b) The flux of E through a closed surface when a point charge is located outside the volume
bounded by it

dD=FE-dS and d®'=E"dS'
dD = —dd' d® + dd'= ()

For a point charge located outside the

volume V the flux of the field E through a
closed surface is 0

O =0
c) A system of point charges:
- applying the principle of superposition E= Z ql.
I\ =G ~ =1 1
o={pEdS=Y {pEdS o |o=fpiaS=—Yq=-—0 0=
pLds =2 4pL {pEaS =0, = >

V
- for a continuous charge distribution with a volume charge density p: |Q = ”I pdV
V

I 1
= SEEdS — E—OZV:% - j j j odV p=dQ/dV [C/m?]

Vv

27



1.6.1. Differential form of Gauss’s law. Maxwell’s equation for div E

O = §Ed§ = J-divl?f dV - obtained from Gauss’ formula: (ﬂ) fd§ = ”j a’ivj7 -dV
S S v

()

7
. Lo df. df, df
_ 9 _1 L E_P — divf = =2 + -2 + ==
=L =—[[[pav = [|[| divE-=|av =0 e S
&y & v €
divE = Pl the differential form of Gauss’s law
€o

- the field lines start where divE > 0 and terminate where div < 0 X
the field lines originate at positive charges and terminate at negative ones;
this equation is also true for any arbitrary motion of charges.

Ra N
Pcan ol S

28



1.6.2. Vector field

- a vector field is an assignment of a vector to each point in space

- a vector field in the plane can be visualized as a collection of arrows with a given
magnitude and direction each attached to a point in the plane.

- vector fields are often used to model, for example, the speed and direction of a moving
fluid throughout space, or the strength and direction of some force, such as

the magnetic or gravitational force, as it changes from point to point.

NN > 7 7 7

¥
¥
¥
¥
P4
i
/ o/
b
v
N\
N\
NN
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1.7. Solved and proposed applications — part 2

1. Find the field strength due to a very long charged filament with linear charge density y.

ey Applying the Gauss theorem:
) @Edgzg O=yh
S 80
S The flux E of through the bases is equal to 0

Cﬁ-)E j EdS = E - 27mrr-h

cylmder

30



2. A dielectric sphere of radius R, and dielectric permittivity ¢,, contains electric charge with
uniform charge density p. Calculate the electric field as a function of distance » from the
centre of the sphere, both inside and outside the sphere.

Hint. Use the Gauss electrostatic theorem

—>

l Because of the spherical symmetry, E has the same value on
/dS each point of the surface and E||dS

r<R the field inside the sphere, E,

- - . . 0 30
S C.f‘jsEz‘dSi:% :Ei@dsi:%; p_47rR3 4R
R : s, 0 s, 0 3
4rp’
Eodmt-t 3 g-fr_ 30 r_ Q7
’ g, 3¢, 47R’ 3¢, T 4zR ¢

b) » > R the field outside the sphere, E,

pE.ds, _2 E,{pas, 2 L puamr-Lok =L2
&, S &, & dre, -r

Can you plot the field against r?
31



3. A very long dielectric cylinder, of radius R and electric permittivity € 1s charged with a
uniform charge density p. Calculate the electric field as a function of distance » from the
central axis of the cylinder. Hint. Use the Gauss electrostatic theorem

a) <R the field inside the cylinder, E,
pEads, _2 Eqpds, = g,
s, €9 S 2
2
E2mr =P g ()=LT g (R)=LE
4 & 2¢, 2¢,
h b) ¥r>R the field outside the cylinder, E,
@Eedﬁe _Q Ee<ﬁ>dSe _Q :
v S, ‘90 S, 80
-TR*h ‘R’
Ee.zﬂr.h:pﬂ-— — Ee(]/'): P ;
& 2-r-g,
‘R
whenr > R, E| (R) _P
2-g,

Can you plot the field against r?
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4. Using the Gauss electrostatic theorem, find the field strength and the potential, in any
point, generated by a metallic sphere of radius R charged with charge O uniformly distributed

There are no volume charges inside a conductor,
the charges are distributed over the surface

@Eidj.:% as Q, =0 :Ei@ds.:%:o = E,=0

b) ¥ > R mp the field outside the sphere, E,

2

@Eedﬁe _Q — Eegfj)dSe _Q = E 41’ _Q =E = 0
s, &, S & &, 4re, -1

The potential V(r) can be obtained by integrating the equation

E=—gradV =-VV =— fa—V+ja—V+l€a—V = E(r)=
Ox oy 0z

dVv
dr
for spherical symmetry
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Cont.

-when 7 > R
E(”):_d—V§ V(r)=——1 J‘df= : g;whenr—>R = V(R)= Y
dr drme, 1 4me, r 4re, R
- when r<R
E(r)zO
from E(r):—‘;—Vzo = V(r):ct.
r I 0
- Vir)= = =ct.
but whenr >R, V(R)= L 9 (r) 47g, R
dre, r
E ¢ V4
A 0
4rg, - R I\ 47, R K
R : R !
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5. Two metallic spheres with R,=1 cm and R,=20 c¢m, having the potentials V,=9000 V and
V,=900V, are placed in air at a large distance between them such that don’t feel reciprocal
interactions. Calculate the potential V’ of the system after connecting the spheres through a

thin metal wire.

The potential of a sphere of radius R, charged with charge qis: V' (R)= 1 9 >
g,
R, R, R, : R,
wire
q19V1 q, 1> V’ 9 b
9 V> q2V
before connecting after connecting the spheres, the potentials will be the same
pro_4y __ 45
Arne R, 4me, R,
=0
1
ek q,+4q, =V, (47[‘90R1)+V2 (47[50R2) q'+tq', = V'(47[50R1)+V'(47T80R2)
q ' ' '
, = —= q,+q, =4ng, (VR +V,R,) q'\+q',=4n5,(R+R,)V
4R,

From charge conservation law: ¢, +4, =¢'1+q,

VR +V,R . .
(MR +V3R,) _9000-1+900 20 _1285.71v
R +R, 1+20 35

4re, (ViR +V,R))=4ne, (R +R,)V' = V'=



6. Using the Gauss electrostatic theorem, find the field generated by an infinite plane with
surface charge density .

7. Calculate the electrical potential generated, by a disk with radius R, which carries a
charge Q uniform distributed on the surface, in a point situated on the symmetry axis at a
distance d above the surface.

8. Using the Gauss electrostatic theorem, find the field strength in any point generated by
a metallic sphere, of radius R, charged with charge Q uniformly distributed. The sphere 1s
surrounded by a hollow spherical shell with R.and R, (internal and external radius,
respectively), a) connected to ground and b) not connected to ground; give a brief
discussion on the results and consequences.

9. A dielectric sphere of radius R, and dielectric permittivity €,, contains electric charge
with volume charge density of the form p = p, % . Calculate the electric field as a function
of distance r from the centre of the sphere, both inside and outside the sphere. Consider
the draw from Problem 2.
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1.8. Electrostatic field in the presence of a dielectric

1.8.1. The dipole moment

Consider a pair of positive and negative charges, +q and —q as in the figure bellow. One can
define the “dipole moment” of this system by:

P

]_j — q[ dipole moment

The potential generated in point p is:

dne,\ 1y T ) AmEg\ Ko,

- because I<<r = r-r=lcosd and ryr =2 [~nm

Vip)= : p-3r where gl-cos@ = (pr)/r
Are, r

The electric field strength generated by the dipole:

- DF)F D : 1 1
E=-gradV = 1 [3(pr)r —ﬁ} Foradipole: E~— and V' ~ —

drg,l v ¥ r r

The strength of the electric field generated by a dipole decreases in inverse proportion to
the third power of the distance, i.e. more rapidly than the Coulomb field of a point charge
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1.8.2. Polarization of dielectrics

The atoms and molecules can be assumed as tiny dipoles. An external electric field tends
to displace positive charges in the direction of the field and the negative charges in the
opposite direction. Consequently, the dielectric acquires a net dipole moment. This
process is called polarization which can be defined by:

= AD
P = 2P dielectric polarization

AV

AD is the net dipole moment inside the volume AV

1.7.3. Molecular pattern of polarization

a. Nonpolar atoms and molecules

- atomic or diatomic molecules consisting of identical atoms: He, H,, O,, N,, ...
- symmetric polyatomic molecules: CO,, CH,, ...

In the absence of an external electric field, such a dielectric is not polarized

b. Polar atoms and molecules - they possess an electric dipole moment in the absence
of an external electric field. O'ﬂd pm

-CO,N,0,H,0,S0,, ete. 1 y<Goasdn )

c. lonic lattice polarization - ionic crystals like NaCl, KCl, etc.
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1.8.3. Dependence of polarization on the electric field strength

- For most of dielectrics P=0 when E=0
- In electrets and ferroelectrics, in most cases, P#0 when E=0.

The electrets and ferroelectrics can maintain their polarization when E=0.
- Barium titanate, Quartz, etc.

- in the general case, the dependence of polarization on the field strength can be expressed as:

P = EOZ)(U.E]. +502;(l.jkEjEk +oo L, k=xy,z
j jk

or

- the dielectric is called nonlinear

P = goz ZU.E P the dielectric is called linear
J

If the properties of such a dielectric are different over different directions, the dielectric is

called anisotropic

The set of 9 quantities ; constitutes the dielectric susceptibility tensor

For a linear isotropic dielectric

—

pP=

XE€o

E

y 1s the dielectric susceptibility
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Substance Y
Helium, He 65x106
Hydrogen, H, 254x10-6
Carbon dioxide, CO, 022x10
Water 80
Alcohol 25-30
Transformer oil 2.24
Glass (ordinary) 5
Sodium chloride 5.62
Titanium dioxide 170
Quartz, Barium titanate 103-10%
(ferroelectric)

The role of polarization - a separation of positive and negative charges, leading to the
appearance of charges in the volume and on the surface of the dielectric. These charges are
called polarization charges or bound charges - they attached to different places in the
dielectric and cannot move freely in its volume or on its surface.

Bound charges give rise to an electric field in the same way as free charges, and are
in no way different from them in this respect.

So, the presence of a dielectric is taken into account by considering the electric field
created by the bound charges induced as a result of polarization.
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The electret

Electret (formed of elektr- from "electricity" and -et from "magnet") is a dielectric
material that has a quasi-permanent electric charge or dipole polarization.

An electret generates internal and external electric fields, and 1s the electrostatic
equivalent of a permanent magnet. This can be exploited in various applications.

There are two types of electrets:

e Real-charge electrets which contain excess charge of one or both polarities, either

- on the dielectric's surfaces (a surface charge)

- within the dielectric's volume (a space charge)

¢ Oriented-dipole electrets contain oriented (aligned) dipoles. Ferroelectric materials
are one variant of these.

Electret materials: Quartz and other forms of silicon dioxide, are naturally occurring
electrets. Today, most electrets are made from synthetic polymers, e.g. fluoropolymers,
polypropylene, polyethyleneterephthalate, etc.

Bulk electrets can be prepared by cooling a suitable dielectric material within a strong
electric field (kilovolts/cm), after heating it above its melting temperature. The field
repositions the charge carriers or aligns the dipoles within the material. When the material

cools, solidification freezes them in position.
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Application: Electret microphone

V+
R

—+H—o
D Output
=~ Field Effect Transistor

S5

L e Ground
/—

Capsule

[ -
]

Microphone

&
%

<

Electret microphones — the capsule

Internal structure of an electret microphone
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1.8.4. The electric displacement vector

When a dielectric is present, the equation divE = p/ €&y becomes:

divE = £ + Py where
& &

p - free charges volume density
p,, - bound charges volume density

It is shown that: o, = —divP

div(goﬁ + 13): Jo,

D=g,E+P

- electric displacement vector

divD = o - 1t takes into account the polarization of the medium

— —_—

Because P = y& Lk

B=le, 42 o =27

e =l+y=¢/g, -relative permittivity

E=¢&,(1+y)

- dielectric constant or permittivity

Gauss electrostatic theorem 1n the presence of dielectrics becomes:

[divD-av=[p-av =
V V

§13d§=Q
S

Q represents the total charge inside the volume, V
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1.9. The capacitor

The capacitor is a passive electronic component consisting of a pair of conductors (plates)
separated by a dielectric (insulator).

When there is a potential difference (voltage) between the plates, a static electric field
develops in the dielectric that stores energy and produces a mechanical force between the
plates. An ideal capacitor is characterized by a single constant value, capacitance,
measured in Farads. This is the ratio of the electric charge on each conductor to the
potential difference between them.

In October 1745, Ewald Georg von Kleist of Pomerania in
Germany found that charge could be stored by connecting a
high voltage electrostatic generator by a wire to a volume of
water in a hand-held glass jar.

Von Kleist's hand and the water acted as conductors and the jar
as a dielectric

Battery of four Leyden jars in Museum Boerhaave, Leiden, the
Netherlands
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2

cheh

o+

. 'SS
Electric _-%;;
fleld E pspes
£

(=tx=

A parallel-plate capacitor

-—
Flate separation d

Charge separation in a parallel-plate capacitor
causes an internal electric field. A dielectric (orange)
reduces the field and increases the capacitance.

The conductors hold equal and opposite charges, Q, on their facing surfaces and develops
an electric field and hence a potential difference, U.

We can define the capacitance by: C = % {% =1F } ,in SI

Sometimes charge build-up affects the capacitor mechanically, causing its capacitance to
vary. In this case, capacitance is defined in terms of incremental changes C = dQ/dU

45



1.9.1. Energy of the electrostatic field

Energy of interaction between discrete charges

o L 00 W—l( L Gy, 10,

20+
drg, r drg, r

1
=—(VQ, +V.
PR ) j S (70,+7:0,)
1 1
V1_ % V. = %

- )

=
drg, 1 Are, r

with

This formula can be easily generalised for the case of small several charged spheres

1 1
W= EZ V.Q,  or, for a continuous distribution of charges: W = E j j j V pdv

Energy density of an electric field

The work performed by the source to bring the charge dq on the capacitor plates is:

A

U
1 _ .
dW:U-dq:dW:C-U-dU:W:CJUdU:ECUZ f capacitor
0 I
This work to charge the capacitor 1s found as stored energy, Wp.
£,€,S 1 -~ E J/ d $ <
C=7r WE:V-EEDZWE-V; V=8-d
l = =
W, = EED Energy density of the electric field
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Supercapacitors

There is a special type of capacitors with capacitances larger than 100 F. They are used
mainly for energy storage.

Example:

If a capacitor with C=100 F is charged at
U=100 V, then, the stored energy, WV is:

W, =%CU2 =%100-104 =500 kJ

- supercapacitors have a capacitance up to 3000 farad;
- they have a much higher power density than batteries or fuel cells;

Applications: vehicles, complementing batteries, alternative energy (replacing batteries
with capacitors in conjunction with novel energy sources)
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1.9.2. Connections of capacitors

Series connection of capacitors
C, C, Cs C, Cs
L e | o = L

w "
U
U

Cs

1 1 1 1 1
— =ttt D> —=) —
¢ ¢ G, C, ¢, TC

—_

Parallel connection of capacitors

Q — total charge

0=0,+0,+.+0, = CU=CU+CU+..+CU

C,=C,+C,+..+C,

U=2 and U=U1+U2+...+Un:g+2+...+2:2
C'S Cl C2 Cn
1

@:ZQ

C,

Py _01 = Ql *
C,

[ ¢ Q) - Q> '
C;

Qs - Qa

; .
(:‘1.1

® _On I I I Qn ®
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1.10. Solved and proposed applications — part 3

1. Calculate the equivalent capacitance of the system, where C=70 nF:

D @ @
‘R 1
C D
{Hs
HlHo A 1 B
® Cq
R | g
Cuys=C+C,+C,=C+C+C=3C
1 1 1 1 1 2 C
- + =—+—===>Cy=—
¢, C, (¢, C C C 2
t_1 + L_1 +£=i:>CCD:£:>CechiszCD+C6=£+C:£
C, C., C, 3C C 3C 7 7 7
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2. Obtain the capacitance, C, for a planar parallel-plate capacitor.

- the field generated by an infinite plane with surface charge density o:

+Q A
o o o
i = E=— E =——- E=FE —-F = E=—
d E E U 26, - 24, — P B A
Q D Electric field between the plates is uniform =» U=Exd
U=Exd="-d
€y
o d-A -d
Assuming the plate area: A= U =—- = 0
& A &, A
From the definition of capacitance: C = 2 - C = g — M
U U d
: : o &€, A
If between the plates is a dielectric withe,: C= y
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3. Calculate the capacitance of a spherical capacitor whose plates have radii @ and b, with
vacuum between them; calculate the capacitance of an isolated charged conducting sphere
of radius R.

By applying Gauss' law to a charged conducting sphere, the
electric field outside it is found to be:

The voltage between the spheres can be found by
integrating the electric field along a radial line:

AV =U =Y jldr: O (l—lj

47[50 g

Q  dne,

s

The capacitance of an isolated charged conducting sphere of radius R can be found from:

From the definition of capacitance: C =

b—ow,and a=R = C, =4ne R
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4. A parallel-plate capacitor contains two dielectrics with electrical >
permitivities €, and ¢, and thicknesses d; and d, as in the figure.
Knowing the plate area S, find the capacitance C of the capacitor.

5. A parallel-plate capacitor contains two dielectrics with electrical 3 | s
permitivities ¢; and ¢, and surface areas §; and S, as 1n the figure. ! B |d
Knowing the interplate distance d, find the capacitance C of the capacitor. i

6. Find the boundary conditions for E and D at the interface (separation surface) between
two dielectric media with electrical permitivities ¢; and ¢, .

a) The tangential component of E is continuous at the separation surface

¢ Edl =0 = [ Edl,+ [ E,dL, = [(E,—E,,)dl, =0 5D
L L L, Lo ~ Elt:E2t e A &
because dl, =—-dl, 1 En

b) The normal component of D is continuous at the separation surface

gﬂ)f)ai? =0 = j I DdS, + ” D,dS, = J j odS, = D,,—D, =0 o - surface charge density
N S S, Sy

If =0 at the separation surface, then: |D, —D, =0 =D, =D, = ¢,k =¢,E,,

7. Find the refraction low for the electric field lines at the interface (separation surface)
between two dielectric media with electrical permitivities ¢; and ¢, .
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1.11. The charge conservation law

a) The integral form of the charge conservation law

By definition: [ = dQ [C/s]=[A] I = I ]d§ j - current density [A/m?]

For a closed surface: — = —§ ]dS 2 J- pdv = —CJ‘) ]dg p — volume
Ot charge density

b) Differential form of the charge conservation law

CJS]dE = J‘divj-dv - from Gauss’s theorem C_';Efdg = 'm- divfdV
S V S v

J-(ap-Fle]jdV 0
o\ Of

ap

e dzvj 0| - the differential form of the charge conservation law
Ot - the continuity equation
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1.11.1. Electrostatic field in the presence of conductors

In electrostatics, we consider the case when charges are fixed, i.e.:

7=0= E=0

Absence of volume charge inside a conductor

P =0 => there are no volume charges inside a conductor !!

Both positive and negative charges exist inside the conductor, but they compensate each
other, and the interior of the conductor is neutral on the whole.

Suppose that for t=0, we bring charges on conductor such that p(0)#0

8(’3/;+le 0 3 5
T PlusavE=0 bu divE=L 3L __ L ()
j=0-E Ot &, ot &,

o - el. conductivity

By integrating the above equation (1), we find: p — vol. charge density

(1) = p(oyﬁ} ) >0
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Calculation steps

Y%
__ P _dp__ 0 I d_P:_zjdt
81‘ 80 /O gO

p(0) IO 80 0
o p(t) o e
Inp-Inp(0)=——7=1In =——1t= plt)=p(0)e ® = p(t)—>0
(0)=-7 o) (1)=r(0) (1)
&
The space charge in the conductor is “assimilated” during the time |7 = -
o

7 is named relaxation time; 7 ~ 10-1° s for Cu

For moderate frequencies, free charees in a conductor are distributed over its surface
and volume charges are absent

Metallic screen

+ 1 E#0,V=0 E=0,V=0
/- el
N+ %
+— —>
+4\- -+
N4 N
v J— Ground
A metallic screen for external fields A charge surrounded by a closed conducting shell

The earthed closed shell shields the external space from the charges located in the volume
surrounded by this shell. An unearthed shell does not provide such a screening
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Screening for low level signals manipulation

screen Hi
2 ; f ‘"] fﬁ‘] % Low level
Wi LS Lo instrument
\ unearthed screen .
connection leads —L_ Ground: 0 potential
screen Hi
2 . f’r ‘"] ]ﬂ] % Low level
L LS Lo instrument
\ earthed screen .

connection leads

—— Ground: 0 potential

Earthed closed screen shields the connection leads from the exterior charges and
provides immunity to exterior electrical perturbations




Chapter Il. Conductive media in electric fields
Electric current

(@ Show Current

@® Electrons (=]
(O Conventional —»

(& Labels
W Values
— I_ o
Battery

e

21 Light Bulb

Useful web resourses:

https://phet.colorado.edu/en/simulation/circuit-construction-kit-dc-virtual-lab

https://phet.colorado.edu/en/simulation/circuit-construction-kit-dc



https://phet.colorado.edu/en/simulation/circuit-construction-kit-dc-virtual-lab
https://phet.colorado.edu/en/simulation/circuit-construction-kit-dc
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2.1. Introductory aspects

In electrostatics, E=0 inside conductors.
When charges are moving inside the conductors, E is not 0

movement of electrons: physical (real) direction of current

L.......>..i+

P © 6 © 6 0 ¢ & & O

<

conventional direction of current

2 I
electrons -~ \_/+

Physical and conventional direction of current in a conductor

Current intensity is defined as the charge, Q, which 1s flowing through the conductor in
unit of time = [=Q/At [A]=[C/s]




2.1.1. Generation of electric current

Electromotive source (EMF - Electromotive force):

- separates positive from negative charges inside the source

- allows the driving of charges inside the source such that a current can be sustained
through an external circuit.

Symbols:

Voltage source — has a constant EMF Current source — generates a constant current
I +
T CD @ (A

Battery EMF Generator

2.1.2. The Ohm’s Law
Was discovered experimentally in 1827 by Ohm (1787-1854) = Ohm’s Law

Ohm's law states that the current through a conductor between two points is directly
proportional to the potential difference across the two points. Introducing the constant
of proportionality, the resistance, one arrives at the usual mathematical equation that
describes this relationship: I = U/R



I
= | S

The Ohm’s Law

R - resistance [(2]
1/R — conductance [S]

S — Siemens, QQ - Ohm
Using the emf of the source, £, the Ohm’s law can be expressed for the entire circuit as:
I

—>

h:u:]:rg.'
- . '
1= H__
R+r1 E .
Er U R
®

|| t

|
ideal bﬂllitr}' internal resistance
r — internal resistance of a (source) battery
Some basic regimes in electrical circuits
The short Cil'Cllit current Open Circuit Voltage Closed Circuit Voltage
E
R=0= I, ,=—
E
E
Rload
1.5V 'é_ 1.5v |* g
Open circuit voltage T T
When R >0 = Uopen =F




2.2. Kirchhoff's circuit laws
2.2.1. Kirchhoff's current law (KCL)

This law 1s also called Kirchhoff's first law, Kirchhoff's point rule, Kirchhoff's junction rule
(or nodal rule), and Kirchhoff's first rule.

The principle of conservation of electric charge implies that:

- at any node (junction) in an electrical circuit, the sum of currents flowing into that node is
equal to the sum of currents flowing out of that node, or:

- the algebraic sum of currents in a network of conductors meeting at a point is zero.

n .
. . !

E I, = 0 nis the total number of branches with currents ‘\]
k=1 flowing towards or away from the node.

n

This formula is true, also, for complex currents: Z i P = 0 :*/
k=1
The law is based on the conservation of charge T &
whereby the charge (measured in coulombs) is the
product of the current (in amperes) and the time (in

seconds).




2.2.2. Kirchhoff's voltage law (KVL)

This law is also called Kirchhoff's second law, Kirchhoff's loop (or mesh) rule, and
Kirchhoff's second rule.

The principle of energy conservation implies that the directed sum of the electrical potential
differences (voltage) around any closed circuit is zero, or:

More simply, the sum of the emfs in any closed loop is equivalent to the sum of the potential
drops in that loop, or:

The algebraic sum of the products of the resistances of the conductors and the currents
in them in a closed loop is equal to the total emf available in that loop.

Similarly to KCL, it can be stated as:

h n_oo a Rl b
ZUk =0 Z U, =0 fora.c. signals ® @
Example 1: @ E, Rz U,
U,
_%_/|R:—\lA /E\ B Ei - E;=Rili - R:I, - Rsls d R3 C
. 4 7 & @
b @ Q R] U, U, R
R b
N A U



Example 2:

/N Eun
Ig\\__{/"
LI T TR
»—I»—:—HZI—
Lt I +1,=1
£ VIR +1R, +1r =E,
\,_,,/"
EgJ’g ]Rl + ]zrz = Ez

2.2.3. Applications of Kirchhoff’s laws

1. Series connection of resistors

I R1 R: R3
e T T e
U, U, U;
U

U=U,+U,+..+U,

I-R

series

=[-R+I-R,+..+]-R =R

series

=R +R,+..+R =R, . =D R
i=1



11. Parallel connection of resistors

I Rf

111. Series connection of sources

e e e
Ein Ex.m Esr E.r,
| | <
R

E+E +.+E =In+In,+..+Ir, + IR=E
and E;=FE +E, +..+E

Fo=F AT 4t

I=1+1+.+1
U u U U
=—+—+

= O
Rparallel Rl R2 Rn
IR N IS SN S o |
parallel Rl R2 Rn parallel i=1 Ri
If: Rl :RZ :"':Rn =R :>Rpamllel -
/’\
B
L
R I
1=—Es




1v. Parallel connection of sources

A | *—
P
*—

|

I

|

: - R
I R Ir |
|

|

|

|

. Equivalent circuit

JB
Applying Kirchhoff’s laws:
E, (1)
I=1+1,+..41 and [ =—72F
L p+ R I=£+£+...+E”—IR£l+l+...+l)
n . v r v v
E R 1 2 n 1 2 n
E=Ir+IR = [, =—-]= O . . SV .
d ¢ I[—+—+...+—] +1R:£—1+—2+...+—"][—+—+...+—]
E R h n T h  h \h I T
E,=Ln+IR = I,==2-]~ §
g \hn nA\n
E R
E=Ir+IR =1 ="2_1" £1+1+...+1] iR
r, Vn h nh T
Er
EP:{5+£+...+E”J/(l+i+...+iJ _ ' h—- E nE
hoon no)\honh ’, For n identical sources: = r’" n— — =
o1l 1) SRR
A ) 10



2.3. Differential form of Ohm’s law — a simple theoretical model

It can be shown that: Jj is the current density [A/m?]

n 1s the volume density of carriers (n=N/V)
v 1s the mean velocity (drift velocity) [m/s]
¢ 1s the charge of the electron [C]

j = —ney where

~ ek

. =dr=——1  where ris the time between two collisions ~10'?s !
m - relaxation time

ma

The mean velocity can be simply expressed by:

~ v +0 er = — er | . :
V=" —=———F=—u-F where |y =——| isthe carrier mobility
2 2m 2m
2
T _€ent - - e’nt . ..
J = E=o-L with |0 = [S/m] - the electric conductivity
2m 'm
Differential form of Ohm’s law o=1/p 1 S=1 O-!

More general expressions for 1 and o

2
en-(r * -
— m* - effective mass
and o = < > O = ne lLl ) )
m m* <1> - mean relaxation time
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2.3.1. Microscopic origins of Ohm's law

The dependence of the current density on the applied electric field is essentially quantum
mechanical in nature. A qualitative description leading to Ohm's law can be based upon
classical mechanics using the Drude model developed by Paul Drude in 1900.

The Drude model treats electrons (or other charge carriers) like pinballs bouncing between
the ions that make up the structure of the material. Electrons will be accelerated in the
opposite direction to the electric field by the average electric field at their location. With
each collision, though, the electron is deflected in a random direction with a velocity that is
much larger than the velocity gained by the electric field. The net result is that electrons take
a tortuous path due to the collisions, but generally drift in a direction opposing the
electric field.

The drift velocity then determines the electric current density and its relationship to £ and
1s independent of the collisions. Drude calculated the average drift velocity, v,.

12



2.3.2. Classification of solids according to their conductivity

26: Iron 2,8,14,2
E
Conduct on
band
Valence
I -
Mletal Semiconductor Insulator
a) b) C) d) 28: Nickel 2,8,16,2

Possible energy band diagrams of a crystal. Shown are a) a
half filled band (monovalent metals like Cu, Au, Ag... - high
conductivity), b) two overlapping bands (ex. Fe with 2 valence
electrons - 2, 8, 14, 2 -electrons/shell), ¢) an almost full band
separated by a small bandgap, E, , from an almost empty band
and d) a full band and an empty band separated by a large
bandgap

13



Classification of materials according to their conductivity (cont.)

(a)_Dielectrics

- there are no free carriers (electrons)
- substances with low electric conductivity <10 S/m

(b) Semiconductors
10°< 6 <10° S/m

E E
- usually 1~ e_ 2 KgBT c=0,- e_zKiT E, is the energy bandgap
E=E-E,
(c) Conductors
- metals
- there are electrons in C.B. — they can move almost freely in the crystalline lattice;
-6>10° S/m;

- Cu, Ag have 0~107 S/m;

L =P [1 +o (T — 1, )] a 1s the temperature coefficient of the resistivity

P, 18 the resistivity at T ;=273 K
14



Typical electrical resistivity, p, and conductivity, o, for some metals

p o
Aluminium 2.8 108 (Gm) | 3.6 107 (Qm)~’
Copper 1.7 108 (Gm) 5.8 107 (Qm)-
Iron 1.0 107 (m) | 1.0 107 (Qm)-*!
Silver 1.6 108 (Gm) | 6.2 107 (Qm)"
Nickel 6.8 108 (Gm) | 1.5 107 (Qm)
Gold 2.0 108 (Gm) | 5.0 107 (Om)"

15



2.4. Thermal effect of current - Joule heating

Joule heating, also known as resistive, resistance, or Ohmic heating, is the process by which
the passage of an electric current through a conductor produces heat.

Joule heating is caused by interactions between charge carriers (usually electrons) and the
body of the conductor (usually atomic ions).

The work done to transport the charge:

I

W=qU=I-M-U=U-T-At=0 [J] o=
Q . [2A U R 1 kWh=1000 W * 3600 s=3600 kJ
But U=I‘R = It 4 -
—
Dissipated power in a region of circuit is: I
2
P2 _yr-pr-_£ _R [W] —Example
At (R + 7‘) 250
E=10V
Energy dissipated throughout the circuit: =0T =100
15+
0, =E-I-At ) ) S
e E E «
E Oy =——Al = P, =—— [W]
I = R+r R+7r 050 P=max. when R=r
R+r EZ
R 0.0 b
) R 2 0 10 20 30 40 50 60 70 80 90
Source efficiency: 7= P _I JZZ) = fR =0.5 whenr =R R (@)
r

gen

R+r 16



2.5. Proposed applications

1. Using Drude model, calculate the drift velocity of electrons in a Cu wire with cross section
S=1 mm? through which is passing a current I=1 A. In 1 m? of copper crystal there are
about 8.5%10?% atoms and each atom contributes with 1 electron for conduction.

2. An electrical cable of length L=1 m contains N=5 copper wires, each with diameter d=0.2

mm. Calculate the electrical resis
Qm.

ol

tance of the cable. The resistivity of copper is p =1.7-108

L

3. Determine the current through
difference between A and B if:

D
000
\O

each resistor in the circuit shown below and the potential

a) r,=r,=0 and b) r,=2 Q and r,=1 Q.

E,r

I|‘+

17



Chapter lll. Magnetic Field

Computer simulation of the Earth's field. From: Glatzmaier, Gary. "The Geodynamo". University of California Santa Cruz.
https://websites.pmc.ucsc.edu/~glatz/geodynamo.html
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3.1. Introduction - Magnetic field concept

Short history (from https://en.wikipedia.org/wiki/Magnetism)

Magnetism was first discovered in the ancient world, when people noticed that lodestones,
naturally magnetized pieces of the mineral magnetite, could attract iron pieces. The word
magnet comes from the Greek term poyvijtic AiBoc magnétis lithos, "the Magnesian stone,
lodestone." In ancient Greece, Aristotle attributed the first of what could be called a
scientific discussion of magnetism to the philosopher Thales of Miletus, who lived from
about 625 BC to about 545 BC. The ancient Indian medical text Sushruta Samhita describes
using magnetite to remove arrows embedded in a person's body.

Inevitability of magnetic field generation due to motion of charges

The interaction between fixed point charges is defined completely by Coulomb’s law. This
law, however, is incapable of describing the interaction between moving charges.

The magnetic interaction is comparable to the electric interaction omly for quit large
velocities of electric particles. Nevertheless, it 1s also perceptible for small charge velocities
if Coulomb interaction does not manifest itself for some reason or other.

Such a situation may arise, for example, when an electric current flows in a conductor. In
this case, the electric field of the moving charges is neutralized by the electric field of the
opposite charges of the conductor, i.e. it is screened. As a result, only the magnetic force
remains.




3.2. Biot-Savart law

3.2.1. Force of interaction between parallel current-carrying conductors

Charges move in two thin cylindrical and parallel wires, placed in vacum, with a
distance r between them. It was found that the interaction force, F,, between them is:

F =t L1 12y U, - vacuum magnetic permeability
21 Ly =47 %107 N/A ™
Fi+F=0 £, =8.854x10"> F/m
F=F=F,
1
1 : . e = —

Fig. 1. Note that when the currents are Between Ho and € 15 the relation: MO 0 62
parallel, an attractive force appears.

When the currents are antiparallel a Wlth 02299 792 458 m/S the Speed Of llght ln vacuum
repulsive force appears.

1,1
For an arbitrary small length, d/, the force dF,, ;0 2dl can be expressed as:
T r
I 1,
dF, , =521, dl, or dF,, = “0 1 dl

27 rB ~_ /

Magnetlc field concept where B 1s named magnetic flux density or
simply magnetic induction




3.2.2. The magnetic field force vector

The interaction force between currents and the magnetic field can be expressed as:

dF = Bldl B - magnetic flux density (magnetic induction) [ T ]

F’ =q E’ +q - % E - generalized Lorentz force v -the charge velocity

L - in what follows, we consider only B and E=0

dF =1dI x B, with I =L, dI =¥vdt dF 1 dl,B
dt “ _l,

Ampére’s law

If we consider the current density, J, i.e. continuous current
distribution, the magnetic force is:

because:

dE. = jxBdV [=7-dS, dV=di-dS F, =0 if 0=0,

This formula reflects the basic idea of Ampere to reduce the interaction between current
circuits to the interaction between very small current elements




3.2.3. Field Lines around conductors

Thumb point alang the
direction of the current

Conductor

e

Current Magnetic Lines

of Force

T

2R

Other fingers give the

direction of the field g

I Current Flow

B = NHod
2R N — number of turns
i\y‘;\"% l-f ‘({42}‘? %.1 M& ,d ,b . ‘}}44-‘?.1 -":W
: 1‘3* L "”'m '*“"
£ 55 ; :

% aa

Magnetic field of a rectilinear current | | The current loop(s)

https://javalab.org/en/magnetic field around a wire en/
https://javalab.org/en/magnetic field around a circular wire en/
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3.2.4. The Biot-Savart law

The law of magnetic interaction between current elements was
obtained in 1844 by Grassman (1809-1877). The force with which

the current element I; dz acts on the current element I, dz iS:

dF,

_ My [2di2 X(I1dZ X1s)

A

3
4P

- the interaction of current elements does not obey Newton's third law

We must note that: dF,, +dF,, #0

inspired from:

dﬁiz = Izdiz X délz

The elementary magnetic flux density and, after in integration, the magnetic flux density:

—

d

py I-dl xF

4

3
r

—

B_

U, J'Idixf

47 P

B=to [l ay
4 r

For a circuit with current 7, or current density J

The Biot-Savart law

The force with which current 7, flowing in closed loop L, acts on closed loop L, carrying
current /,, according is:

12

Fo= ol 1,

dl, x7.,)

4

JEA

Ly L,

3
4P

In this case F, + F,, =0




3.2.5. Solved and proposed applications

1. Calculate the magnetic flux density of the field created by a rectilinear current /

(discussion for the case of finite length and the infinite length conductor).

s Jh = yoldfxf JB = Uy -dl-r-sin @ d
Ar-r® 47 -r° ’ coso
y T(P dB Ldl,dB L7
- from basic geometry:
/ o gl = r-doa
CcoSx
_T
Detail: g; p=yra
d
Using these considerations you get B = 0" j cosa-da = of (sina, +sine, )
4r-d _a] 4r-d
ol

For a conductor of infinite length, a, , »n/2 ) B =
’ 2nd



2. Using the Biot-Savart law, calculate the magnetic flux density of the field created by a
circular single turn loop, of radius R, on his axis of symmetry, Ox, through which is flowing
the current /. Discuss the cases: x=0 and x — oo; What is Helmholtz coil?

Solving steps:

- using
=l 1dl <7
X b= 4 Cﬁ -
dB.+dB. =0
N | e .
R dB ¥ : U, 1dl-r
ing= : v dB_=dBsing; dB=—
sin ¢ NET dB x ® dr
= , , w,d - R
dl' From basic calculations we find: B, = 7 (1)
Z(R2 + xz)
. . ﬂol : R2
If there are N turns in the coil, then: B =N B (2)
2(R? +x*f
I [-7-R°
Forx=0 B _= N’uL Forx>>R B = N T~ nz
2R 27X X

with m=1-7-R* magnetic moment




The Helmholtz coil consists of two 1dentical coils with N turns each, and radius R. The
distance between them is set to R. In this case, by using eq (2) and setting x=R we find:

3/2
B :(ij HoNT
R

—a— Left coll
—e— Right coil
—A— Total magnetic field

5
A0 =47107 Tm/A

1.0x10” H R=1cm
N=10 turns
=1 A

9.0x10° 1

\ /
peS

8.0x10°

7.0x10°

6.0x10°
5.0x10°

4.0x10°

Magnetic field (T)

3.0x10°

2.0x10°

1.0x10° 1

0.0

— 1 . - 1 - T — 71 . - - T
-4 2 0 2 4
distance (cm)

Example of magnetic field distribution
inside of a Helmholtz coill
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3. A horizontal linear conductor of length /=0.5 m carries a current /=10 A from left to right.
The conductor is placed in a horizontal magnetic field B=1.5 T, perpendicular to the current,
a=m/2. What is the direction and size of the force acting on the conductor? Express these

results if, now, o=mn/3.

—_—

B
]

{ a

I ®F 1

F’m — 1 xB
F, =B-1-Isin@

4. Two horizontal linear conductors of length /=0.5 m are placed in vacuum at a distance
r=2 cm between them. Calculate the interaction force between conductors if the currents are
1,=10 A and [,=20 A. How is this directed this force if a) the currents are parallel and b)
antiparallel.

Iy
~ o= M Ll
" 2r r

. ? t, =47 x107 N/A™
I

V)

11



5. Three currents are flowing perpendicular to the plane with directions indicated in the
figure bellow. The corners describe an equilateral triangle with the side a=10 cm; I,=1,=10 A
and [;=-10 A. Calculate B in the centre of triangle (u,~=4n-10-" H/m).

B=B +B,+B,=B,+B,
but B, || B, = B=B,+B,
a =120’
a a a\/g 0,1\/5
—=rcos— = r= —= \/_: 3 = 3
2¢0s— 273
6 2
1
B =B,=2C1 — B = |B>+B2+2BB,cos| =+ 2 | =
2rr 2 6

:\/Bf + B} -2B,B, sin% :B“/Z—Zsin% =B

|-l o gl I s

2xr 27rr 2y 2y
-7
B 47[1(())1-20=40\@-10‘6:6,93-10‘5 T
27—
J3

12



3.2.6. The solenoid

A solenoid 1s a coil of many circular loops wrapped up in the shape of a cylinder. We can
find one big similarity between the solenoid and the bar magnet. We find that the magnetic
field lines in both cases are exactly the same. In fact, both the ends of the solenoid behave
as the poles. One end is the south pole and the other end 1s the north.

One can find that B, on the axis of symmetry and in the centre of the solenoid, is:

f. B:”Oj;['l.f

4
— N

>

7 |

\
\
IR\

f— geometrical factor
f~=0.58 when I=R
|~ /=1 when [=5R

A
v

/<1 reflects the influence of the end effects where the magnetic field lines return.

HN -1
[

When >>R B = Can you obtain this formula using the Biot-Savart law?

13



3.3 The Ampere’s circuital law

3.3.1. The integral form of Ampére’s circuital law

Let’s consider the field generated by the current flowing in an infinite thin very long

rectilinear wire. The circulation of the vector B around a certain closed contour L
enclosing the current I is given by:

57 M
§Bdl == I§da = p,l| (1) with B=-
7 27 2z-r

This can be derived from the following considerations:

Bdl = Bdlcos(B,dl )= Bdl, = ;‘—01 da; dl, =dl-cos(B,dl)=r-da
T

Formula (1) can be derived, also, from:

- —

$ Bydi, :#Rocﬁda =i vyt $Bydl, = Bdl = 1,1
L, L

TR, 7 i

If a closed contour L’ does not embrace a net current, /, we get § Bdl =0
L

Suppose that we have a large number of currents

B = Zéi f Bdl = Z tol, = 11| The integral form of Ampere’s circuital law
i P

L 1 1s the net current embraced by the contour L

-the subscript k denotes only the currents embraced by the contour L

14



The Ampere’s Circuital Law has many applications in magnetic circuit design and
detection of the electric current through a conductor using Hall sensors which are used to

. . é .
measure the circulation of B over a closed contour defined by a magnetic core.

Bdl = ol

L

MAGHETIC FIELD

FERRITE RING CORE MASGMETIC FIELD

TRAFPFPED IN FERRITE

HalLL SENSOR

\

SIGNAL QUTFUT
TERMIMALS

MOUNTING PAD

/

CURRENT CARRYING CONDUCTOR

Hall effect current transducer (galvanic isolator).

clamp-meter

15



3.3.2. Differential form of Ampére’s law

- for volume currents [ = J]dg or [= 'f jds
S S'

The following steps are obvious:

q)l?df = u,! Cj)édi = U, ” 7ds
L

@E dl = J‘ j rotBdS - from Stokes’s theorem L
L

S is the surface surrounded by the closed contour L

”[mtﬁ —yoj’]dg =0 curlB =rotB =V x B = ,uoj

Maxwell’s Equations for a Stationary Magnetic Field

divE:O rotEEVxézuO]'

From the equation divB = 0 we conclude that the lines of B do not have sources.

This means that there are no magnetic charges which would generate a magnetic field in

the same way as electric charges create an electric field. The lines of B have neither
beginning nor end. They are either closed or go to infinity.

16



3.3.3. Magnetic vector potential approach

The identity  div (mt ) =0 shows that the solution of equation divB =0

can be expressed in the form B=curld=rotA=Vx A

A is named the vector potential of a magnetic field

The vector potential, A , plays only an auxiliary role and cannot be measured experimentally

like the electric potential. A is mainly used for calculation purposes, especially in quantum
mechanics.

In magnetostatics divd =0 - represents the gauging condition for the potential

Because I"Ofé = HO] we have rot (I"Of 12) = ,UO] (1)
From sz(l;xE) ( 5) q(a b)
Vx(fo) (V ) V.V)f = V(V-]?)—sz

curl curld = grad divA—V* A4 ViAd=—p,j

Because of the gauge condition and eq. (1)

17



In terms of x, y, z coordinates we can write
2 . 2 . 2 .
VoA, =—p,J, VoA, =—nyj, ViA, =—pyJ;

Each component of the vector potential satisfies Poisson’s equation. If all currents are
concentrated in a finite region of space then we can write the solution in the form:

A = Ho J‘]de Ay _ HOJ‘ y A, = Ho j‘]de
4 r 4m r

or in the vector form : 2:ﬂojjdV EzﬂojjxrdV
472' r 47Z'V 7/'3

For a line current these equations become :

v Idl_ p, dl = uy ldl <7
4= 47[j r Z[L_r B:47(;-.“

1

18



3.3.4. Applications using the Ampére’s circuital law

1. A cylindrical conductor of infinite length and radius R carries a current, I, with uniform
current density j (I=j--R?). Calculate the magnetic field as a function of radius » from the
center of the conductor (» <R, » > R). Consider /=20 A and R=2 mm.

a)r;<R

Ampere’s circuital law applied to contour L, 1s: C_[)Bidl,- = Uyl
L.

1

- where [, represents the current embraced by
L, 1.e. the current through surface S..

But: [, = _[ ]dS = j-7r> because j is uniform un S

—

Bdl = dl because B, L7 . :>B | dl on any point on L,

<J‘> dl. = uJ. =B -27r, =, j 711> =B, = ’UEJ.
L

B.:,Uo]r: Hol ”

i R2 ,
But /=j-mR RYTE
b)r,>R CJ.DB dl = t,I because current embraced by L, is 1.
1
From: B, -2zr, = u,l = B, = Ho
2rr

e

19



2. A coaxial cable of infinite length is composed of an inner cylindrical conductor of radius
R, and an outer cylindrical shell conductor between radii R, and R;. Between them there 1s
vacuum. The cable carries a current / with uniform current density through each conductor.
Using the Ampere’s circuital law calculate the magnetic field as a function of radius .

A The solving steps must follow the same approach like
S, .
for problem 1; however, the current densities are
different, i.e. j,=I/S,=I/(nR?) and j,=I/S,=I/(nR;>-nR,?)

a)r<R,
' 1
Blz’uojlrz a ~r - see problem 1
2 27 R,

b) R, <r <R, -the current embraced is /
Mol
2z

C)RZSI"SR3 qsédi;zluol Where]net:]_jz(ﬂ-rz_ﬂ-Rzz)

net
2 2
B = Mol ol 7[(}” _R2) ::Uo] l_rz_Rzz
Y 2xr 2mr 7r(R32—R22) 27r\ R -R;
d)r>Ry §B,dl, = yyl,, wherel,, =0=>B,=0

Ly
Consider [=10 A, R;=1 mm, R,=3mm and R;=4 mm. Can you plot B(r) from problems 1 and 2?

B, 2xr=up,d = B, = - see problem 1

- following the same calculation steps:

20



3. Determine the magnetic flux density (magnetic induction), along the radius r, generated
by a toroidal coil that has an inner radius R;=a=3 cm, the external radius R,.=b=5 cm and a
height h=1 cm (rectangular cross section). The coil has N=200 turns of wire. What is the
total magnetic flux generated inside of this toroidal coil? Hint: Use Ampere’s circuital law.

A toroidal coil looks like in the figures bellow. N turns

£ Axis of symmatry. ) = 2 e r ; : l

iiﬁw HUHHHb skt s saprasere. £ I L

radial currents. et ———
L) / ERR T
i - == l-|
X ”

"--i-‘ = h '.--|

Rod arrows reprosant

circumferential direction.
\ Toroid, Oblique \FEnw T L” cireumforential  Toroid, Top View

===== The solving steps will follow the same approach
""‘""’"‘“"’"‘“"“‘ s like for problem 2, where different regions must
be considered.

ST

Yaollow arrows represont axdal currents.

Torold, Side View Section CJDBldll = ,Uolnet where [net =0= Bl =0
- no current 1s enclosed by the contour L, with r<R,
N-1
b)R,<r<R, <}SB dl, = ud,, wherel,, =N-1=B,(r)= /";
nr

c)r=R;=> Inet—O =2 B;=0 Can you plot B(r)? )



of magnetics

3.4. Magnetic field in the presence




3.4.1. The field of an elementary dipole

Consider a current line which 1s flowing around a surface with very small linear dimensions.

) g We can define a quantity named “Magnetic dipole moment” of the
elementary current by:

LD i = IS

By analogy with the electric field produced by an electric dipole:

_ 1 57 D _
E=—-gradp = {3(1):)7” — [Z } one can write: |B =
4re,

r r

The magnetic field corresponding to the magnetic moment decreases in inverse proportion
to the third power of the distance.

From a previous calculation, magnetic field along the axis
of a circular coil carrying a current I, was found to be:

I-7-R
B =t 2 M iR

27X X
withm=1-7R’
23



3.4.2. Mechanisms of magnetization

Magnetics are substances which, upon being introduced into an external magnetic field,
change so that they themselves become sources of an additional magnetic field.

The total magnetic induction in this case is the sum of the inductions of the external

magnetic field and the magnetic field generated by the substance.

The change in state of a substance under the action of an external magnetic field i1s called

magnetization.

The physical cause of the magnetism of objects, as distinct from
electrical currents, 1s the atomic magnetic dipole. Magnetic dipoles, or
magnetic moments, result on the atomic scale from the two kinds of
movement of electrons:

- orbital motion of the electrons around the nucleus, Z; this motion can
be considered as a current loop, /, resulting in an orbital dipole magnetic

moment (i, along the axis of the nucleus;
- spinning of electrons; because of this we say that the electron poses a

spin moment, S, and a spin magnetic moment, jis. This is a quantum
mechanical property called the spin dipole magnetic moment (although
current quantum mechanical theory states that electrons neither
physically spin, nor orbit the nucleus). This behaviour gives us the
image of an electron which is spinning. Because of this we say that the
electron poses a spin moment and a spin_ magnetic moment.

e~

!
=
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The overall magnetic moment of the atom is the net sum of all of the magnetic moments of
the individual electrons. Because of the tendency of magnetic dipoles to oppose each other to
reduce the net energy, in an atom the opposing magnetic moments of some pairs of electrons
cancel each other, both in orbital motion and in spin magnetic moments. Thus, in the case of
an atom with a completely filled electron shell or subshell, the magnetic moments normally
completely cancel each other out and only atoms with partially-filled electron shells have a
magnetic moment, whose strength depends on the number of unpaired electrons.

The differences in configuration of the electrons in various elements thus determine the
nature and magnitude of the atomic magnetic moments, which in turn determine the
differing magnetic properties of various materials. Several forms of magnetic behaviour
have been observed in different materials, including:

. Diamagnetism

. Paramagnetism

. Ferromagnetism

. Antiferromagnetism
. Ferrimagnetism

25



Mechanisms of magnetization

1.

The molecules of the substance introduced into the magnetic field acquire an induced
magnetic moment — they become the sources of an additional field. Such substances are
called diamagnetics.

The molecules can have a magnetic moment even in the absence of magnetic field, 1.e.
the molecules possess a permanent magnetic moment — cach molecule is a source of
magnetic field. In the absence of an external magnetic field, the magnetic moments of
different molecules are oriented quite randomly so that the total magnetic induction
created by the system is zero — the body is not magnetized. When an external magnetic
field is applied, the permanent magnetic moments of individual molecules are
reoriented in the direction of the external magnetic induction. The substance is
magnetized. Such materials are called paramagnetics.

Magnetization of ferro- and ferrimagnetics - the electrons have a magnetic moment
which is in a certain relation with their intrinsic angular momentum, viz., the spin.
Magnetization of this class of magnetics 1s associated with a certain orientation of spins
and is called the spin magnetization. In a few materials, the ferromagnetic ones, the
magnetic dipoles tend to align, spontaneously, in the same direction because of a

quantum mechanical effect named the exchange interaction.

26



3.4.3. Magnetization and magnetic field strength

M =

1 Z m, [A/m]| -represents the density of magnetic dipole moments in a
AV 5 magnetic material

- see analogy with dielectric polarization; AV — material volume
m; - elementary magnetic moment

Magnetic field strength

—

In the absence of magnetics: V X B = Ho i ] - conduction current density

In the presence of magnetics:

VxB = I (} + 7m ) = U, (] +VxM ) with ]m —VxM -molecular currents density

—

VX(E/,UO—M)Zj VXHZ} and §Ijld_>=]
L

the Ampere’s circuital law for H

with |H=B/u —~M [A/m]
the magnetic field strength
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3.4.4. The relation between M and H

To quantify the material’s magnetization in magnetic field, can be used the equation:

M = 4 H | -where y 1s the magnetic susceptibility (for isotropic materials)

E:ﬂoﬁ+ﬂ0]‘2:ﬂo(1+l)ﬁ:ﬂﬁ

1=, (1+ x)

- 1 is the magnetic permeability of the medium

- wand  does not depend on H for dia- and paramagnetics

Ho=pl =1+ y

1s the relative magnetic permeability of the medium

The magnetic susceptibility, i, depends on the nature of substance, i.e. on the mechanism

of magnetization
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Diamagnetism

- Currents (and small magnetic moments) are induced by & )
turning on the field, B, because the orbiting electrons are v
slightly disturbed and, as a result: a) increases its moment out < E, <

ey

of the page and b) decreases its moment into the page. So,

the induced magnetic moments oppose the field. Vi )5 i
- This effect shows no temperature dependence. (@) YEB ()
-Or Or O -Or
. , O -Op -Or -O»
- all elements with filled shells (always even atomic number) gg g -Or
- -Or
A21111<1 111.0bleh g?ses, H%, Na(l, ... or O On O

ali or halogene ions o

Water, DNA, most organic compounds such as oil and plastic, and many metals such as
Cu, Pb (lead), Na, Ag, mercury, gold and bismuth show diamagnetic behaviour.

Some extreme values of x4, are given below:
Haw ==9.05-10"° water Xie =—166-107  bismuth
Ko = ~10.0-10® Cu X =—400 .107° pyrolytic graphite

Superconductors may be considered to be perfect diamagnets (y,,,= —1), since they expel
all field from their interior due to the Meissner effect.
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Some interesting consequences: magnetic levitation

A live frog levitates inside a 32 mm diameter vertical bore of a
Bitter solenoid in a magnetic field of about 16 T at the High

Field Magnet Laboratory of the Radboud University in
Nijmegen the Netherlands

"l vy

A small (~6 mm) piece of pyrolytic graphite levitating over a permanent neodymium magnet
array (5mm cubes on a piece of steel). Note that the poles of the magnets are aligned
vertically and alternate (two with north facing up, and two with south facing up, diagonally)
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Paramagnetism

Constituent atoms or molecules of paramagnetic materials have permanent magnetic
moments (dipoles), even in the absence of an applied field.

- the magnetic susceptibility is of the order of 1073 to 1073

M = yH = C.E Curie’s Law
T

a) Elements: Al, Ba, Ca, O, Pt, Na, Sr, U, Mg, Tc (Technetium — artificial), Dy, W

b) Compounds - many salts of the d and f transitional metal group show paramagnetic
behaviour. Some of them are: Copper sulphate (CuSO,), Ferric chloride (FeCl,),

Manganese chloride (MnCl,)

Material x (¥107)
Tungsten (W) 6.8
Caesium (Cs) 5.1
Aluminium (Al) 2.2
Lithium (Li) 1.4
Magnesium (Mg) 1.2
Sodium (Na) 0.72

1
/

A AN y |

U Y

Random orientation of magnetic moments when
the external field is O
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Ferromagnetism

The term "ferromagnet’ was used for any material like Fe, Ni, Co,..., or alloys of these
materials that could exhibit spontaneous magnetization i.e. a net magnetic moment in the

absence of an external magnetic field.

The spin of the electrons in atoms 1s the main source of ferromagnetism, although there
1s also some contribution from the orbital angular momentum of the electron around the

nucleus, whose classical analogy 1s a current loop.

- classical electromagnetism: two nearby magnetic dipoles will tend to align in opposite

directions.
- in a few materials, the ferromagnetic ones, the magnetic dipoles tend to align,

spontaneously, in the same direction because of a quantum mechanical effect: the exchange
interaction.

bbb b
b oAb h
N

Ferromagnetic ordering of microscopic magnets No!

* + every piece of ferromagnetic material
A A should be naturaly magnetized?
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Magnetic domains

A cast piece of ferromagnetic material is divided into many tiny magnetic domains (also
known as Weiss domains) with random orientation of their magnetic moments such that his
free magnetic energy i1s minimized. So, the material has 0 net magnetic moment when no
external field is applied. Each magnetic domain has a well defined magnetic moment.

When a magnetic field, H, is applied, the magnetic
® domains will: (i) increase their volume if they have the

same orientation as H and (i1) will rotate over the

orientation of H. This process of magnetization
continues until all the magnetic moments will have the
| same orientation as H. This state is named saturation
=1 and field for which this state is reached is named

W s saturation field, see the figure bellow. The domains will
Several grains of NdFeB with remain re-oriented (state named “remanent”) when the
magnetic domains field is turned off, thus creating a "permanent" magnet.

}TITHITTTTH 11t

'HTT
‘ Ut it "
TT |

* er‘n T nf‘

H=0 H=H.,,
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The magnetization as a function of the external field is described by a hysteresis curve:

1.8
1.2

0.6

04

T T T T T
-180 -100 -50 0 50 100 150

Hysteresis loops: magnetization (M) as function of magnetic field strength (H); (Bg denotes
remanence and H is the coercivity.

B(M

—17T
—15T

12T

10T
—08T
—05T
—03T

A family of B-H loops

H (A/m)

Although this state of aligned domains for H=0 is not a minimal-energy configuration, it
is extremely stable and has been observed to persist for millions of years in seafloor
magnetite aligned by the Earth's magnetic field (whose poles can thereby be seen to flip at
long intervals). The net magnetization can be destroyed by heating and then cooling
(annealing) the material without an external field.

This property to keep magnetization basically indefinitely, until an external field is
applied, is used to build non-volatile memories named MRAM.
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Curie temperature

As the temperature increases, thermal motion, or entropy, competes with the ferromagnetic
tendency for dipoles to align. When the temperature rises beyond a certain point, called the
Curie temperature appears a phase transition and the system can no longer maintain a
spontaneous magnetization, although it still responds paramagnetically to an external
field — Curie Law.

Bellow there is a representative selection of ferromagnetic materials, ferrimagnetic (with *)
and antiferromagnetic materials (underlined), along with their Curie (Néel) temperatures
above which they cease to exhibit spontaneous magnetization.

Co - 1388 K, Fe — 1043 K, FeOFe,0," - 858 K, NiOFe,0," - 858 K, CuOFe,0," - 728 K,
MgOFe,0," - 713 K, MnBi — 630 K, Ni — 627 K, MnSb — 587 K, MnOFe,0," - 573 K,
Y Fe,0,,"- 560 K, CrO, — 386 K, MnAs — 318 K, Gd - 292 K, Dy — 88 K, EuO — 69 K

Making a magnet é

tapping

n () [Fel(s VO F 16 n | ) Isn|(s
7 | - : Image from
‘IJ “J T https://learn.saylor.org/mod/page/view.php?id
- : =35451

An unmagnetized piece of iron is placed between two magnets, heated above Curie
temperature, and then cooled, or simply tapped when cold. The iron becomes a permanent

magnet with the poles aligned as shown. -


https://learn.saylor.org/mod/page/view.php?id=35451
https://learn.saylor.org/mod/page/view.php?id=35451

Antiferromagnetism

P
by
P

- - -

boyo4 o
by
by

- .
- - -

In materials that exhibit antiferromagnetic behaviour, the magnetic moments of atoms or
molecules, usually related to the spins of electrons, align in a regular pattern with
neighboring spins (on different sublattices) pointing in opposite directions. This is, like
ferromagnetism and ferrimagnetism, a manifestation of ordered magnetism.

Generally, antiferromagnetic order may exist at sufficiently low temperatures, vanishing at
and above a certain temperature, the Néel temperature (named after Louis Néel, who had
first identified this type of magnetic ordering).

Above the Néel temperature, the material is typically paramagnetic.

Antiferromagnetic materials

Antiferromagnetic materials occur commonly among transition metal compounds,
especially oxides. An example is the heavy-fermion superconductor URu,Si,. Better
known examples include hematite, metals such as chromium, alloys such as iron
manganese (FeMn), and oxides such as nickel oxide (N10O), Co oxide with Ty ;=291 K.
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Ferrimagnetism

boroh oA

bAoAy
b AT

A ferrimagnetic material 1s one in which the magnetic moments of the atoms on different
sublattices are opposed, as in antiferromagnetism; however, in ferrimagnetic materials, the
opposing moments are unequal and a spontaneous magnetization remains. This happens
when the sublattices consist of different materials or ions (such as Fe?" and Fe**).
Ferrimagnetism 1s exhibited by ferrites and magnetic garnets. The oldest-known magnetic
substance, magnetite (irron(ILIII) oxide; Fe;0,), 1s a ferrimagnet; it was originally classified
as a ferromagnet before Ne¢el's discovery of ferrimagnetism and antiferromagnetism in
1948.

Some ferrimagnetic materials are YIG (yttrium iron garnet) and ferrites composed of iron
oxides and other elements such as aluminum, cobalt, nickel, manganese and zinc.

Magnetic materials can be characterised using different techniques like Hysteresisgraph,
Vibrating Sample Magnetometer, Hall effect magnetometer, etc.
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3.4.5. Solved applications

1. Find the boundary conditions for H and B at the interface (separation surface) between
two different magnetic media. Also, find the refraction law for magnetic field lines at the
separation surface between two different magnetic media.

Hint: Use Ampere’s circuital law and Gauss’ law for Hand B.
Consider the image below, adapted from https://newton.ex.ac.uk/teaching/ COHW/EM/CW970606-1.pdf

L\ H, A7 The following relations are true:
g fed VB=0 and § Hdl =1
2 N ‘ / o ] encl
RIS —
: D fl — Hy = topt,, and p, = pop,,
o) ar S =S,=S and dl, =dI,

. L S, —wrapping surface
VB=0= <ﬂ>BdS =0 - there are no magnetic charges
S

qp BdS = [[ BdS, + || B,dS,+ [[ BdS, =0 with B =B, +B, and B, = B,, + B,
S S, S, S;

t

BdS, =(B,,+B,)dS, =-B,,dS, and B,dS, =(B,, +B,,)dS, = B, dS, with dS, = dS, = dS

= [[(~B,, +B,,)dS + [[ BdS, = 0;when Al — 0= [[ BdS, >0 =|B,, = B, t1,,H,, = p1,,H,,
AA S5 S3

- at the separation surface
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To find the boundary conditions for the longitudinal components we shall consider
circulation of the magnetic field strength along a closed contour L (b)

Cﬁfldf =1, , with I, =j. Al;j. —linear current density [A/m]
L

encl

—_

H, =

1

H +H,andH,=H, +H,,

Following the same approach, we find:

J‘(Hlt _HZt)dl: Ijlindl — Hlt _H2t :jlin — le _H2t =0if jlin =0
Al

Al

So, if there are no currents at the separation surface we have:

B B =
Hlt:sz:#:—lz Bl

/’lrl lLer Iul”l
The refraction for magnetic field lines at the separation surface: .

Assume that the incidence angle 1s 0, and the refraction angle 1s 0,.
B, =B, ;B, 6 =BcosO ;B, =B,cos0, = u H cosb =u,H,cos0, (1)
H,=H, = Hsm6 =H,sin0, (2)

(2

_) — tgel — ILlrl
(1) tgHZ lLl}’Z
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2. A very large slab of material of thickness d lies perpendicularly to a uniform magnetic

field of intensity ﬁo = l_éHO. Ignoring edge effect, determine the magnetic field intensity in
the slab:
a) if the slab has a permeability y;

b if the slab is a permanent magnet having a magnetization vector M ;= kM i

| . 1% a) We consider only the normal component of B
Medium 1 ] H =kH vl Y P
' ' 0 - from the boundary conditions: =
Medium 1 d,-km, we |© WS u,

*0 Ifu=10 and H;=100 kA/m = H,=10 kA/m
b) In the slab we have:

E:ﬂoﬁz +/qui = Mol = poH, + pM,
U

H,=H,-M,
If M=500 kA and H,=100 kA/m = H,=-400 kA/m
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Chapter IV. Electromagnetic induction
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Faraday's experiment showing induction between coils of wire
https://books.google.com/books?id=JzBAAAAAYAAJ&pg=PA285



https://books.google.com/books?id=JzBAAAAAYAAJ&pg=PA285
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4.1. Introduction

In the previous chapters we discussed about static electric and magnetic fields and their
effects on substance. Apparently these fields are not coupled. However, as we’ll see starting
from this chapter, in fact these fields are related in the case of time varying phenomena.

Electromagnetic induction is the production of an
electromotive force (e.m.f.) across an electrical
conductor in a changing magnetic field. Michael
Faraday is generally credited with the
experimental discovery of electromagnetic
induction in 1831.

James Clerk Maxwell mathematically described
it as Faraday's law of induction and later
generalized to become one of the four Maxwell

equations. Lenz's law describes the direction of
the induced field.

https://en.wikipedia.org/wiki/Electromagnetic_induction

Some useful resources:

https://phet.colorado.edu/en/simulation/faradays-law
https://phet.colorado.edu/en/simulation/legacy/faraday



https://phet.colorado.edu/en/simulation/faradays-law
https://phet.colorado.edu/en/simulation/legacy/faraday

4.2. Electromagnetic induction law

Electromagnetic induction was discovered by Michael Faraday, and published in 1831. It
was discovered independently by Joseph Henry in 1832.

The electromotive force (e.m.f.) induced in a closed contour is: U™ = _d® [V]

. dt
B .o
From: @idg ® — magnetic flux |® = H BdS [WDb] - Weber
S

In 1834 Heinrich Lenz formulated a law that gives the direction of the induced e.m.f. and
current resulting from electromagnetic induction. Today it is known as the Lenz’s Law:

The induced current is in such a direction as to oppose the magnetic flux variation
causing it.

Illustration of Lenz’s Law as stated
above. As seen, the induced current
changes the sign when the variation
of the magnetic flux changes the sign.

Image from hitps://www.electricai+J.com/lenz-
law-of-electromagnetic-induction/



https://www.electrical4u.com/lenz-law-of-electromagnetic-induction/

4.2.1. Differential form of the electromagnetic induction law

The Faraday’s law evidenced a new physical phenomenon for the 19 century: a time
varying magnetic field generates an electric field.

More important, this shows that the electric field can be created not only by electric
charges, but also by a time varying magnetic flux as well.

From: [J" = SBEdZ and @ = j j BdS U™ =§ Edl =-
L L

where L 18 the contour that surrounds the surface S
Using Stokes theorem (see chapter 3.3.2) we find:

<£> =ﬂ(vxE)dS_—j—dS wﬁz—g—lj (1)

- the differential form of Faraday’s law

Comments:
From electrostatics we know that electric field originates or terminates on charges:

vE=FL orVD:p and V x E=0
g

With formula (1), Maxwell found that electric field can be produced, also, by a time
varying magnetic field, and the electric field lines are rotational and perpendicular on B.




4.3. The displacement current — Maxwell’s approach

1864 the English theoretical physicist Clerk Maxwell recognized the dilemma posed by
the application of Ampere’s circuital law to a system of accelerated charges
divB =0 .
We learned that B 1s unique determined by: _ _ O
rotB=VxB=pu,j

- with j conduction current density

.= O
Also, the current density must satisfy the equation of continuity: le] + 8_IO =0
!
| .
From (*) we have divj = — div(V X B)E 0
dp Ho dilemma seen by Maxwell
But — # 0 for a system of moving charges

ot

The solution of this dilemma was posed by Maxwell: he redefines the current density by
adding a new current named the displacement current.

Il
-

_ . . - aD
From: p =divD divj +%(divD)= 0 div( Jj+ &J

- 1 — ~ .
This formula agrees with: divj, , = —div(V X B) =0 where j ,=j+—
u



From this result we see that the total current density, j, has two components:

_ -~ oD
Jiot =J +§

- the total current density

]’ -0 - E [ A/mZ] - the conduction current density

~ D
J D a@ [A/ m ] - the displacement current density
!
Now, we can write:
_ =, 0D - OE OF
Py =Jte = ] + =

The displacement current creates a magnetic field just like conduction current does.

In vacuum: ¢ =0 and u = g, ]:O VxH = Ey—

OF
ot




4.3.1. Physical description of the displacement current

Consider the process of charging or discharging of a capacitor =» a current, /,, will flow
when the charges (electrons) will be displaced through the source between the plates.

+Q I In 1864 the English theoretical physicist Clerk
T Maxwell noticed that a time varying electric field can
E J/ d$ <> U produce a current, named displaced current which is
different from the classical conduction current.
Q ;
The following equations can be written as:
- d
[, = a9 ,O0=C-Uand U=E-d
dt
I, =j,-S where S is the area of the plate
dE A S dE dE
[,=Cd—, C=— =[,=d — —=1,=5-¢—
dt d d dt dt
dD - dD
D=¢-E=1,=8—=j,=—
dt dt

The current /, exists only if a displacement of charges exists, 1.e. a charging or discharging

process occurs: dD /dt + 0. That means a time varying electric field should be present.
8



Generation of the magnetic field by the displacement current

+Q L . In 1864 the English theoretical physicist Clerk
EJ, Maxwell found, by theoretical calculations, that a
d U ) . . .
B time varying electric field can produce a magnetic
-Q - field as 1t does, usually a conduction current.
—={-)
LOOP T, ‘
B r ' B
' sy | Al i — = B = ﬁi
5 S .
l K"-. E‘_ r
@---:‘:: S HE SHA A gt ls
B Er!?: :.I.---:“E GB 27[;/-
I} I=1,
(0) STy

1 ;produces a magnetic field like it does a conduction current =» generation of e.m. waves.

9



4.4. Solved and proposed applications

1. A circular loop with radius R consists of N tight turns of wire and is linked by an

external magnetic field, B = B, I—chos ot

perpendicular to the plane of the loop; 7 is measured from the centre of the loop and o 1s the
pulsation of the magnetic field. Determine the induced EMF.

/dS=27z-r-dr \

/R/\r U=- do , d= N”BdS:CD N'[B 2m-r-dr - there are N surfaces!

dr’
T r 2
vB O=27B,-N- I(l——j-r-dr -coswt ==7R’B,- N -cos wt
) 2R 3
U:_Cil—(zl‘) EN7ZR B,wsin wt

2. A magnetic field B=p-t, where p=0.01 T/s and t is the time, is perpendicular to a
circular metallic coil with 1 turn of radius R=10 cm placed in vacuum. Find the induced
e.m.f. in the coil.

U——‘;—q) O=B-7R’=pt-7R°=>U=-F-7R* = U =-0.314 mV
l

10



3. An alternating current /¢)=/ coswt 1s applied to a parallel-plate capacitor with circular
plates of radius R, separated by a distance d. Determine E(7t) and B(rt) everywhere
(neglecting the fringing field);

4. A circular loop of wire of radius R=10 cm is mounted on a vertical shaft and rotated at a
frequency of n=>5 cycles per second in a region of uniform magnetic field B=0.02 T
perpendicular to the axis of rotation. (a) Find an expression for the time-dependent flux
through the ring. (b) Determine the time-dependent current through the ring if it has a
resistance of =10 €.
W a) CD:ES:B-S-cosgp,g/):&(E,g)

L
—_— at=0=>¢,=7/2=>¢p=wt+r/2

—_— w=27xn= ®=B-7R*-cos(2zn-t+7/2)

|

—_— - o )
— b) I:g,U:—d—:B-ﬂRz-27m-s1n(27m-t+7z/2)
— r dt

B~7ZR2-27m-sin(27m-t+7z/2) -

r

11



5. The conducting rod shown in the accompanying figure moves along parallel metal rails
that are 25-cm apart. The system is in a uniform magnetic field of strength 0.75 T, which is
directed into the page. The resistances of the rod and the rails are negligible, but the section
PQ has a resistance of 0.25 Q. (a) What is the emf (including its sense) induced in the rod
when it 1s moving to the right with a speed of 5.0 m/s? (b) What force is required to keep the
rod moving at this speed? (c) What is the rate at which work is done by this force? (d) What
1s the power dissipated in the resistor?

B a) The sign is found using Lenz’s law
x xl‘v‘l+x x X Px X JP BAS
et il ¥ e e 1l :_Z:_—dt =B-l-v because dS<0
lﬁm 25 cm 5.0 m/s 0.25 ()
x § x| XX x gx X U=0.9375V
x xy x oxlox Sxox b) F+F,=0= F=F, = F=B-1-1
272
_ FzBéV=0.7O3N
272 2
S Y
U2 B212v2
d) £ = = =
R R

12



6. The current in long, straight wire (see the figure) 1s given by /=/,sinwt, where /=15 A
and w=120n rad/s. What is the amplitude of the current induced in the rectangular loop?
The resistance of the loop 1s R=2 Q

50cm , 5.0cm

!T 8.0 cm

7. The current in the long straight wire is =15 A. What is the current induced in the
rectangular loop (/=8 cm, w=>5 cm) which is moving with velocity v=2 m/s, at an instant t,
in the illustrated position? The resistance of the loop 1s R=2 Q. Can you draw an
equivalent electrical circuit?

50cm  5.0cm

- o ’_I_ 1})

!T 8.0cm

13



8. The current in the long straight wire is /=15 A. At t=0, the distance between the rod and
wire 1S 7,=0.What 1s the induced e.m.f in the rectangular metallic rod, /=20 cm, which is
moving with constant velocity v=10 cm/s after t=0.5 s?

B

X

I I I
! ] U=Blv=" = -ty _6.10° v
v 27r 27vt 2t

9. The current in the long straight wire 1s /=15 A. What is the induced e.m.f in the
rectangular metallic rod, /=10 cm, which is moving with velocity v=1 m/s ? The rod is at a
distance r=1 cm from the wire. We can take In11=2.4

] [ }"+ld
5 de:B.dx.v:lLlo .v.dx:U:ﬂL.v _x
d B 27X 2r Y x
= 1 r+1
™) U=2"y.m2=72.10° v
X L . 27 r
[

14



4.5. Homopolar generator — Faraday disc

This 1s a special type of generator which delivers a constant DC voltage. His schematic
construction is presented in the figures bellow.

Given B=1 T, R=10 cm and n=3000 rot/min, calculate |U|; find the polarity of the e.m.f
source. Plot the voltage against the time

AKOJ

+
A
\J

,© From the Lorentz force:

—

F, :q\7><l§

polarity as shown in figure

¥
R
do dS
U |= dq):BdS,dSz frdr d@zlrde d
dt  dt g 2 r
1 ,d6 1 _, L L
|U|:B-Er E:—Br @ =1.57 V which is constant in time

15



4.6. Typical applications of the e.m. induction phenomena

4.6.1. Energy transfer through e.m. induction phenomena

Electromagnetic

|D-Transponder

Reader

Reader Coil " Transponder Coil

Reading RFID tags

" S & T —1 ‘\‘ ":. Val
@ -H— Receiver | | Load | | | : /
= | — Vol ::‘ i_ ——
= = L s C —N— Receiver | | Load
Supply | | Transmitter r‘v% L —
— O
(B
— e
Supply | | Transmitter /\/ C L
Electric transformer i FTTH N

Energy transfer using resonant circuits. They
allow transmission of energy over larger
distances.
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4.6.2. Alternating Current (AC) power generator

The structure schematics of an A.C. power generator is presented bellow (see application

4, Section 4.4):
QOONE .
\\\\ - G

AC Generator

—_—
& ! ER—
. - __.— g 0 - ! . | —_— \\ |
ouble Slip s e
Ring Commutator - 10 | \_._// | |
. 180° 270° 360°
Time
Figure 5

d = NBS cos(a)t + %j

dt
AC generator vs. Direct Current (DC) generator

dDd :
The time-dependent induced e.m.f. is;: e=———=NBS-w-sin (a)t + %j

AC Generator DC Generator
= =
- g .
Double Slip
Ring Commutator + s‘g%;gﬂggirng
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https://nonstopengineering.blogspot.com/2016/11/EM-waves.html
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5.1. Maxwell’s Equations

In 1864 the English theoretical physicist James Clerk Maxwell found, by theoretical
calculations the following equations that fully describe the electro-magnetic field - note
that we gradually found these equations using a more descriptive method:

OE

VxB= L]+ LE P - Maxwell-Ampere’s circuital law

VxE= —Z—lj - Faraday’s law of the electromagnetic induction
VE = g VD = Jo, - Gauss law for the electric flux

VB =0 - Gauss law for the magnetic flux
D=¢E+P=¢E

- the material’s equations

In dielectrics: E=ct. W=ct. p=0= ;=0

- I . D
V><B=8ﬂ8— vxi=-28 ) B
ot ot



Maxwell’s equations predict that electric and magnetic fields may exist in
regions where no electric charges or currents are present.

If the fields at one point of space vary with time, then some variation of the fields
must occur at every other point of space at some other time. Thus changes in the
electric and magnetic fields should propagate through space. The propagation of
such a disturbance is called electromagnetic wave (the experimental proof was
made in 1884 by Heinrich Hertz).




5.2. Early experiments on electromagnetic (e.m.) waves

- the existence and features of e.m. waves were theoretically described and predicted by
James Clerk Maxwell, in 1864;

- the first experimental proof of this theory was given by Heinrich Hertz in 1888, ten years
after Maxwell's death.

SWITCH CAPACITOR
PLATES —» k1 and k2
o SPARK BALLS MICROMETER
NTERRUPTER [T AIRGAP
= i LI

INDUCTION
COoiL

Detailed Schematic of Hertz's Experiment

- Hertz used an oscillatory circuit with a capacitor made of two plates;

- the "coil" was made of two straight conductors

- the plates could be moved along the conductors =» the capacitance of the circuit could be
altered, and also its resonance frequency;

- with every interruption from the battery, a high voltage was produced at the output of the
inductor, creating a spark between the narrow placed balls k, and k,

- whenever there was a spark in the oscillator between the balls k; and k,, a spark would also

be produced by the resonator, between metallic balls k; and k,.
S



Nikola Tesla demonstrated wireless broadcasting in 1893, at the Franklin Institute.

Tesla's idea was to produce electromagnetic waves by means of oscillatory circuits and
transmit them over an antenna. A receiver would then receive the waves with another
antenna and oscillatory circuit being in resonance with the oscillatory circuit of the
transmitter. This represented the groundwork of today's radio communications.

F'q "E"E

L
L

¥
s




5.3. Wave equations. General characteristics of waves

A disturbance that propagates in a given medium is named wave - one-dimensional

TR - two-dimensional
direction of motion

of string - three dimensional

direction of
propagation
PO of wave

direction of  direction of A transverse wave

motlon of propagation
Bprmg of wave

A}

A longitudinal wave

7
https://phet.colorado.edu/en/simulation/wave-on-a-string

7 direction of

Qﬁagation /N

5

Z
polarized . A pulse traveling through a string
wave with fixed endpoints

A wave that is linearly polarized in the direction of the y-axis


https://phet.colorado.edu/en/simulation/wave-on-a-string

5.3.1. The phase velocity and group velocity

yi pulse pulse
tt |f v(t —f 1 @te! - :
at t, 2 :' 2 1 y=1f (x — vt) describes the state in x and t

Hemeriaes =iy
M —— /i —b
&

NS Xy N\ X5

X

A wave pulse travels to the right with a velocity v along a taut string. The location of the
pulse is shown at times t, and t,.

To give the same phase u at these instants U, =x, —Vvt, = Xx,

— Vi,
X, — X, . .
y = ——— - phase u, of the pulse peak to be a constant, independent on time
L, -1,
dx . _
V = — | - any feature of the wave pulse has a coordinate location x that moves
dt with a velocity v named phase velocity




There are two velocities that are associated with waves, the phase velocity and the group
velocity.

Phase velocity

A A —wavelength, A - amplitude

|l N

« >

The wavelenght 2=v-T (T is time period,
T=1/v) 1s the shortest distance over which
the wave repeats itself.

A
A |
\ \ / . 0] 2
\J \J \J e pamptd
A

k — wave number

Group velocity The group velocity depends upon the dispersion
relation connecting ® and k

1o 0
m/\f\ |l W (\f\m g

mCZ'..
-
=
-=':—_:
-_._——_'__;'-
b
=]

-




5.4. The general wave equation

The general equation that describes a wave is:

2 2
oy — L oy wave equation - waves that propagate in one dimension (x-
ox>  v: ot direction)

v — wave velocity
or

oO’w 0w 0w 10w
+ + =
ox>  oy> o0z v* ot

- 1n a three-dimensional medium

¥ (x,t) represents a generalized displacement from equilibrium (e.g. the displacement of
a string, a pressure variation, electric or magnetic field variation, etc.).

10



5.4.1. Plane waves

w(x,t)=y 0 sin(a)t —kx + ¢) - solution of wave equation; sinusoidal wave
The solution is periodic in x and t.

=2V
k=2r/J - the wave number

v — frequency .
wo=k-v o - pulsation

¢ —initial phase v — wave velocity

The wavelenght A=v-T (T 1s time period, T=1/v) is the shortest distance over which the
wave repeats itself.

27 ~ : ..
il n 1 - unit vector = direction of wave
A propagation

ol

W(?af)Zlﬁosin(a)-t_l}’.;Jr@

[ =

- a 3D plane wave; each color represents a
different phase of the wave.

11



5.4.2. Spherical waves from a point source

w(r, t)—%sm(a)t E?) k = 27”

I ~ — - the wave intensity
r

Imaginary sphere arca

A=4mr?

Intensity at
surface of sphere

https://phet.colorado.edu/en/simulation/waves-intro



https://phet.colorado.edu/en/simulation/waves-intro

5.5. Wave equations for electric and magnetic fields

For dielectric media we have: VxH=¢ 8_E
ot
OE 0 )
Vx(VxH)=g Vx| = e Z(VxE)
Ot Ot
— — P - R 2
Vx(VxH)=V(VH)-V’H  vH =0l I\ i
Ax(BxC)=B(4.¢)-cl(4-B) or”
OH - these are wave equations !
But VxE=-— H— _
o 0*E
From: In a similar way one can obtain: |AE —gu— =0
0’ 0’ 0’ 1 0° ot
v 0w OJy _ 10y
ox*  oy* o0z° v oot
v’ = — -the speed of wave propagation in dielectric
Ep
In vacuum: > = L _ 2.99792458-10°m /s  €,=8.85:10"2F/m and p,=4n-10”7 H/m
Eoly
Sen= g, 1, -theindex of refraction of the medium
v

13



5.5.1. Plane e.m. waves

We consider the following wave equations for the electric and magnetic fields components:

— —

E; B Ef >t (a)t B kx) with k=27/4 - the wave number @ = 27V

H = H sm(wt — kx) @ = kv - the pulsation; v is the wave velocity

Remember

The wavelenght A=v-T is the shortest distance over which the wave repeats itself (T
is time period, T=1/v).

These solutions for wave equations are periodic both in x and t.

— —

E,,H, - arethe amplitudes of the electric and magnetic field components

In what follows we shall demonstrate that:

H | fi R E 1 ﬁ - the electromagnetic waves are transverse waves
n - unit vector = direction of wave propagation
and |— = Lad - the amplitudes of the electric and magnetic fields are related
H €

14



To describe the waves, we can use complex notation; the imaginary part describes our waves:

_’ ~ i(ot— io o ; 272-
E=Eé&"™ &% =cosa+isina, i=v-1, k===
H=H Oei(“’t""‘) - this plane wave propagates along the Ox axis

-0 -0 -0 = .
We apply the V operator, V=i —+ j—+k— to E and H waves
ox ~ oy Oz

) -
— = —(ik)i | - for x direction

VE = 62 &) (zk)E Y =—(ik)i -E V=i

V = —(ik )ﬁ - for an arbitrary direction of wave propagation, described by n
VE =0 invacuum and VB =0

Applying this operator to Maxwell’s egs.:
or dielectrics

véz—iky-ﬁﬁzo S
_ H1nFE Lln
=—ike- =0

§l

The electromagnetic waves are transverse waves

15



Now we show that: £ L H
From the wave equation for HorB = ,uﬁ we find:

ag 8ﬁ - ( t—k) . —
—=y—= iwe" ™ = niowH
5 M HH U
- in the same way: aa—ngia)E
4
From Maxwell’s equations in dielectrics:  V x H = g%—E VxFE = 9B
t
we have: ot
- oD o T — e i ) I
VxH == =-iknxH =siob o = kv —(ﬁxH):gVE:—E:\/:
, Eu H
VxE——a—B:—ikﬁxE—— ioH V:L 7, U =
¢ H el (ﬁxE):,u H:—H:\/:
— Jeu &
— — e
JuH =JeiixE ELH L
. E
- the amplitudes of the fields are related: E _ B In vacuum: |— = Ho
H € H €9
16




The results of the discussed equations are summarized and plotted bellow:

Hln Eln and E 1 H
E and H components of the e.m. wave that propagates in a dielectric media oscillate in
phase and their reciprocal orientations are shown bellow:

¥

A plane polarized, monochromatic electromagnetic wave

- plane polarized - E and H components oscillate in a plane (xoy) and (x0z), respectively

- monochromatic — the wave has a single frequency of oscillation

17



5.6. Electromagnetic wave energy

The energy density of an electromagnetic wave can be expressed as:

1

w:5(ED+HB):%(3E2 +uH?)

w=¢E> =pH"

E_JE
H €

The intensity of an electromagnetic wave

1 dW
S=—— -2g-1 dW =w-dA-v-dt
id dr ST
SZLszz\/EszE-H:ExITI [W/m?]
Jeu &
§ — Ex H | Poynting’s vector

[J/m3]

18



5.6.1. The average intensity of the wave

. - - - . 2 2 2

E:E051n(a)t—kx):>E=Eosm —ﬂt——”x , a):_ﬂ
: : T A T
Using equations: <

H:ﬁosin(wt—/oc):ﬁ:ﬁosin(z—”t—z—”xj,k:z—”
B o T A A
and ‘S‘z‘ExH‘:EH
we can calculate the time average intensity of the wave:
e .2 4 X 1
S=EH,sin" 27| ——— |=—EH,=E_H_
T A 2
T p—
where sin227[—21“'sin227zia’t:l and E_=+VE’ =LE0 , H =LHO
T() T 2 rms \/E rms \/E

because both E and H behave like sine functions

The square root of the average square of the electric field strength is called the root mean
square (rms) field strength; the same is for magnetic field strength.

aw
dt

1s the flux of the Poynting’s vector through a surface A

The quantity j (E X ﬁ )d}i —
A

19



5.6.2. Electromagnetic momentum and radiation pressure

- linear momentum density, G , 1s defined by: G=

1 - 1 .
—S=—w-n, [Js/m"]
C c

We know that: S =c-w cis the speed of e.m. wave in vacuum

The total wave momentum contained within a volume dV=4-c-At will be absorbed by the

surface: A
1 g7
G-dV=—w-A4-c-At —
C
c/At

So, a force F'is exerted by the wave on an area of the surface 4

FAt:lw-A-c-At
c

The force per unit of area 1s the radiation pressure, p, ,

F
Proad = Z =W [N / mz] - radiation pressure

This formula has great importance for many applications; one of these represents the so
called solar sailing concept for future space explorations.

20



5.7. Solved and proposed applications

—

1. A plane electromagnetic wave has the magnetic field component: B(1y)=5- 10‘%0{10% z—% y)i

Find the frequency, wavelength and the speed of propagation of the wave. Also, find the

electric field component. - the wave propagates along y axis which means
that S (the Poynting’s vector) is along y axis;

i - B oscillates along x axis
E] - by consequence, E oscillates along z axis
Jjt ‘ z Y - rotating E over B we get direction of S
g A z; ] . - The following equations must be considered:
£= K S—ExH,H=H sin(wf —kx) and B = uH
x H g’ ’ ’

We find: @ =10°7 rad/s k_3£
So: w=2rf=10"7rad/s = f =50-10° Hz

/1—2—”:>/1 6 m /Izc-T=§:>c=f-/1:3><108m/s

on g

= B, .¢=1500 V/m = E=1500- cos(lO nt—gyjk V/m

21



2. A plane electromagnetic wave has the electric and magnetic fields coponents:

E(t, y)—103cos[1o9m—m7”y

107

jk V/im and  B(ty)= Bcos(lOgnt—Tyjl T

Find the frequency, wavelength and the speed of propagation of the wave. Also find the
magnetic field amplitude, B,, and the Poynting vector and intensity of the wave.

“1 The solving steps are like for the Problem 1.
E1t We find:
it J y 5 6
. - > > w=2rf=10"r rad/s = f =500-10" Hz
B ~i i
X k= 107[ ) /1—2—7Z—06m A=c- T—7:>c—f-/1=3><108m/s
£, s
\/7:>B = uH, ,u\/7E =0.33-10" T
U
-~ = - FEB 10
S=ExH="""cos’| 10 nt—Tnyj] W/m’
Y7,
R 33.10* . ~ 1 -10*
S(t,y):o33 10" cos 107rt—10—7[y j Wm?*, §= 1033107 v
2 3 2 2r

22



3. An AC electric field with frequency =50 Hz generates a current through a conductor of
resistivity p=1.78-10-% Q-m. Calculate the ratio between the displacement current and the
conduction current. We assume that e=¢,=8.854 x 102 C/V m and the current is uniform
distributed inside the conductor. What is this ratio if =10 kHz?

4. Calculate the ratio between the energies transported by the electric and magnetic field
components in an e.m. wave

5. A plane e.m. wave propagates in an isotropic media with € =3 and p.=1. The amplitude of
the electric field component is E,=10 V/m. Calculate:

a) the amplitude of the magnetic field component and b) the phase velocity of the e.m. wave.
(See problems 1 and 2)

6. The mean value of the intensity of the e.m. radiation which is coming from the Sun is

1353 W/m? (known as Solar constant). Calculate the mean value of the electric field
component.

23



5.8. A classification of the e.m. waves

¢ 3=104-10Y m - radio frequencies waves

¢ . =108%10- m — microwaves

¢ 3=10-3-8-10" m — infrared radiation

¢ 3=8-10"-4-10" m — visible radiation (light)
e 3=4-107-10F m — ultraviolet radiation

¢ 3=105-10-12 m = X, v radiation.

For visible region:

COLOUR Wavelengths Range (nm)
Violet 400-450
Blue 450-500
Green 500-550
Yellow 550-600
Orange 600-650
Red 650-700

- there are no precisely defined boundaries
between the bands of the electromagnetic
spectrum; rather they fade into each other like
the bands in a rainbow

Image from: https://simple.wikipedia.org/wiki/Electromagnetic_radiation

1000 MHz —

500 MHz -

100 MHz —

50 MHz -

71 UHF

G

7-13

FM

11 VHF
1 26

Frequency (Hz)

N
2
@

1078_|

10174

107

1019

10744

1072 ]

10124

10|

10194

10°

Gamma-rays

X-rays

“Ultraviolet

Infra-red

Microwaves

o Wavelength

|
o
p-

| 1000 nm
1um

10

— 100 ym

1000 um
1 mm

—1cm

— 10cm

108 _|

Radio, TV

—1m

107 |

108 _|

Long-waves

10m

— 100 m

— 1000 m

400 nm

— 500 nm

— 600 nm

700 nm
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Electromagnetic Radiation Spectrum (cont.)

Penetrates Earth’s
I Y
Atmosphere? | )
Radiation Type Radio Microwave Infrared Visible Ultraviolet  X-ray Gamma ray
Wavelength (m) 107 107 10° 0.5x107° 10°® 107 107

Approximate Scale hats
of Wavelength
‘l

Buildings Humans Butterflies Meedle Point Protozoans Maolecules  Atoms  Atomic Muclei

10* 10% 10t 1085 10 108 1077

Temperature of  _
objects at which 4
this radiation is the |
mostintense W
wavelength emitted -

i

1K 100 K 10,000 K 10,000,000 K
-272°C -173°C 9,727 °C ~10,000,000 °C

Comparing dimensions of objects with the wavelength of e.m. radiation and equivalent
temperatures of objects that can emit radiation with a certain wavelength/frequency

https://en.wikiversity.org/wiki/Electromagnetic_radiation



5.9. Elements of photometry

Solar Radiation Spectrum

UV | Visible | Infrared —>

The plot presents the solar radiation spectrum at top 25
of the atmosphere and at the see level.

At the see level the spectrum i1s affected by
absorption in gases molecules like H,O, CO,, etc.

1 |
I Sunlight at Top of the Atmosphere

5250°C Blackbody Spectrum

The sun produces light with a distribution similar to | redponarsestere
what would be expected from a 5525 K (5250 °C)
object named “blackbody”, which is approximately
the sun's surface temperature.

Absorption Bands

Hy0 o
2
05 H,0

04

250 500 750 1000 1250 1500 1750 2000 2250 2500
\{quelen_gth (nm) o

https://commons.wikimedia.org/wiki/File:Solar

5.9.1. Blackbody radiation _Spectrum.png

For a shiny metallic surface, the light isn't absorbed, it gets reflected.

For a black material like soot, light and heat are almost completely absorbed, and the
material gets warm.

It i1s shown that good absorbers of radiation are also good emitters.

Spectral Irradiance (W/m2/nm)

A cavity approximates a blackbody: the radiation that enters
cannot escape, i.e. due to random reflection inside the cavity is
entirelly absorbed by the irregular surface =» the temperature of
the cavity increases

26



Observing the Black Body Spectrum

T T T T T T T T T T T T T T
T=5500K

800 |-

600

u() [kli/nm]

400 -

200 -

0 I L I 1 L L L I 1
0 500 1000

A [nm]
Black body thermal emission
intensity as a function of wavelength
for various absolute temperatures.

1500

2000

It is shown that following laws can be used to
describe the black body radiation:

P=c-T*, 0=5.67x10 *watts /m* -K*

Stefan Boltzmann's Law of Radiation

The area below the plot, for a given temperature,
represents the total power of the emitted the
radiation; this power is ~T#

6
390 11y

max max
T

_ %kT ~5.879-10° - T [H]

Wien's Displacement Law

The wavelength, A ., for which radiation intensity
1s maximum is ~1/T; by consequence, the

frequency, v_. ~T.

~~
max

These laws that describe the black-body radiation are used for temperature measurement
when a direct contact between a thermometer and the system under investigation is not

possible.

27



5.9.1. Photometric quantities

In what follows we briefly describe the main photometric quantities.

The radiant power

P, = j (E x H )dZ = a;’_W [W] with S = ExH , the wave intensity
t
A
V}\A

1

Luminous power

(Dx =K Vx Px [Im] “Lumen”

K=683 Im/W and i1s called photometric factor

V, - spectral sensitivity of normal human eyes o b | | N
V,=1 for A=555 nm 4000 S000 6000 7000 A(A)

A typical dependence of the
human eyes sensitivity

A typical 100 watt incandescent bulb has a luminous power of about 1700 lumens.

28



Pointance or Intensity of Light

€))
[ =—2| [cd] “Candela”
Q
Q) is the solid angle
Illumination
£ - Pine | [1x] “Lux® @, is the flux of light striking the surface S
S

) . Light source
O =10 Q:Sn:S COS| %

r’ r’ 70
S_ 1s the surface normal to the light direction ! /%/

. ¥
Il -cosi

E =

2

r

- r 18 the distance from the source of light
- 1 is the incident angle

29



Luminous efficiency

n= > [Im/W]

The incandescent bulbs with nominal power P=25-1000 W have n=7+18 Im/W
The fluorescent lamps have =50 Im/W.

The efficiency in visible

- the radiated power in visible (P, )

P.
nviz — % 100 [%]

- the total radiated power (P)

1, =3+4 % for incandescent bulbs
1, =20 % for fluorescent lamps
1,;. approaches (theoretically) 60 % for LEDs

1, Increases with the temperature increasing of the surface that emits e.m. radiation.

According to Wien's Displacement Law, v ~T.

max



5.9.2. Early light sources
Incandescent Light Bulbs

Tungsten bulbs

On 13 December 1904, Hungarian Sandor
= Just and Croatian Franjo Hanaman were
=) & granted a Hungarian patent for a tungsten (W)
J \k '\[ / filament lamp that lasted longer and gave

s

The bulb 1s filled with an inert gas such
Original carbon-filament bulb as argon (93%) and nitrogen (7%) to
from Thomas Edison; time reduce evaporation of the filament and

life: 13.5 hours prevent its oxidation at a pressure of
Early carbon filaments hada  about 70 kPa (0.7 atm)

negative temperature
coefficient of resistance: as
they got hotter, their electrical
resistance decreased =@ the
lamp sensitive to fluctuations

brighter light than the carbon filament.
Tungsten filament lamps were first marketed by
the Hungarian company Tungsram in 1904.

i
i

An electric current heats the filament to
typically 2000 to 3300 K, well below
tungsten's melting point of 3695 K. Xenon halogen lamp

31



Fluorescent Lamp Operation

Electrode Starter Phosphor
Switch Coating

L

[ ]
AC SUPPLY /gEon

Schematic for "Ballast”

BALLAST

II’IJITI

L

Starter Assembly

[ty I o |

Typical low pressure fluorescent tube |/V characteristic
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5.10. Electromagnetic radiation sources — basic aspects

The 1image bellow describes in a suggestive way the generation of e.m. waves by accelerating

charges.
Total Power Radiated
P=¢S-dA =L $ExB) A

Energy Flux Density 7
S =—(FExB
Z )

accelerating charges

produce e-m waves Spherical Radiation

S envelope from
acclerating charge

oscillating Magnetic Field

oscillating Electric Field
Static sources do not radiate energy
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5.10.1. Near field and far field

NEAR FIELD

FAR FIELD

NON-RADIATIVE | RADIATIVE
(REACTIVE) (FRESNEL)

In electromagnetic radiation (such as microwaves from an antenna, shown above) the term
"radiation" applies only to the parts of the electromagnetic field that radiate into infinite
space and decrease in intensity by an inverse-square law of power, so that the total radiation
energy that crosses through an imaginary spherical surface is the same, no matter how far
away from the antenna the spherical surface is drawn.

Electromagnetic radiation includes the far field part of the electromagnetic field around a
transmitter and the "near-field" close to the transmitter, where a bi-directional exchange of
energy between the electromagnetic field and antenna takes part and does not count as

electromagnetic radiation.

34



5.10.2. Dipole antenna

A simple dipole antenna and the generated E and B fields

| Length = 143/f(MHz) meters -

\ /

-

75 Ohm feedline

From https://simple.wikipedia.org/wiki/Dipole_antenna

Three-dimensional perspective and the profile of
the radiation pattern of an elementary doublet.

See https://demonstrations.wolfram.com/DipoleAntennaRadiationPattern/
35



5.10.3. Microwave sources

The magnetron - the microwave radiation of microwave ovens and some radar
applications 1s produced by a device called magnetron.

- this 1s a "crossed-field" device

Hot cathode emits
electrons which

travel outward Stable magnetic

field B

Electrons from a hot filament would
travel radially to the outside ring if

it were not for the magnetic field. The
magnetic force deflects them in the
sense shown and they tend to sweep
around the circle. In so doing, they
"pump® the natural resonant frequency
of the cavities. The currents around the
resonant cavities cause them to radiate
electromagnetic energy at that resonant
freguency.

http://hyperphysics.phy-astr.gsu.edu/hbase/\Waves/magnetron.htmi



Electrons are released at the center hot cathode by the process of thermionic emission.
The axial magnetic field exerts a magnetic force on these charges - they tend to be swept
around the circle. The system behaves like an LC oscillator.

Current around
the cavity plays
the role of an
inductor, Oscillating magnetic
and electric fields
produced in the
cavity.

The cavity exhibits
a resonance
analogous to a
parallel resonant

circuit. _I_ J—
E —
g L & — Charge at ends

Electrons from the hot

> of cavity pla L
'y plays center cathode arriving

the role of a at a negatively charged
1 ! 1 capacitor region tend to drive it
_ ,' back around the cavity,
_ o [ *pumping” the natural
resonance g ﬁ"! LC resonant fraqueancy.

http://hyperphysics.phy-astr.gsu.edu/hbase/\Waves/magnetron.html



5.10.4. Ionospheric reflection — basic aspects

Ionospheric reflection is a bending, through a complex process involving reflection and

refraction, of electromagnetic waves propagating in the ionosphere back toward the Earth.

The amount of bending depends on the extent of penetration (which is a function of

frequency), the angle of incidence, polarization of the wave, and 1onospheric conditions, such

as the ionization density. It is negatively affected by incidents of ionospheric absorption.

DECREASIMNG
IOMIZATION

PASKIRLIM
IOMIZATION

INCREASIMNG
IOMIZATION

TRAMNSMITTER HE%EEEH
! SITE -
F‘--H-F-f \\ . . .
“ Effects of ionospheric density on

radio waves

38



Different incident angles of radio waves
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Chapter VI. Waves polarization

.
[
e

!
it = e
e

Image from https://www.rfvenue.com/blog/2014/12/15/wave-polarization-explained
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6.1. Introduction

The polarization of a plane wave refers to the orientation of the E-field vectors in the plane
perpendicular to the direction of propagation.

Up till now, we have considered only the simplest case known as linear polarization,
in which the E field lines are orientated at a fixed angle in the plane.

i

E(z,t) = (E.(2,1),0,0)

Y
Sinusoidal e.m. wave propagating in the z direction
E ol 1 1 .
Remember that: |— =, [— H =FE——=FE—| n-the characteristic impedance
H € H n
g




So, we can define:

m=r= | <3770
H &
E

n=—= £ 170 0
H g &,

- the characteristic impedance in free space

- the characteristic impedance of a dielectric medium;
- 1in glass, =170 Q

We consider the following waves equations for E and H fields that propagate over z axis.

E (z,t)=E,cos(w-t—k-z+y) E =E )

or

r 7 1 3, 7 iot—kz
Hy(z,t):Hocos(a)-t—k-zﬂ//):;Ex H = H e\ ")



More generally, a forward travelling sinusoidal EM wave travelling in the +z direction
can be represented as the sum of two orthogonal components

E(z) = fEle_ikZ + jEzei'”e_ikZ

- £, and E, are the complex amplitudes of the x and y components
-  represents a possible relative phase shift between them

The associated H field 1s given by

. 1 |
H(z) =—i —EeVe™+j—Ee™
n 7

The physical sinusoidal electric and magnetic fields are modelled by the pair

E(z,t):z?E1 cos(w-t—k-z)+ JE,cos(w-t—k-z+y)
T
Igf(z,t)z—flE2 c:os(a)-t—k-z+l,y)+]'lE1 cos(w-t—k-z)
n n

There are three classes of polarization, which depend on the relative amplitudes of E, and
E,, and the phase shift y between them.




6.2. Types of wave polarization
6.2.1. Linear polarization

E, and E  are in phase i.e. y =0

The electric vector is orientated at an angle determined by the relative values of
amplitudes E, and E,.

The amplitude of the vector varies sinusoidally, illustrated by a sequence of snapshots in
a fixed plane (e.g. at z = 0), at different fractions of the period T of the sinusoidal wave.

E v=0
E :

v 1T /5 a

t=20 t=1T/8 t=T/4 t=23/8T t="T/2
Linear polarization — snapshots in time

B2+ B2 = \/E12 cos?(wt — kz) + E2 cos?(wt — kz) =/ E? + EZ |cos(wt — kz)|

—E,\’ 2\2 E
,/H_‘@+H§—\/( Eﬂ) +(£) _1p tgo =2 =22
7 Z 2 E. E

X

The orientation angle o jumps 180 degrees, when the resultant passes through zero




- the evolution of the electric field vector (black), with time (the
vertical axes), at a particular point in space, along with its x (red)
and y (blue) components; at the base 1s the path traced by the vector
in the transverse plane.

== £
S ==

E and B fields generated by a
simple dipole Radiating antenna

\RANWANYA

X y

It 1s common in telecommunications and radar engineering to describe the polarization by
the orientation of the electric field vector: “vertical polarization™ if the electric field 1s
orientated vertically, and “horizontal polarization” if the electric field is horizontal. The
orientation of the polarization is dependent on the orientation of the radiating antenna.
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6.2.2. Circular polarization

E,=E,and y =+ /2
If the two orthogonal components are equal in amplitude, but with a relative phase shift of
90 degrees, the total electric field vector will “rotate” as a function of time if viewed in a

plane perpendicular to the direction of propagation at a fixed location in space.

Circular Polarization - snapshots in time.

t=20 t=1T/8 t=T/4 t="T/2

The electric field lines contained in the xy plane will rotate as a function of time at a rate
of  rad/s, but the magnitude, indicated by the line spacing, does not change.



Representation of the electric field vector of a wave of
circularly polarized electromagnetic radiation.
Note, this is “right-hand” circular polarization.

| Circular i Elliptical
>\

A /\\
l

By Dave3457 - Own work, Public Domain,

- the vectors wind around like a “corkscrew” https://commons.wikimedia.org/w/index.php?c
urid=9863231
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To analyze the case of circular polarization, we set E, =E,=Aand y =+ /2 .

The magnitude of the resultant E-vector is given by:

\/Ef + B2 = \/A? cos2(wt — kz) + A2sin®(wt —k2) = A

- 1s independent of z and t.

The orientation angle is however time-varying, and may be calculated from:

E, _ Acos(ot —kzx7/2) _+ Asin(wrt — kz)
E Acos(at —kz) Acos(at —kz)

X

= Ftg(ot — kz)

m
= ——
9

go =

NOTE: At a fixed position z, the vector rotates at a rate of o radians per second in a
circle in the plane. At a fixed time t, the vector rotates at k radians per metre
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The IEEE defines two types of circular polarization, according to the direction of
rotation:

Left-hand circular: The E vector of a circularly polarized plane wave propagating out of
the x-y plane rotates in the clockwise direction in the x-y plane.
It 1s noted that in our particular example, this corresponds to the case where v = /2 .

Right-hand circular — The E vector of a circularly polarized plane wave propagating out of
the x-y plane rotates in the counter clockwise direction in the x-y plane.
In our particular example, this corresponds to the case where v = —n/2 .

Left-Hand Circular Polarization Right-Hand Circular Polarization
Y Propagation out of page in z-direction 4
. \-._ : I i T

Left-hand versus right-hand polarization.
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One can easily plot the E vector in the x—y plane for t =0, T/8, 2T/8, 3T/8, 4T/8 by
considering the E, and E, components in our polarization model

E(z,t)=iE cos(w-t—k-z)+ JE,cos(w-t —k-z+y)

/|

V= ) E, = Acos(wt)

Fy = Acos(wt — =)

N I

>= 10

The E, and E  values are plotted as functions of time below:

E, = cos(wt) Yy
T T/A1/2 = 3T/8-- . T/8
t . .
T/2 —= — T

= t=10

E, = cos(wt — m/2) ' ;
Tl,f"-'—l
el

T;"E

E vector rotates in 2 = 0 plane

Circular Polarization - snapshots in time (at a fixed position, z=0)
Wave propagates in +z direction out of page; hence this is right hand circular polarization
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6.2.3. Elliptical polarization

Either E, # E, or vy # {0, n/2 ,—n/2}

Elliptical polarization is the general case, in which the vector not only rotates, but also
varies in length, tracing out an ellipse in a plane at a fixed position, as illustrated in the
sequence below (which is left-hand elliptical polarization):

Elliptical Polarization - snapshots in time.

Y E

t=0 t=T/8 t=T/4 t=3/8T t="T/2

COMMENT: In all three classes of polarization, the H-field is always perpendicular to the
E-field, and in phase with it:

. F . B
N A CETN
Linear Polarization . ) L
Circular Polarization Elliptical Polarization

- fixed orientation of resultant

- Totating vector traces a circle

- amplitude varies sinusoidally. - rotating vector traces an ellipse 13



6.3. Applications of wave polarization

6.3.1. Communication links

In broadcast transmitters e.g. radio, TV signal, linear polarization is most commonly used.
Wire antennas like dipoles, monopole and Yagi antennas radiate linearly polarized
radiation. Both horizontal and vertical polarization is used.

The orientation of the transmitting antenna determines the orientation of the polarization.
The receiving antenna must be orientated correctly to receive the maximum signal strength.

Ex.: a vertically polarized EM wave =» The dipole must be orientated vertically to receive
the signal — the electrons rush vertically up and down the wires in response to the incoming
E-field, resulting in a “voltage response” across the centre terminals.

At an arbitrary angle, the signal drops off as the cosine of the angle from the vertical (i.e.
with the component of the electric field in the direction of the dipole rod).

|l#——  Length = 143/f(MHz) meters — g
{ /

75 Ohm feedline
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6.3.2. Radar - “Radio detection and ranging”

Radar 1s a technique used to detect far away metallic targets like airplanes, ...

A pulse 1s transmitted in the direction of interest, and the return echo is received and used to
detect the presence of targets.

Circular polarization is sometimes used in radar applications as some scattering structures
only reflect electromagnetic energy of a particular polarization. In circular polarization, the
E-field vector rotates in a plane at the reflector (being a fixed distance from the source),
which ensures that there will always be some reflection from such structures.

For example, a vertically orientated thin wire rod will only reflect vertical polarization,
where as a horizontally orientated wire rod will only reflect horizontal polarization.
Circular polarization can be thought of as the sum of two orthogonal, linearly polarized
components. On reflection, only one component, in line with the orientation of the
reflecting rod will be reflected.

An incident circularly polarized wave will be linearly polarized on reflection.

Circular polarization can be generated by using two perpendicular dipoles
(crossed-dipoles). driven 90 degrees out of phase. Alternatively, the perpendicular
dipoles may be driven in phase, but physically separated by a quarter wavelength in the
propagation direction to achieve the required 90 degree phase shift.
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6.3.3. Polarized 3D system

A polarized 3D system uses polarization glasses to create the illusion of three-dimensional
images by restricting the light that reaches each eye - an example of stereoscopy.

To present stereoscopic images and films, two images are projected superimposed onto the
same screen or display through different polarizing filters. The viewer wears low-cost
eyeglasses which contain a pair of different polarizing filters. As each filter passes only that
light which is similarly polarized and blocks the light polarized in the opposite direction,
cach eye sees a different image. This 1s used to produce a three-dimensional effect by
projecting the same scene into both eyes, but depicted from slightly different perspectives.

Experiment:

Try to rotate circularly polarized 3D glasses in front of an LCD (Liquid Crystal Display)
screen. See what is the effect of this rotation and try to give explanation based on the
phenomena presented in these sections.
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a) Linearly polarized glasses

To present a stereoscopic motion picture, two images are projected superimposed onto the
same screen through orthogonal polarizing filters (Usually at 45 and 135 degrees).

The viewer wears linearly polarized eyeglasses which also contain a pair of orthogonal
polarizing filters oriented the same as the projector. As each filter only passes light which is
similarly polarized and blocks the orthogonally polarized light, each eye only sees one of
the projected images, and the 3D effect is achieved. Linearly polarized glasses require the
viewer to keep his or her head level, as tilting of the viewing filters will cause the images of
the left and right channels to bleed over to the opposite channel. This can make prolonged
viewing uncomfortable as head movement is limited to maintain the 3D effect.

A linear polarizer converts an unpolarized beam into one with a single linear polarization. The
vertical components of all waves are transmitted, while the horizontal components are
absorbed and reflected. Image from https://en.wikipedia.org/wiki/Polarized 3D system
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b) Circularly polarized glasses

To present a stereoscopic motion picture, two images are projected superimposed onto the
same screen through circular polarizing filters of opposite handedness. The viewer wears
eyeglasses which contain a pair of analyzing filters (circular polarizers mounted in reverse)
of opposite handedness. Light that is left-circularly polarized is blocked by the right-handed
analyzer, while right-circularly polarized light is extinguished by the left-handed analyzer.
The result is similar to that of steroscopic viewing using linearly polarized glasses, except
the viewer can tilt his or her head and still maintain left/right separation (although
stereoscopic image fusion will be lost due to the mismatch between the eye plane and the
original camera plane).

Circular polarizer passing left-handed, counter-clockwise circularly polarized light
Image from https://en.wikipedia.org/wiki/Polarized 3D system
18



Some technical aspects:

The analyzing filters are constructed of a quarter-wave plate (QWP) and a linearly
polarized filter (LPF). The QWP always transforms circularly polarized light into linearly
polarized light. However, the angle of polarization of the linearly polarized light produced
by a QWP depends on the handedness of the circularly polarized light entering the QWP.
In the illustration, the left-handed circularly polarized light entering the analyzing filter is
transformed by the QWP into linearly polarized light which has its direction of
polarization along the transmission axis of the LPF. Therefore, in this case the light passes
through the LPF. In contrast, right-handed circularly polarized light would have been
transformed into linearly polarized light that had its direction of polarization along the
absorbing axis of the LPF, which is at right angles to the transmission axis, and it would
have therefore been blocked.

By rotating either the QWP or the LPF by 90 degrees about an axis perpendicular to its
surface (i.e. parallel to the direction of propagation of the light wave), one may build an
analyzing filter which blocks left-handed, rather than right-handed circularly polarized
light. Interestingly, rotating both the QWP and the LPF by the same angle does not change
the behaviour of the analyzing filter — can you explain why?.
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Chapter VII. The skin effect

...........

81 kHz
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Current distribution inside of a conductor
Image from https://blog.solidsignal.com/tutorials/what-is-the-skin-effect/
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7.1. Introduction

Skin effect is the tendency of an alternating electric current (AC) to become distributed
within a conductor such that the current density is largest near the surface of the conductor,
and decreases with greater depths in the conductor. The electric current flows mainly at the
"skin'" of the conductor, between the outer surface and a level called the skin depth, o.

The skin effect causes the effective resistance of the conductor to increase at
higher frequencies where the skin depth is smaller, thus reducing the effective cross-section
of the conductor. The skin effect is due to opposing eddy currents induced by the
changing magnetic field resulting from the alternating current. At 50 Hz in copper, the skin
depth is about 9.2 mm!!. At high frequencies the skin depth becomes much smaller.
Increased AC resistance due to the skin effect can be mitigated by using specially woven litz
wire. Because the interior of a large conductor carries so little of the current, tubular
conductors such as pipe can be used to save weight and cost.

Skin depth is due to the circulating eddy
currents (arising from a changing H field)
cancelling the current flow in the center of
a conductor and reinforcing it in the skin.

Image from https://en.wikipedia.org/wiki/Skin_effect



7.2. Wave propagation in conducting media and the skin depth

Wave propagation in a conducting medium

Wave propagation in a conducting medium results in an exponential decay of the wave
amplitude as 1t propagates.

Decaying envelope
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Exponentially decaying plane wave in a conducting (lossy) medium. Note E and H are not in
phase in a lossy medium (the conduction current is not negligible).




7.2.1. Conducting media (particularly “good conductors)

In conducting media, free electrons will move under the influence of the electric field
j — jc + .}:d
. D - .
j =c-E and J, = = ; D=¢,e E

A “good conductor” is one for which the conduction current is significantly greater than
the displacement current 1.e.

_ oD - allows us to neglect the displacement current term in
]c » ]d ) .
Maxwell’s equations.
— — (ot —kz 2 aE - . ilot—kz . = ~
E=E,-"“™ ; k= 77[ A - wave length e = g-EO(za))e( ) =¢(im)E =],
(Wt
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